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Units and Vectors 


1.1 Introduction 

Physics is an exciting adventure that is concerned with unrav- 
eling the secrets of nature based on observations and measure- 
ments and also on intuition and imagination. Its beauty lies 
in having few fundamental principles being able to reach out 
to incorporate many phenomena from the atomic to the cos- 
mic scale. It is a science that depends heavily on mathematics 
to prove and express theories and laws and is considered to 
be the most fundamental of physical sciences. Astronomy, 
geology, and chemistry all involve applications of physics’ 
principles and concepts. Physics doesn’t only provide theo- 
ries, but it also provides techniques that are used in every 
area of life. Modern physical techniques were the major con- 
tributors to the wealth of mankind’s knowledge in the past 
century. 

A simple law in physics can be used to explain a wide range 
of complex phenomena that may appear to be not related. 
When studying acomplex physical system, a simplified model 
of the system is usually used, where the minor effects are 
neglected and the main features of the system are concen- 
trated upon. For example, when dealing with an object falling 
near the earth’s surface, air resistance can be neglected. In 
addition, the earth is usually assumed to be spherical and 
homogeneous. However, in reality, the earth is an ellipsoid 
and is not homogeneous. The difference between the cal- 
culations of these different models can be assumed to be 
insignificant. 

Physics can be divided into two branches namely: classical 
physics and modern physics. This book focuses on mechanics, 
which is a branch of classical physics. Other branches of clas- 
sical physics are: light and optics, sound, electromagnetism, 
and thermodynamics. Mechanics is the science of motion of 
objects and is the core of classical physics. On the other hand, 
modern branches of physics include theories that have been 
developed during the past twentieth century. Two main the- 
ories are the theory of relativity and the theory of quantum 
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mechanics. Modern physics explains many physical phenom- 
ena that cannot be explained by classical physics. 


1.2 The SI Units 

A physical quantity is a quantitative description of a physical 
phenomenon. For a precise description, one has to measure the 
physical quantity and represent this measurement by a num- 
ber. Such a measurement is made by comparing the quantity 
with a standard; this standard is called a unit. For example, 
mass is a physical quantity that refers to the quantity of mat- 
ter contained in an object. The unit kilogram is one of the 
units used to measure mass and is defined as the mass of a 
specific platinum-iridium alloy cylinder, kept at the Interna- 
tional Bureau of Weights and Measures. Therefore, when we 
say that a block’s mass is 300 kg, we mean that it is 300 times 
the mass of the cylindrical platinum-iridium alloy. All units 
chosen should obey certain properties such as being accurate, 
accessible, and should remain stable under varied environ- 
mental conditions or time. 

In 1960, the International System of units (SI) (formally 
known as the Metric System MKS) was established. The 
abbreviation is derived from the French phrase “System Inter- 
national”. As shown in Table 1.1, the SI system consists 
of seven base fundamental units, each representing a quan- 
tity assumed to be naturally independent. The system also 
includes two supplementary units, the radian which is a unit 
of the plane angle, and the steradian which is a unit of the solid 
angle. All other quantities in physics are derived from these 
base quantities. For example, mechanical quantities such as 
force, velocity, volume, and energy can be derived from the 
fundamental quantities length, mass, and time. Furthermore, 
the powers of ten are used to represent the larger and smaller 
values for a certain physical quantity as listed in Table 1.2. 
The most recent definitions of the units of length, mass, and 
time in the SI system are as follows: 


les 


a) 


Check for 
updates 


1 


Table 1.1 The SI system consists of seven base fundamental units, each 
representing a quantity assumed to be naturally independent 


Quantity Unit name Unit symbol 
Length Meter m 
Mass Kilogram kg 
Time Second s 
Temperature Kelvin K 
Electric Current Ampere A 
Luminous Intensity Candela cd 
Amount of Substance | mole mol 
Table 1.2 Prefixes for Powers of Ten 

Factor Prefix Symbol 
10-74 yocto y 
107?! zepto Z 
107!8 atto a 
10715 femto f 
107! pico p 
107° nano n 
1076 micro H 
107° milli m 
107? centi c 
107! deci d 
10! deka da 
10? hecto h 
10° kilo k 
10° mega M 
10° giga G 
101? tera T 
1015 peta P 
10!8 exa E 
107! zetta Z 


e The Meter: The distance that light travels in vacuum during 
a time of 1/299792458 s. 

e The Kilogram: The mass of a specific platinum—iridium 
alloy cylinder, which is kept at the International Bureau of 
Weights and Measures. 

e The Second: 9192631770 periods of the radiation from 
cesium-133 atoms. 


1.3 Conversion Factors 

There are two other major systems of units besides the SI units. 
The (CGS) system of units which uses the centimeter, gram 
and second as its base units, and the (FPS) system of units 
which uses the foot, pound, and second as its base units. The 
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conversion factors between the SI units and other systems of 
units of length, mass, and time are 


e 1m = 39.37 in = 3.281 ft = 6.214 x 1074 mi 
e 1kg= 103 g = 0.0685 slug = 6.02 x 10% u 


e 1s = 1.667 x 107? min = 2.778 x 107^ h = 3.169 x 
1078 yr 


Example 1.1 Ifa tree is measured to be 10m long, what is its 
length in inches and in feet? 


Solution 1.1 


39.371 
10m = aom (23) = 393.7 in 
lm 


3.281 ft 


10m = ciom( ) = 32.81 ft 


Example 1.2 If a volume of a room is 32 m°, what is the 
volume in cubic inches? 


Solution 1.2 


39.37 in 


3 
) = 1.95 x 10° in? 
lm 


32 m? = (32 mò( 


1.4 Dimension Analysis 

The symbols used to specify the dimensions of length, mass, 
and time are L, M and T, respectively. Dimension analysis is a 
method used to check the validity of an equation and to derive 
correct expressions. Only the same dimensions can be added 
or subtracted, i.e., they obey the rules of algebra. To check 
the validity of an equation, the terms on both sides must have 
the same dimension. The dimension of a physical quantity is 
denoted using brackets [ ]. For example, the dimension of the 
volume is [V] = L?, and that of acceleration is [a] = L/T?. 


Example 1.3 Show that the expression v? = 2ax is dimen- 
sionally consistent, where v represents the speed, x repre- 
sent the displacement, and a represents the acceleration of 
the object. 


Solution 1.3 
[v] =L?/T* 


[xa] = (L/T?)(L) = L?/T? 


Each term in the equation has the same dimension and there- 
fore it is dimensionally correct. 


1.5 Vectors 


P 


Fig. 1.1 A vector is represented geometrically by an arrow PQ 129 
drawn to scale 


1.5 Vectors 

When exploring physical quantities in nature, it is found that 
some quantities can be completely described by giving a num- 
ber along with its unit, such as the mass of an object or the time 
between two events. These quantities are called scalar quanti- 
ties. Itis also found that other quantities are fully described by 
giving a number along with its unit in addition to a specified 
direction, such as the force on an object. These quantities are 
called vector quantities. 

Scalar quantities have magnitude but don’t have a direc- 
tion and obey the rules of ordinary arithmetic. Some examples 
are mass, volume, temperature, energy, pressure, and time 
intervals by a letter such as 7m, t, E..., etc. Vector quantities 
have both magnitude and direction and obey the rules of vec- 
tor algebra. Examples are displacement, force, velocity, and 
acceleration. Analytically, a vector is specified by a bold face 
letter such as A. This notation (as used in this book) is usually 
used in printed material. In handwriting, the designation A 
is used. The magnitude of A is written as |A| or A in print or 
as IŻ] in handwriting. 

A vector is represented geometrically by an arrow PQ 
drawn to scale as shown in Fig. 1.1. The length and direc- 
tion of the arrow represent the magnitude and direction of 
the vector, respectively, and is independent of the choice of 
coordinate system. The point P is called the initial point (tail 
of A) and Q is called the terminal point (head of A). 


1.6 Vector Algebra 
In this section, we will discuss how mathematical operations 
are applied to vectors. 


1.6.1 Equality of Two Vectors 

The two vectors A and B are said to be equal (A = B) only 
if they have the same magnitude and direction, whether or not 
their initial points are the same as shown in 
Fig. 1.2. 


Fig.1.2 The two vectors A and 
B are said to be equal (A = B) 
only if they have the same 
magnitude and direction 


% pre 
. 2 
—_———— 
A 


Fig.1.3 To add two vectors A and B using the geometric method, place 
the head of A at the tail of B and draw a vector from the tail of A to the 
head of B 


Fig. 1.4 Geometric method for summing more than two vectors 


1.6.2 Addition 


There are two ways to add vectors, geometrically and alge- 
braically. Here, we will discuss the geometric method which 
is useful for solving problems without using a coordinate sys- 
tem. The algebraic method will be discussed later. To add two 
vectors A and B using the geometric method, place the head 
of A at the tail of B and draw a vector from the tail of A to 
the head of B as shown in Fig. 1.3. This method is known as 
the triangle method. An extension to sum up more than two 
vectors is shown in Fig. 1.4. An alternative procedure of vec- 
tor addition using the geometric method is shown in Fig. 1.5. 
This is known as the parallelogram method, where C is the 
diagonal of a parallelogram with sides A and B. To find C 
analytically, Fig. 1.6 shows that 


(DG? = (DF)? + (FG), (1.1) 


and that 
DF = DE + EF = A + B cos9, 


Thus, Eq. 1.1 becomes 


C? = (A + B cos 0)? + (B sin 0)? = A? + B? +2AB cos9, 


Fig.1.5 The parallelogram method of adding two vectors 


A G 


i BsinO 


D z e Bae 


Fig.1.6 Finding the magnitude and the direction of C 


y(km) 


+1 


x(km) 


—0.5 


Fig. 1.7 The total displacement of the jogger is the vector R 


or 


C = VA? + B2 + 2AB cos9, 


The direction of C is 


GF _ GF _ Bsindg 
DF DE+EF A+ Bcosé@’ 


tan 6 = 


Note that only when A and B are parallel, the magnitude 
of the resultant vector C is equal to A + B (unlike the addition 
of scalar quantities, the magnitude of the resultant vector C 
is not necessarily equal to A + B). 


1 Units and Vectors 


Fig.1.8 The negative vector of A 
is a vector of the same magnitude N 
of A but in the opposite direction 


Example 1.4 A jogger runs from her home a distance of 
0.5km due south and then 1km to the west. Find the mag- 
nitude and direction of her resultant displacement. 


Solution 1.4 From Fig. 1.7, we can see that the magnitude of 
the resultant displacement is given by 


R = y (0.5 km)? + (1 km)? = 1.1 m 


The direction of R is 


—ı (0.5 m) 
n E, 
m) 


0 = ta = 26.6° 


south of west. 


1.6.3 Negative of a Vector 


The negative vector of A is a vector of the same magnitude 
of A but in the opposite direction as shown in Fig. 1.8, and it 
is denoted by —A. 


1.6.4 The Zero Vector 

The zero vector is a vector of zero magnitude and has no 
defined direction. It may result from A = B — B = 0 or from 
A=cB=0ifc=0. 

1.6.5 Subtraction of Vectors 

The vector A — B is defined as the vector that when added to 


B gives us A. Equivalently, A — B can be defined as the vector 
A added to vector —B (A + (—B)) as shown in Fig. 1.9. 


Fig. 1.9 Subtraction of two 
vectors 


1.6 Vector Algebra 
1.6.6 Multiplication of a Vector by a Scalar 


The product of a vector A by a scalar g is a vector gA or 
Aq. Its magnitude is q A and its direction is the same as A if 
q is positive and opposite to A if q is negative, as shown in 
Fig. 1.10. 


1.6.7 Some Properties 


¢ A+B = B + A (Commutative law of addition). This can 
be seen in Fig. 1.11. 

e (A+B)+C=A4 (B40), 
(Associative law of addition). 


as seen from Fig. 1.12 


e A+0=A 
e A+(—A)=0 
-JÀ 
"— o 
2A 
Å _ y 


Fig. 1.10 The product of a vector by a scalar 


A 


Fig.1.11 Commutative law of addition 


Fig.1.12 Associative law of 
addition 


¢ p(qA) = (pq)A = q(pA) (where p and q are scalars) 
(Associative law for multiplication). 

e (p+q)A= pA +qA (Distributive law). 

e p(A+B) = pA + pB (Distributive law). 

e 1A =A, OA = 0 (Here, the zero vector has the same 
direction as A, i.e., it can have any direction), q0 = 0 


1.6.8 The Unit Vector 


The unit vector is a vector of magnitude equal to 1, and with 
the same direction of A. For every A 4 0,a = A/|A| is a 
unit vector. 


1.6.9 The Scalar (Dot) Product 


The scalar product is a scalar quantity defined as A - B = 
AB cos, where @ is the smaller angle between A and B 
(0 < 0 < x) (see Fig. 1.13). 


1.6.9.1 Some Properties of the Scalar Product 

e A-B = B- A (Commutative law of scalar product). 

e A-(B+C)=A-B+A.-C (Distributive law). 

e m(A-B) = (mA)-B= A- (mB) = (A- B)m, where m 
is a scalar. 


1.6.10 The Vector (Cross) Product 


The vector product is a vector quantity defined as C = 
A x B (read A cross B) with magnitude equal to |A x B| = 
AB sin@, (0 < 0 < x) . The direction of C is found from the 
right-hand rule or of advance of a right-handed screw rotated 
from A to B as shown in Fig. 1.14. C is perpendicular to the 
plane formed by A and B. 


1.6.10.1 Some Properties 

e A-A=A?,0-A=0 

e. AxB=-BxA 

e Ax (B+C)=A x B+A xC (Distributive law). 
e (A+B)xC=AxC+BxC 


Bcos@ 


Fig. 1.13 The scalar product of two vectors 
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Y 
f P(x,y) 
y 
Fig. 1.14 The vector product of two vectors 
o| x 4 
Bsin@ 
Fig.1.16 The rectangular (cartesian) coordinate system 
Y 
A 
Fig.1.15 The magnitude of the vector product |A x B| = is the area of 
a parallelogram with sides A and B 
P(r,0) 
e q(A x B) = (qA) x B= A x (qB) = (A x B)q, where 
q is ascalar. i ; 
e |A x B| = The area of a parallelogram that has sides A 
and B as shown in Fig. 1.15. ô 
O E x 
1.7 Coordinate Systems Fig. 1.17 The polar coordinate system 
To specify the location of a point in space, a coordinate sys- Z 


tem must be used. A coordinate system consists of a reference 
point called the origin O and a set of labeled axes. The positive 
direction of an axis is in the direction of increasing numbers, 
whereas the negative direction is opposite. Figures 1.16 and 
1.17 show the rectangular (or Cartesian) coordinate system 
and the polar coordinates of a point, respectively The rectan- P(x,y,z) 
gular coordinates x and y are related to the polar coordinates 
r and 0 by the following relations: 


x =r cos 
y=rsing 
tan = y/x 


r= [x2 + y? X 


In three dimensions, the cartesian coordinate system is shown Fig. 1.18 The cartesian coordinate system in three dimensions 


in Fig. 1.18. Other used coordinate systems in three dimen- 
sions are the spherical and cylindrical coordinates (Figs. 1.19 
and 1.20). 


1.8 Vectors in Terms of Components 


Z 


P(r,,0) 


Y 


X 


Fig. 1.19 The spherical coordinate system 


Z 


P(r,9,z) 


X 


Fig. 1.20 The cylindrical coordinate system 


1.8 Vectors in Terms of Components 


In two dimensions, the vector A can be expressed as the sum 
of two other vectors A = A, + Ay, where Ay = A cos 0 and 
Ay = Asin @ as shown in Fig. 1.21. 

A, and A, are called the rectangular components, or sim- 
ply components of A in the x and y directions respectively The 
magnitude and direction of A are related to its components 
through the expressions: 


A=,/A2+ A2 


O Ax 


Fig.1.21 Intwo dimensions, the vector A can be expressed as the sum of 
two other vectors A = A, + Ay, where A, = A cos 0 and Ay = Asin@ 


Z 


Fig. 1.22 In three dimensions the magnitude of A is 


A=,/A2+ A424 A? 
tan@ = Ay/A, 


In three dimensions (see Fig. 1.22), the magnitude of A is 


given by 
A=,/A2+ A? + A? 


with directions given by 


cosa = A,/A, cosB = Ay/A, cosy = Az/A 


1.8.1 Rectangular Unit Vectors 


The rectangular unit vectors i, j, and k are unit vectors defined 
to be in the direction of the positive x-, y-, and z-axes, 
respectively, of the rectangular coordinate system as shown 
in Fig. 1.23. Note that labeling the axes in this way forms a 
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Fig. 1.23 The rectangular unit 
vectors i, j and k are unit vectors 
defined to be in the direction of 
the positive x, y, and z axes 
respectively 


right-handed system. This name derives from the fact that a 
right- handed screw rotated through 90° from the x-axis into 
the y-axis will advance in the positive z-direction. (Note that 
throughout this book the right-handed coordinate system is 
used). In terms of unit vectors, vector A can be written as 


A= A,i+ A j+ Ak 


1.8.2 Component Method 
Suppose we have A = Axi + Aj and B = Bi + Byj 


1.8.2.1 Addition 
The resultant vector C is given by 


C=A+B = (Ax + B,)it (Ay + By)j = Cki + Cyj 
Cx = Ax + Bx 
Cy = Ay + By 
Thus, the magnitude of C is 
C=,/C2+C 
with a direction 
Cy  Ay+ By 


tang = — = —__ 
Cy Ax + By 


in three dimensions 
C = (A,+B,)i+ (Ay+By)j = (A,+ BK = Cyi+Cyjt+C_k 
the magnitude of C is 


Cay Cer Ce +c? 


And the directions are 
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y(km) 


+ 80 


+60 


x(km) 


4 
20 O| 2 40 60 80 


Fig. 1.24 The displacements are drawn to scale with the head of A 
placed at the tail of B and the head of B placed at the tail of C.The 
resultant vector R is the vector that extends from the tail of A to the head 
of C 


cosa = C;/C, cosB = Cy/C, cosy = Cz/C 


This component method is easy to use in adding any number 
of vectors. 


Example 1.5 A truck travels northwest a distance of 30km, 
and then 50km at 30° north of east, and finally travels a dis- 
tance of 20km due south. Determine both graphically and 
analytically the magnitude and direction of the resultant dis- 
placement of the truck from its starting point. 


Solution 1.5 Graphically, in Fig. 1.24 the displacements are 
drawn to scale with the head of A placed at the tail of B and 
the head of B placed at the tail of C.The resultant vector R 
is the vector that extends from the tail of A to the head of C. 
By using graph paper and a protractor, the magnitude of R 
is measured to have the value of 34.8km and a direction of 
49.8° from the positive x axis. Analytically, from Fig. 1.24, 
we have 


Ax = Acos 135° = (30 km)(—0.707) = —21.2 km 
Ay = Asin 135° = (30 km)(0.707) = 21.2 km 
B, = B cos 30° = (50 km) (0.866) = 43.3 km 

By = B sin 30° = (50 km)(0.5) = 25 km 
Cy = C cos 270° = (20 km)(0) = 0 


Cy = Csin270° = (20 km)(—1) = —20 km 


R=A+B+C 


(Ay + By +Cy)it (Ay + By +Cy)jt+ (Act Be+Cz)k = 22.li+26.2j 


Thus, the magnitude of R is given by 


1.8 Vectors in Terms of Components 


R = |R + R? = y (221 km)? + (262 km )? = 34.3 km 


and its direction is 


26.2 km 
6 = tan”! E i a) = 49.9° 


north of east. 


1.8.2.2 Subtraction 
C =A —B = (Ax — By)it+ (Ay — By)j + (Az — Bz)k 


The magnitude and direction of C are as in the case of addition 
except that the plus sign is replaced by the minus sign. 


1.8.2.3 Scalar Product 
A -B = (Axi + Ayj + Azk) - (Bxi + Byj + Bzk) 


Using the definition of scalar product and by applying the 
distributive law we get nine terms: since i-i =j-j = k-k,- 
andi-j=j-k=j-k=0, we get 


A -B = A,B, + AyBy + A: B; 


The dot product of any vector (for example A) by itself 
is 
2 2 2 2 
A-A=A°=A,+A,+ 4; 


1.8.2.4 The Angle Between Two Vectors 
A-B= ABcos@ = A,B, + AyBy + A: Bz 


AxBx + AyBy + Az B; 
AB 


cos = 


Example 1.6 Two vectors A and B are given by A = i + 
5j — 7k and B = 6i — 2j + 3k. Find the angle between 
them. 


Solution 1.6 


A -B = ABcos¢ = Ax By + Ay By + Az B: 
A= A? + A? + A2 = V1 +25 +49 = 8.7 


B = ‚| B? + B? + B? = V36 +4 +9 =7 


AxB, + AyBy+A,B, 6-10-21 _ 


AB (8.7)(7) o 


cos @ = 


$ = 113.6° 


1.8.2.5 Perpendicular and Parallel Vectors 

Nonzero vectors A and B are perpendicular if A- B = 0 or 
A, By+AyBy+ A,B, = 0 and they are parallel if A x B = 0. 
For any two parallel vectors A and B, we have A = qB, where 
they have the same direction if q > 0, and are in opposite 
direction if g < 0. Also we can write 


or 
A, A; we 


B; B, B 


1.8.2.6 Vector Product 
From the vector product definition, we can see that 


ixi=jxj=kxk=0 
ixj=k,jxk=i,kxi=j 
jxi= —k, kxj=-i,ixk=-j 


If we write the unit vectors around a circle as shown in 
Fig. 1.25, then reading counterclockwise gives the positive 
products and reading clockwise gives the negative products. 
Note that these results are for a right-handed coordinate sys- 
tem. We have 


A x B = (Ari + Ayj+ A-k) x (Bri + Byj + Bk) 


using the distributive law and the above relations of unit vec- 
tors we get 


A x B = (Ay Bz — Az By)i+ (Az Bx — Ax Bz)j+ (Ax By — Ay By)k 
since a determinant of order 2 is defined as 


a] a2 


bi Bs = aib — abı 


Then, the above expression can be written as 


Fig.1.25 If we write the unit 
vectors around a circle, then 
reading counter clockwise gives 
the positive products and reading 
clockwise gives the negative 
products 
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AyA A A 
AxB= EA i- A “Ji+] j k 
P 7 Bx B; B, B 
A determinant of order 3 is 
C1 C2 C3 
a a2 a3 Se a |p c2 + pee C3 
b b 
bi bz b3 b2 b3 bı b3 bı b2 


Hence, the cross product can be expressed as 


i j k 
Ax Ay Az 
By By B 


Ax B= 


= (Ay Bz — Az By)it+ (Az By — Ax Bz)j + (Ax By — Ay Bx )k 


A 


Note that this is not a determinant since the elements in 
the first row are vectors and not scalars, but it is a convenient 
way to represent the cross product. 


Example 1.7 Two vectors A and B are given by A = —i + 3j 
and B = 2i + j. Find: (a) the sum of A and B, -(b) — B and 
3A, -(c)A-BandA x B. 


Solution 1.7 (a) 


R = A+B = (Ax+Bx)i+(Ay+By)j = (—1+2i+6+1)j = i+4j 


R= 1 
Ry =4 
(b) 
BS 234 
3A = —3i + 9j 
(c) 


A-B = (-i+3j)(Qi+j) = —i-2i—i-j + 3j- 214 3j-j = 
-243=1 


A xB = (-i+3j) x 2i+j) = —i x j+3j x 2i = —k — 6k = —7k 


Example 1.8 Finda vector of magnitude 1 that is perpendicu- 
lar to each of the vectors A = 5i+j—3k and B = 3i+7j—2k. 


Solution 1.8 By the definition of the unit vector, we have 


sts AxB 
— |Ax BI 


where c is a unit vector perpendicular to the plane formed by 
A and B. We have 
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—3| = 19i + j + 32k 


|A x B| = V(19)2 + (1)? + (32)? = 37.23 


_ 191+ j+ 32k 


= 0.5i + 0.027j + 0.86k 
ae 0.5i + 0.027j + 0.86 


Example 1.9 Given that A = 2i — 3j —k,B = 3i-j 
and C = j — 4k, find (a) A x B (b)(A x B) x C (9A. 
(Bx C). 


Solution 1.9 (a) 


i j k 
AxB=/2 3 1} = —-i-— 3j+ 7k 
3 —1 0 
(b) 
i j k 
Ax(BxC©=]|-1 -3 7 |=5i—4j-—k 
0 1 —4 
(c) 
ij k 
BxC=/3 -1 0 |=4i+ 12j+ 3k 
O 1 —4 


A-(BxC) = (2i—3j—k). (4i+12j+3k) = 8—36—3 = —31 
Example 1.10 Using vectors method, find the area of a tri- 
angle if the coordinates of its three vertices are A(2, 1, 3) , 
BQ, 5, 7) > C(-1, 4, 2) . 


Solution 1.10 


AB = (2—2)i+ (5 — Dj+ (7 — 3)k = 4j + 4k 


AC = (-1—2)i+ (4— Dj+ (2 —3)k = -31+ 3j — k 


Area 


1 1 1 
= 5IAB x AC] = 5|(4j + 4k) x (—31 + 3j — K)| = 5 14(—4i — 3j + 3k)| 


= 2 (—4)? + (—3)? + (3)? = 11.7 


1.8 Vectors in Terms of Components 


BxC 


Fig. 1.26 The triple scalar product is equal to the volume of a par- 
allepiped with sides A, B, and C 


1.8.2.7 Triple Product 
Scalar Triple Product 


The triple scalar product is a scalar quantity defined as A - 
(B x C) . This quantity can be represented by a determinant 
that involves the components of the vectors, 


Ax Ay A; 
B, By B; 
eCG: 


A-(Bx C)= 


where A = Axi + Ayj + Azk, B = B,i+ Byj+ B-k, and 
C = Cxi+Cyj+ Czk. Furthermore, the triple scalar product is 
equal to the volume of a parallepiped with sides A, B, and C as 
shown in Fig. 1.26. Because any edges can be used, the triple 
scalar product can be written as A - (B x C) or as A - (C x B) 
. These products are positive and negative for a right-handed 
coordinate system respectively. Therefore, there are 6 equal 
triple scalar products or 12 if you include the terms of the 
form (B x C) - A.A. Three of these six products are positive 
and the rest are negative. By expanding the determinant, you 
can prove that 


A-(Bx C) = B-(Cx A) = C-(A xB) = —A-(CxB) = 
—B. (A x C) = -C . (B x A) 
Vector Triple Product 


The triple vector product is a vector quantity defined as A x 
(B x C) . You can prove by expanding this equation that 

A x (B x C) = (A. C)B— (A- B)C 
Example 1.11 Given that A = Axi, B = B,i+B,k, and C = 
Cj, show that the identity A x (B x C) = (A-C)B—(A-B)C 


is correct. 
Solution 1.11 
i j k 
(Bx C)=/B, 0 B; | = —B,Cyi+ ByCyk 


i j k 
A x (B x C) = | Ay 0 0 A, B,Cyj 
—B,Cy 0 B,C, 
(A-©B=0 
—(A- B)C = — (Ax B+)C = —Ax By Cyj 


Hence, the identity is valid. 


1.9 Derivatives of Vectors 
If A(t) is a vector function of t, where f is a scalar variable 
such as 

A(t) = Ay (Hi + Ay(Oj+ Az2(t)k 


Then GA) dAg(t). dAy(t). dA; (2) 
t x(t), yt), z(t 
= k 
dt a t ee om 
1.9.1 Some Rules 


If A(t) and B(t) are vector functions and @(f) is a scalar 
function then 


d do, 

d dB dA 
— (A-B) = — + — B 

at ) dt Tae 

d < dA 
— (A x B) = — + — xB 

m AR X Tr i dt 


Example 1.12 Two vectors rı and r2 are given by rı = 2t?i+ 

dr 
cos tj + 4k and rp = sin ti + cos tk, find att = 0 o 
d (rı ‘ 


and (b) r2) 


Solution 1.12 (a) 


dri 


— = 4ti — sintżj 
dt J 
dri 4i ʻi 
—- = 41 — COs 
dt? J 
Att=0 j 

d rı 

ot -4i 

dt? J 


dri: r2) _ d{(2t7i + cos tj + 4k) (sin ti + cos tk)} _ 
dt dt 7 


d(2t2 sint + 4cost) 


Ai = 4t sin t+2t? cost 4sint = 4(t 1) sin t++2t? cost 


Att=0 


d(rı - r2) = 


0. 
dt 


1.9.2 Gradient, Divergence, and Curl 


If A = A(x, y, Zz) is a vector function of x, y, and z then 
A(x, y, Z) is called a vector field. Similarly, the scalar func- 
tion d(x, y, z) is called a scalar field. 


1.9.2.1 Del 
The vector differential operator del is defined as 


1.9.2.2 Gradient 
Vo= ( 


„ð ə a „ð$ dd 
—+j—+k—)¢= k 
"Ox tloy F zo "Ox tiay E Oz 


The vector V@ is called the gradient of @ (written 
grad@). 


1.9.2.3 Divergence 


ð a ə 
V-A=(i— +j—+k— |- (Ai+ Ayj + A-k) 
ax dy Oz 


V - Ais called the divergence of A (written divA). 


1.9.2.4 Curl ; 
VxA= (ix +5 +k) x (Axi + Ayj + Ak) 
x z 


V x A is called the curl of A (written curlA). 
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1.9.2.5 Some Identities 
e divcurlA = V-(V x A) = 0. 
e curlgradéd = V x (Vd) = 0 


Example 1.13 A vector field A and a scalar field B are given 
by A = 3xyi+ (2y* — x)j and B = 3x7y, Find at the point 
(—1,D(a) V- A (b) V x A (c) VB. 


Solution 1.13 (a) 


dA, 3A, 
V- A= — 4 —* = 3y4-4y =Ty 
ox oy 
at (—1,1),V-A=7. 
(b) 
i j k 
a 0 0 
3xy (2y?—x) 0 
at (—1,1), V x A= 2k. 
(c) 
dB, a B 
VB = —i+ — j+ —k = 6xyi + 3x°j 


ax dy Oz 


at (-1, 1), VB = —6i + 3j. 


1.10 Integrals of Vectors 


If A(@) = A (ti + Ay(t)j + Az(t)k, where ¢ is a scalar 
variable, the indefinite integral is defined as 


[Acar =i | Admarti | AyOdi+k f Aoa 
If A(t) = dB(t)/dt, then 
faoa = if “ {B(t)}dt = B(t) +C 


where C is an arbitrary constant vector. The definite integral 
between the limits tf = a and t = b is defined as 


b b 
f acwar= | < (Bi)}dr = Bit) + Cl} = BO) ~ Ba) 


1.10.1 Line Integrals 


The line integral refers to an integral along a line or a curve. 
This curve may be open or closed. The line integral may 


1.10 Integrals of Vectors 


Q 


X 


Fig. 1.27 The line integral 


appear in three different forms shown by 1 odr, 1 A. dr, 
c c 


and / A x dr. The second is the most common one and it 


will be used throughout this book. Suppose the position vec- 
tor of any point (x, y, z) on the curve C (see Fig. 1.27) that 
extends from P(x1, yj, z1) at t) to Q(x2, y2, z2) at fo is 
given by 


r(t) =x(i+ yOj+zaHk 


where ¢ is a scalar variable, and suppose that A = A(x, y, z) = 
Axi + Ayj + Azk is a vector field, then the line integral of A 
is given by 


Q 
i Acdr= | Acae= | (Ards + A,dy+ Adz) (1.2) 
P C C 


Note that A - r is the tangential component of A along C. If C 
is a simple closed curve (does not intersect with itself) then 
the line integral is written as 


§ A-dr = $ (Aydx + Aydy + Adz) 
C C 


1.10.2 Independence of Path 


The line integral in general depends on the path, but some- 
times it does not. Instead, it depends only on the coordinates 
of the end points of the curve (path) but not on the curve itself. 
The line integral in Eq. 1.2 is independent of the path, joining 
the points P and Q if and only if A = V@, or equivalently 
V x A = 0. The value of Eq. (1.2) is then given by 


Q Q 
[ Adr= f do = o(P)—(Q) = (x2, y2, 22)-O (x1, Yı, Z1) 
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Note that @(x, y, z) has continuous partial derivatives. Fur- 
thermore, if the line integral of A is independent of the path 
then the line integral of A about any closed path is equal to 


Zero: 
$ A-dr=0 
C 


Example 1.14 A force field is given by F = (4xy? + 2?)i+ 
(4yx?)j + 2xz — Dk 

(a) Show that V x F, 

(b) Find a scalar function @ such that F = V¢. 


Solution 1.14 (a) 


i j k 
VxF=|2 2 Š = (2z—2z)j+ (8xy—8xy)k = 0 
(4xy? tz?) (yx?) Qxz-1) 
(b) 


ð a ð 
F-dr= Vọġ-dr = Vee ae eee 
Ox dy Oz 


dọ = (4xy* +.z*)dx + (4yx*)dy + (2xz — 1)dz 
Hence 
$ = (2x? y* + zx) + (2y*x?) + (22x — 2) 


Example 1.15 A vector F is given by F = 3x7 yi— (4y + x)j. 


Compute | F - dr along each of the following paths: 


(a) The straight lines from (0, 0) to (0, 1) and then to (1, 1). 
(b) Along the straight line y = x. (c) Along the curve 

2 

L= 1, Vat: 


Solution 1.15 (a) Along the straight line from (0,0) to (0,1) 
we have x = 0, and dx = 0, therefore 


1 
[eae | 3x" ydx — (4y 4 vay = f 4ydy = —2y?|) = -2 
Cc Cc y=0 


Along the straight line from (0, 1) to (1, 1) we have y = 
1, dy = 1, hence 


1 
fra] 3x*dx = x°|h = 1 
C x=0 


Thus, we have for the total path 
|F- iw=-2+1=-1 
C 


(b) Along the straight line y = x, we have dy = dx, 


(—1,0) 


(1,-1) 


Fig. 1.28 The line integral along the curve using polar coordinates 


1 
/ F.dr= i 3x? ydx — (4y + x)dy = { (3x? — 5x)dx 
C C x=0 


= 3/4x4 — 5/2x?|) = —3/2. 
(c) Finally along the curve x = t, y = t?, we have dx = 


dt,dy = 2tdt, furthermore the points (0, 0) and (1, 1) cor- 
responds to t = 0 and t = 1, respectively. Hence 


1 
[are | 3x?ydx—ytxody = [ 304 dt —2t(4t7 +t) dt 
Cc C t=0 


= 3/5t5 — 2t — 2/3t|} = —31/15. 


Example 1.16 If a vector A is given by A = xyi — x?j, find 
the line integral 


Fig. 1.28. 


A - dr along the circular arc shown in 


Solution 1.16 By using the polar coordinates, we have x = 
cos@ and y = sin (since r = 1) , dx = — sind and 
dy = cos 6d@, also x? + y? = r* = 1, therefore we have 


—n/4 —m/4 
f A-dr= l — cos @ sin? 6d0 — cos? do = [ — cos 6(sin2 6 + cos? 60)d0 
t =r =n 


—m/4 
= / —coséd0 = — sin 0|7" = 0.71 
0 


=T 


1 Units and Vectors 


Fig. 1.29 Vectors A, B, C and D D 
Ja 


Problems 


1. Check if the relation v = ./2GMz/Rz is dimensionally 
correct, where v represents the escape speed of a body, M g 
and Rg are the mass and radius of the earth, respectively, 
and G is the universal gravitational constant. 

2. If the speed of a car is 180km/h, find its speed in m/s. 

3. How many micrometers are there in an area of 3 km?. 

4. Figure 1.29 shows vectors A, B, C, and D. Find graphically 
the following vectors (a) A + 2B — C(b)2(A — B) + C — 
2D(c) show that (A + B) + C=A+(B+C). 

5. Acar travels a distance of 1 km due east and then a distance 
of 0.5km north of east. Find the magnitude and direction 
of the resultant displacement of the car using the algebraic 
method. 

6. Prove that A. (B+C)=A-B+A.-C. 

7. A parallelogram has sides A and B. Prove that its area is 
equal to |A x BI. 

8. If A = 2i — 3j + 4k and B = i+ 5j — 2k, find (a) A — 
2B(b)A x B (c)A - B (d) the length of A and the length of 
B(e) the angle between A and B(f) the scalar projection of 
A on B and the scalar projection of B on A. 

9. Show that A is perpendicular to B if |A + B| = |A — B|. 

10. Given that A = 2i + j + k,B = i+ 3j — 5k and C = 
6i + 3j + 3k, determine which vectors are perpendicular 
and which are parallel. 

. Use the vectors A = cos 6i+sin 0j and B = cos ¢i-sin dj 
to prove that cos(0 + ¢) = cos@ cos ¢@ — sin 6 sing. 

. IFA = 5x7 yit yzj — 3x?z?k, B = Ty? zi— 2zxj + xz? yk 
and (x, y, z) = 2z°y, find at (—1,1,1)(a)ð3 (HA) /3x(b)3? 
(A x B)/3zðy(c)Vo (d) V x (PA). 

. Evaluate V x (r?r) where r = xi + yj — zk andr = |r|. 

. Ifr = A cos øti+A sin wtj, show that d7r/dt*+o°r = 0. 

. A force field is given by F = —kxi — kyj, find (a) V x F 
(b) a scalar field @ such that F = V¢(c) Calculate the 
line integral along the straight lines from (0, 0) to (1, 0) to 
(1, 1) and from (0, 0) to (0, 1) to (1, 1). Is the line integral 
independent of path? 


1.10 Integrals of Vectors 15 
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Kinematics 


2.1 Introduction 
Mechanics is the science that studies the motion of objects 
and can be divided into the following: 


1. Kinematics: Describes how objects move in terms of space 
and time. 

2. Dynamics: Describes the cause of the object’s motion. 

3. Statics: Deals with the conditions under which an object 
subjected to various forces is in equilibrium. 


This chapter is considered with kinematics which answers 
many questions such as: How long it takes for an apple to reach 
the ground when it falls from a tree? What is the maximum 
height reached by a baseball when thrown into air? What is 
the distance it takes an airplane to take off? 

In physics, there are three types of motion: translational, 
rotational, and vibrational. A block sliding on a surface is in 
translational motion, a (Merry-go-Round) is an example of 
rotational motion, and a mass—spring system when stretched 
and released is in vibrational motion. From here until Chap. 7, 
the object studied will be treated as a particle (i.e., a point 
mass with no size). This assumption is possible only if the 
object moves in translational motion without rotating and 
by neglecting any internal motions that might exist in the 
object. 

That is, an object can be treated as a particle only if all of 
its parts move in exactly the same way. 

For example, if a man jumps into a pool without rotating by 
doing a somersault (freezing his body), he can be treated as a 
particle since all particles in his body will move in exactly the 
same way. Another example of an object that can be treated 
as a particle is the Earth in its motion about the Sun. Since the 
dimensions of the Earth are small compared to the dimensions 
of its path, it can be considered as a particle. The motion of 
an object is described either by equations or by graphs. Both 
ways provide information about the motion; however, equa- 
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tions provide precise information while graphs give greater 
insight about the motion. 


2.2 Displacement, Velocity, and Acceleration 
This section will discuss the concepts of displacement, veloc- 
ity, and acceleration in one dimension. These concepts are 
essential in analyzing the motion of an object. 


2.2.1 Displacement 

Consider a car that is treated as a particle moving along the 
straight-line path shown in Fig. 2.1. The x-axis of a coordinate 
system is used to describe the position of the car with respect 
to the origin O, where the points P and Q correspond to the 
positions x; at t; and x f at ty, respectively. The position—time 
graph of this motion is shown in Fig. 2.2. The displacement 
of the truck is a vector quantity defined as the change in its 
position during the time interval from t; to ty and is given by 


Ax = Xf — Xj 


Hence displacement is a quantity that depends only on the 
initial and final positions of the object. The direction of the 
displacement in one dimension is specified by a plus or minus 
sign. It is positive if the particle is moving in the positive x 
direction and negative if the particle is moving in the negative 
x direction. In two or three dimensions, the displacement is 
represented by a vector. The SI unit of the displacement is the 
meter (m). 


2.2.2 Average Speed 


The average speed of an object is a scalar quantity defined as 
the total distance traveled divided by the total time: 
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Fig.2.1 A car that is treated as a 
particle moving along the 
straight-line path 
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x(m) 


80+ Q 


Xf 
Slope = v RI 


- 


60-- 


40+ Ax 


t + + t t(s) 


Fig.2.2 The position time graph of the cards motion 


Total distance traveled 
Average speed = 


Total time 


The SI unit of the average speed is meter per second (m/s) 


2.2.3 Velocity 


The average velocity v of an object is a vector quantity defined 
in terms of displacement rather than the total distance traveled: 


—_ Ax 
v= — 
At 
vis positive if the motion is in the positive x-direction and neg- 
ative if it is in the negative x-direction. On the position—time 
graph in Fig. 2.2, v is the slope of the straight line connecting 
the points P and Q. The average velocity helps in describing 
the overall motion of the particle in a certain time interval. To 
describe the motion in more detail, the instantaneous velocity 
is defined. This velocity corresponds to the velocity of a parti- 
cle at a particular time. That involves allowing At to approach 
zero: 
f Ax dx 
v= lim — = — 
At>oo At dt 
Geometrically, the instantaneous velocity of a particle at 
a particular time on the position—time curve is the slope (the 
tangent) to the position—time curve at that point or instance 
(see Fig. 2.3). The SI unit of the velocity is m/s. 


+ ł + ł + + t(s 
O| ti ı 2 3 tfa 5 6 (s) 


Fig. 2.3 Geometrically, the instantaneous velocity of a particle at a 
particular time on the position-time curve is the slope (the tangent) to 
the position-time curve at that point or instance 


2.2.4 Speed 


The speed of the particle is defined as the magnitude of its 
velocity. Note that speed and average speed are different since 
speed is defined in terms of displacement, whereas average 
speed is defined in terms of the total distance traveled. 


2.2.5 Acceleration 


If the particle’s velocity changes with time, it is said to be 
accelerating. The average acceleration a of the particle is 
defined as the ratio of the change of its velocity Av to the 
time interval Ar: 

Av 
~ At 


The SI unit of acceleration is m/s*. The instantaneous 
acceleration is defined as 


. Av dv 

a= lim — = — 

At>0 At dt 
The average acceleration is the slope of the line joining the 
points P and Q on the velocity—time graph, whereas the instan- 
taneous acceleration is the slope of the curve at a particular 
point (see Fig.2.4). Figure2.5 shows the position, velocity, 

and acceleration for a particle simultaneously. 


Example 2.1 A car travels along the path shown in Fig. 2.6, 
where it is located at x; = 3km at t; = 0, and at xf = 19km 


2.2 Displacement, Velocity, and Acceleration 


y 


Slope =a 


O ti tf 
Fig. 2.4 The average acceleration is the slope of the line joining the 
points P and Q on the velocity-time graph, whereas the instantaneous 


acceleration is the slope of the curve at a particular point 


x 


Fig. 2.5 This figure shows the position, velocity and acceleration as a 
function of time of a particle moving in one direction. The particle starts 
from rest, accelerates to a certain speed, is maintained at that speed for 
some time, then it decelerates back to rest 


o xi = 3km xp = 19km 


Fig.2.6 Acar moving along the curved path where it is located at x; = 3 
km at t; = 0, and at xp = 19 km at tr = 0.25 hr 
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at tf = 0.25h. Find the displacement, average velocity, and 
average speed of the car during this time interval if the total 
distance traveled is 20km. 


Solution 2.1 The displacement of the car is 
Ax = xf — x; = (19 km) — (3 km) = 16 km 
Its average velocity is 


=, Ax Xf — Xj 
v= = — = = 64 m/s 
At tf— ti (0.25 h) 


Total distance traveled 


A d= 
Sk Total time 


_ (2.0 km) 


= = 80 km/h 
(025 h) 


Example 2.2 A particle moves along the x-axis according to 
the expression x = 2t?.The plot of this equation is shown 
in Fig.2.7. Find : (a) the displacement and average velocity 
of the particle during the time interval between t = 1 s and 
t = 3 s,-(b) the instantaneous velocity of the particle as a 
function of time and att = 1 sandt=3s. 
Solution 2.2 (a) 
xj = 24? = 2(1)? =2m 

xf = 2t} = 2(3) = 18m 

The displacement of the particle is 


Ax = xf — xi = (18m) — (2 m) = 16 m 


The average velocity is 


x(m) 


+ t(s) 
6 


Fig.2.7 A particle moves along the x-axis according to the expression 
x = 21? 
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Ax (16m) _ 
moo 


y= 


(b) The instantaneous velocity is given by 


v= = = (4t) m/s 


att = 1 s, v = 2 m/s, and at t = 3 s, v = 12 m/s. 


Example 2.3 A particle is moving along the x-axis. The 
position—time graph of its motion is shown in Fig. 2.8. Find: 
(a) the average velocity between a and b, -(b) the instanta- 
neous velocity at the points a, c and d. 


Solution 2.3 (a) 


Ax _ (2m)—(-18m) 


ee iy 
Vab = Ar Gs)— (9) a 
Ax 0—(-2.5 
pa 2 ee es ae 
At Gs) —0 
Ve =0 
A 2 
ua a e k 
A 85s) 49 
x(m) 


Fig.2.8 The position-time graph of a particle moving along the x-axis 


Example 2.4 The acceleration of an object is given by a = 
(1—4t) m/s?. If the object has an initial velocity of 3 m/s and 
an initial displacement of 2 m, determine (a) its velocity and 
displacement at any time; (b) the displacement of the object 
when it reaches its maximum speed. 


2 Kinematics 


Fig.2.9 A particle moving from point P to point Q along a path or curve 
C during a time interval At = tf — ty 


Solution 2.4 (a) 


v= fadr= [0 -andt=1-2P +0 
Att = 0, v = 3 m/s and therefore cı = 3 m/s. Thus 


v = (t — 217 +3) m/s 
x= | var = fa -2+ 3di = 0.5" — 0.661 +31 + c» 


Att = 0, x = 2 m and c2 = 2 m. Therefore 


x = (0.517 — 0.66t° + 3t +2) m (2.1) 


d 
(b) When the object reaches its maximum speed An 0 and 


hence 1 — 4t = Q, that gives t = 0.25s. Substituting into 
Eq. 2.1 gives 


x = 1/2(0.25 s)? — 2/3(0.25 s)? + 3(0.25 s) +2 = 2.8m 


2.3 Motion in Three Dimensions 
Consider the particle moving from point P to point Q along a 
path or curve C during a time interval At = tf —t; as shown in 
Fig. 2.9. To locate the particle at any point the position vector 
r = xi + yj+ zk is used. rj and rf corresponds to the position 
vectors of the particle at t; and tf respectively. A position 
vector should be drawn from a reference point (usually the 
origin of the coordinate system). 

The displacement vector is then given by 


Ar =rpf -ri 


The average velocity is 


2.3 Motion in Three Dimensions 


The instantaneous velocity at a particular time is defined as 


. Ar dr 
v= lim — = — 
At>0 At dt 


As At approaches zero, Ar becomes tangent to the path and 
it is replaced by dr. The direction of y is in the direction of dr, 
hence, y is always tangent to the path at any point. In terms 
of components y is given by 


dx, dy, dz F ; 
+ Dj + —k = vxi + vyj + vzk 


YS u ae d 


The magnitude of the instantaneous velocity is 


dr dx\? /dy\? /dz\? ds 

M= srs (F) a (2) + (=) ~ dt 
where ds is the infinitesimal arc length along the path and 
comes from the fact that as At approaches zero, the dis- 
tance traveled by the particle along the path becomes equal to 
the vector displacement |Ar|. Figure 2.10 shows the instan- 


taneous velocities along the path. The average acceleration 
is 


_ Av vf— Vi 
a = — = ————— 
At tf—ti 


The direction of a is of the same direction as Av. The instan- 
taneous acceleration is then 


. Av dv 
a= lim — = — 
At>0 At dt 


In terms of components 


dvx, dvy, dv . : 
= rg ait He te ak 
Zz 
Y 
X 


Fig.2.10 The instantaneous velocity vectors along the path 
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Another way to describe motion in three dimensions is by 
using spherical or cylindrical coordinates. In this book, we 
will only use rectangular coordinates for three-dimensional 
motion. 


2.3.1 Normal and Tangential Components of 


Acceleration 


The acceleration describes the change in both the magni- 
tude and direction of the velocity. That is, the acceleration 
is not necessarily produced due to the change in the magni- 
tude of the velocity only. Sometimes, it is produced due to the 
change in the direction of the velocity even if its magnitude 
is unchanged, and sometimes due to the change in both the 
magnitude and direction. Furthermore, the direction of a is 
not necessarily in the direction of v. If v is changed in mag- 
nitude only (motion along a straight line) then a is parallel to 
v if v is increasing, and antiparallel if v is decreasing. If v is 
changed in direction only (motion along a curved path with 
constant speed), then a is always perpendicular to v at any 
point (see Fig. 2.11). Finally, if v is changed in both magni- 
tude and direction then a will be directed at some angle to v 
as in Fig. 2.12. 

In this case, the acceleration can be resolved into paral- 
lel and perpendicular components. The parallel component 
corresponds to the change in the magnitude of v, while the 
perpendicular component corresponds to the change in the 
direction of v. These components can be viewed to be directed 
along a rectangular coordinate system that moves with the par- 
ticle (as it moves in space), where the particle is located at the 
origin of this coordinate system. The parallel (or tangential) 
component of the acceleration is always tangent to the path 
while the perpendicular (or normal) component is normal to 
the path at each point as shown in Fig. 2.13. 

Figure 2.14 shows the direction of the acceleration of a car 
moving down a ramp under the influence of gravity. 

In terms of unit vectors, let T be the unit vector along the 
tangent axis, N is the unit vector along the normal axis (also 
called the principal unit normal vector) and B a third unit 
vector called the binormal vector defined by B = T x N. 
These unit vectors form a frame called the TNB frame, where 
it moves with the particle (see Fig.2.15). Since v is always 
tangent to the path we may write 


v  dr/dt _ dr/dt 


T= = = 
|v] |dr/a:| ds/dt 


Because T is a unit vector we have T-T = 1, differentiating 
this with respect to s gives 


T APEA T=2T LOM 
ds ds ~ ds 


or 
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Fig. 2.11 Ifv is changed in 
magnitude only (motion along a 
straight line) then a is parallel to 
v if v is increasing, and -—— V; 
antiparallel if v is decreasing. If v 

is changed in direction only 
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(motion along a curved path with "y y Yy 
constant speed) then a is always = 
perpendicular to v at any point AV 
— 
a 


Q 


X 


Fig. 2.12 If v is changed in both magnitude and direction then a will 
be directed at some angle to v 


Z 


X 


Fig. 2.13 The parallel (or tangential) component of the acceleration is 
always tangent to the path while the perpendicular (or normal) compo- 
nent is normal to the path at each point 


dT 


T-—=0 
ds 


Hence, T is perpendicular to dT/ds. Since N is also perpen- 
dicular to T, then we have 


dT/ds 1dT 
N= =- — 
|T /ds| kds 
k is called the curvature of C at a certain point and it has 
the value k = |dT/ds|. The quantity R = 1/k is the radius 
of curvature at that point. Thus, N = R(dT/ds) . The total 


Fig. 2.14 At A the acceleration of a car is in the same direction of 
the velocity since the latter changes only in magnitude. As it moves its 
velocity is changed in both magnitude and direction. Therefore at B the 
direction of the acceleration is at some angle to the velocity. At C the 
speed reaches a maximum and therefore the instantaneous change of 
speed is zero at this point and the acceleration has only a perpendicular 
component. As the car moves up its velocity decreases and changes in 
direction also, thus the acceleration has both parallel and perpendicular 
components. Finally at E, the acceleration is in the opposite direction of 
the velocity since the velocity is decreasing but its direction is the same 


Z n 


X 


Fig.2.15 The TNB frame moves with the particle 


acceleration of the particle in terms of the unit tangent T vector 
and the principal unit normal vector N can be written as 


dv d dv dT 
= — = — (vT) = —T — 2.2 
a= ae ae ae ee) 
Furthermore, 
dT dTd Nd N 
=o iS." (2.3) 


dt dsdt Rdt R 


Substituting Eq. 2.2 into Eq. 2.3 gives 


2.3 Motion in Three Dimensions 


Therefore, an = v?/R and a, = dv/dt. Note that unlike 
d|v|/dt, |\dv/dt| corresponds to the change in the magnitude 
of the velocity or in its direction or in both (as it represents the 
magnitude of the total acceleration vector), whereas d|v|/dt 
corresponds to the change in the magnitude only. 


Example 2.5 A particle is moving in space according to the 
expression 


r = (5cos ti + 5sintj + 7tk) m 
Find the radius of curvature at any point on the space curve. 


Solution 2.5 


d 
= (—5 sin ti + 5 cos tj + 7k) m/s 


Le s = y (—5 sin t)? + (5 cos t)? + (7)? = 10 m/s 


dt |dt 


Hence 


dr/dt (—5sinti + 5costj+ 7k) 
~ dsjdt 10 


= —0.5 sin ti + 0.5 cos tj + 0.7k 


The radius of curvature is 


a See 
Kk FT /as| 

dT — dVdt — dT/dt — —O.5costi—O5sintj _ 

ds dt ds ds/dt 10 7 


—0.05 cos ti — 0.05 sin tj 


dT 
A = y (—005 cos t)? + (—005 sin t)? = 0.07 
s 


R= ae = 14.3 m 
0.07 
Example 2.6 A car moves with constant tangential accelera- 
tion down a ramp as shown in Fig. 2.16. If it starts from rest 
at A and reaches B after 4s with a speed of 10 m/s, find the 
radius of curvature at B if the total acceleration of the car at 
that point is 3.2 m/s”. 


Solution 2.6 Since the tangential acceleration of the car is 
constant, it can be found from 


VB — VA (10 m/s)— 0 
dt = = 
t 4s 


= 2.5 m/s” 
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Fig.2.16 A car moving with a constant tangential acceleration down a 
ramp 


Since the total acceleration of the car at B is 2 m/s? then the 
normal acceleration is 


a = a” — a? = (3.2 m/s”)? — (2.5 m/s”)? = 4 (m/s”)? 
ay, = 2 m/s” 


The radius of curvature is 


v? (10 m/s)? 


Re m/s O 
2.4 Some Applications 
2.4.1 One-Dimensional Motion with Constant 


Acceleration 


An acceleration that does not change with time is said to be a 
constant or uniform acceleration. In that case, the average and 
instantaneous accelerations are equal. This type of motion is 
more easily analyzed than when the acceleration is varied. 
Since the motion is in one dimension, it follows that the y and 
z components are zero. That is, 


r= xi 
Ar = (xf — xi)i 


Hence, as we’ve mentioned earlier, the direction of the 
displacement can be specified with a plus or minus sign, as 
well as the directions of the velocity and acceleration. Let us 
assume that t; = 0, tf = t, Vxf = V, Vxi = V0, Xi = xo and 
Xf = x. Since the acceleration is constant, the velocity will 
vary linearly with time, and thus the average velocity can be 
expressed as 


vo +v 
2 


y= 


vf — vi v— vo 
a = = f = 


t> t 


v= v +at (2.4) 
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Ax _ (v + vo) 
-At -2 
1 
x — x0 = zC + vo)t (2.5) 
Furthermore, 
1 1 
x — X0 = a + vo)t = 5 Mo + vo + at)t 
1 2 
x — xo = vot + ous (2.6) 
Finally, 
1 1 v— vo 
x — xo = z (v + vo)t = >(v + vo) 
2 2 a 
2D 
v“ = vo + 2a(x — xo) (2.7) 


Equations 2.4, 2.5, 2.6, and 2.7 are called the kinematic equa- 
tions for motion in a straight line under constant acceleration. 
The motion graphs for an object moving with constant accel- 
eration in the positive x-direction are shown in Fig. 2.17. 


kad 


Position 


Slope = v = Vo+at 


Slope = vo 


t 


Velocity 


a 


Slope = 0 


Acceleration 


Q 


Fig.2.17 The motion graphs for an object moving with constant accel- 
eration in the positive x-direction 
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Example 2.7 A train accelerates uniformly from rest and 
travels a distance of 200m in the first 8s. Determine: (a) the 
acceleration of the train; (b) the time it takes the train to reach 
a velocity of 70 m/s,(c) the distance traveled during that time; 
(d) the velocity of the train 5s later from the time calculated 
in (b). 


Solution 2.7 (a) 
— x9 = vot — l r 
xX — X0 = Vi a 
9 2 


Since vo = 0, we have 


2(x — xo)  2(200 m) 2 
a= Z = (3 s2 = 6.25 m/s 
(b) 
v = vo + at 
vo = 0 and therefore 
as CN Sis 
a (6.25 m/s?) 
(c) 
1 2_ 1 2 
xX — X0 = z” = z (6.25) (11.2) = 392 m 
(d) 


v = vo tat = (70 m/s) + (6.25 m/s”)(5 s) = 101.25 m/s 


Example 2.8 An airplane accelerates uniformly from rest at 
arate of 3 m/s? before taking off. If it is to take off at a speed 
of 100m/s : (a) how much time is required for it to take off; 
(b) what distance will it have traveled before taking off? 


Solution 2.8 (a) 
v = vo + at 


We have vo = 0, this gives 


‘his v (100 m/s) 


= — — = 33.35 
a (3 m/s?) 


(b) 


x= a = 56 m/s”)(33.3 s)? = 1.7 x 10° m 
Example 2.9 Acar moving ata constant velocity of 140 km/h 
passed a police car moving at a constant velocity of 80 km/h.5 s 
after the car had passed the police car, the police vehicle 
begins to accelerate toward the car at a constant rate of 
1.4 x 10+ km/h? (a) How much time will it take the police 
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car to catch the other car? (b) What is the distance traveled by 
both during that time? (c) How much time has passed from 
where the car passed the police car to where it was caught? 


Solution 2.9 Let’s assume that x = 0 at where the car passed 
the police car and that tf = 0 at the instant the police car begins 
to accelerate. The velocity of the car is equal to 38.9m/s, 
and the initial velocity and acceleration of the police car are 
22.2 m/s and 1.1 m/s?, respectively The police will catch the 
car when both their displacements from x = 0 are equal. (a) 


1 
From the expression x = xo + vot + sat the displacement 


of the car at any time is 
Xe = Xoc + Voct = (194.5 m) + (38.9 m/s)t 


The displacement of the police car at any time is 


1 1 
Xp = Xop + Vopt 4 sap = (111 m)+ 22.2 m/s)t+ 5 (1.1 m/s*)t? 


The police will catch the car when x, = xp, and therefore if 
(194.5 m) + (38.9 m/s)t = (111 m) + (22.2 m/s)t + 


5 (ll m/s”)t* or 


t — 30.4¢ — 151.8 =0 


Thus 


(30.4) + y (304)? + (4)(1518) 
~ 2 


t 


That gives t = 34.8 s. 
(b) f 
Xp = Xc = (111 m) + (22.2 m/s)(34.8 s) + riage m/s”) 


(34.8 s)? = 1.55 x 10° m 
(c) 
t = (5 s) + (34.8 s) = 39.8 s 


2.4.2 Free-Falling Objects 


Galileo Galilei (1564-1642) was an Italian scientist, who 
studied and experimented the acceleration of falling objects. 
By dropping various objects from the Leaning Tower of Pisa 
(or by releasing objects from inclined planes according to 
another story), Galileo discovered that when air resistance is 
neglected then all objects would fall with the same constant 
acceleration regardless of their mass or size. This acceleration, 
denoted by g, is known as the free-fall acceleration since air 
resistance is neglected and the object is assumed to be mov- 
ing freely under gravity alone. The direction of the vector g is 
downwards toward the earth’s center. However, g varies with 
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altitude as well as other factors which will be discussed in 
Chap. 9. 

In solving problems involving objects falling near the sur- 
face of the earth, g can be assumed to be constant with a value 
of 9.8 m/s? and air resistance can be neglected. A free-falling 
motion is a motion along a straight line (for example along 
the y-axis) where objects may move upwards or downwards. 
The kinematics equations of the free-falling motion with con- 
stant acceleration can be found from Eqs. (2.4), (2.5), (2.6), 
and (2.7) by simply replacing x with y and a with g. If the 
positive direction of y is chosen to be upwards, then the accel- 
eration is negative (downwards) and is given by (a = —g) . 
These substitutions give 


v = vo — gt 


1 
y- Y= z0 tvo) 


= vot : t* 
a Sane a 
y= Yo 0 78 


v? = v — 2g(y — yo) 


The displacement and velocity graphs are shown in Fig. 2.18. 
Note that it does not matter whether the object is falling or 
moving upward, it will experience the same acceleration g 
which is directed downwards. Figure 2.19 shows the impor- 
tant features of a free-falling object that is dropped from rest. 


Vo 


—Vo 


I 
I 
I 
I 
i 
t] to 


Fig.2.18 The displacement and velocity graph for a free-falling object 
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Fig. 2.19 The important features 


of a free falling object that is 
dropped from rest 


Example 2.10 A ball is thrown directly upwards with an ini- 
tial velocity of 15m/s. On its way down, it was caught at 
a distance of Im below the point from where it was thrown. 
Determine (a) the maximum height reached by the ball; (b) 
the time it takes the ball to reach that height; (c) the velocity 
of the ball when it is caught; (d) the total time elapsed from 
where the ball was thrown to where it was caught. 


Solution 2.10 (a) First we take y = 0 at the position where 


the ball is thrown and positive y to be upwards. At the maxi- 
mum height the velocity of the ball is zero, 


v? = v6 — 2g(y — yo) 


0 = (15 m/s)? — 2(9.8 m/s”)Amax 
hmax = 11.5 m 
(b) Using the expression v = vo — gt we have 
0 = (15 m/s) — (9.8 m/s*)t 
t=1.5s 

(c) When the ball is caught its position is y = —1 m, 
v? = v — 280 — yo) 
taking the initial position of the ball at y = 0, we get 

v? = (15 m/s)? — 2(9.8 m/s*)((—1 m) — 0) 


and 
v = —15.6 m/s 


or if we take the initial position at y = 11.5 m we have 
v? = 0 — 2(9.8 m/s”)((—I m) — (11.5 m)) 


and 
v = —15.6 m/s. 
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y(m) | v(m/s) | a(m/s?) The velocity The accereration 
0 -9.8 v 
T + 
Vv v 
ý v 


(d) v = vo — gt, substituting for v and vo we have 


(—15.6 m/s) = (15 m/s) — (9.8 m/s”)t 


t=3.1s 
Example 2.1] A tennis ball is dropped from a building that is 
30 m high. Find (a) its position and velocity 2s later; (b) the 
total time it takes the ball to fall to the ground; (c) its velocity 
just before it hits the ground. 


Solution 2.11 (a) Taking yo = 0 and vo = O at t = 0 we 
have 


vege 
ey eee 

y— Yo 0 58 
att=2s 


1 
y-0=0- 50.8 m/s?) (2s)? = —19.6 m 


v = vo — gt = 0 — (9.8 m/s?) (2 s) = — 19.6 m/s 


(b) 
pects lee 
y — Yo = Vo 58 
1 2s 2 
(—30 m) -0=0 50.8 m/s") 
t=2.5s 
(c) 


v = vo — gt = 0 — (9.8 m/s?)(2.5 s) 
v = —24.5 m/s 


Example 2.12 A ball is thrown vertically downwards from a 
100m high building with an initial speed of 1 m/s.3s later a 
second ball is thrown. What initial speed must the second ball 
have so that the two balls hit the ground at the same time? 
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Solution 2.12 The time it takes the first ball to hit the ground 
is found from 


= vot : 1? 
ee en 
y — yo 0 8 


1 25,2 
0 — (100 m) = (—1 m/s)ty — ze m/s^)ti 


ti = 6.45 
The second ball must fall the same distance during a time of 
tı — (3 s) = (6.4 s) — (3 s) = 3.4 s 
and therefore i 
y- yo = vot — 58” 
0 — (100m) = vo(3.4 s) — 598 m/s”)(3.4 s)? 
vo = —12.6 m/s 
2.4.3 Motion in Two Dimensions with Constant 
Acceleration 
The position vector can be written as 
r=xi+ yj 
V=vyi+ vj 
a = axi + ayj 


Because a is a constant both a, and ay are constants. There- 
fore, the kinematic in Sect.2.4.1 applies in each direction: 


Vy = Vox + axt (2.8) 
1 2 
x = xo + Voxt + aint (2.9) 
Vy = Voy + ayt (2.10) 
1 2 
y = yo + voyt + aot (2.11) 


1 1 
r = xi + yj = (xo + voxt + sat i+ (yo + voyt + zoj 
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1 
r = ro + Vot + za (2.12) 


V = vsi + vyj = (vox + axt)i + (voy + ayt)j 


= (voxi + Voyd) + (ayi + dyj)t 


v=vo+at (2.13) 
Example 2.13 Ifthe motion ofa particle ina plane is described 
by vy = (—8t) m/s and x = (5 — 2t7) m : (a) plot 
the y component of the particle as a function of time if at 
t = 0, y = 0, -(b) find the total speed and magnitude of the 
acceleration of the particle at t = 2 s. 


Solution 2.13 (a)The y-component of position is 


y= f vydt = [soar = —4t? +c 


since at t = 0, y = 0, then 
y = (—4t°) m 


The plot of y against t is shown in Fig. 2.20. 
(b) The x-components of velocity and acceleration is 


dx d(5— 2u”) 
y = — = ——— 


— dt dt 


vy = (—4t) m/s 


y(m) 
70 + 
60 + 
50+ 


407 


t(s) 


Fig. 2.20 The y component of the particle as a function of time 
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_ dx _ 


ay = 


d(—4t) 
dt dt 


dy = —4 m/s” 


The y-component of acceleration is 


_ dvy _ d(—8t) 
“at dt 
or 
ay = (—8) m/s” 
att = 2 s, vy = —8 m/s, vy = —16 m/s and the velocity is 


v= J/vy + Vy = (C8 m/s)? + (—16 m/s)? = 17.9 m/s 
dy = —4 m/s” 


and 
ay = (—8) m/s” 


Therefore, the acceleration of the particle is constant at any 
time and is given by 


a=./a,+ay= {C4 m/s2)? + (—8 m/s2)? = 8.9 m/s” 


2.4.4 Projectile Motion 


Projectile motion is the motion of an object thrown (projected) 
into the air at some angle with respect to the surface of the 
earth, such as the motion of a baseball thrown into the air or 
an object dropped from a moving airplane. In the simplified 
model where air resistance as well as other factors such as 
the Earth’s curvature and rotation are neglected, and if the 
free-fall acceleration g is assumed constant in magnitude and 
direction throughout the motion of the object, then the path 
of the projectile is always a parabola that depends on the 
magnitude and direction of its initial velocity. Therefore, the 
projectile can be considered as a combination of a vertical 
motion with a constant acceleration directed downwards and 
ahorizontal motion with zero acceleration (constant velocity). 
We can see from Fig. 2.21 that 


cos 09 = vox /Vo 


sin 09 = voy/Vo 


At t = 0, we have x9 = yo = O and v; = vo. Because 
ay = —g and a, = 0 and by substituting in Eqs. 2.8, 2.9, 
2.10, and 2.11 gives 


2 Kinematics 


Fig.2.21 The projectile motion 


Vx = Vox = vo cos ĝo = constant (2.14) 

Vy = Vyo — gt = vo sin — gt (2.15) 

x = vyot = (vo cos Op)t (2.16) 

y =vyot — see = (vo sin )t — wee (2.17) 


Combining and eliminating t from Eqs. 2.16 and 2.17 we 
find that 


& 2 
= (tan O9)x — | —~"—— |x 
y= ( 0) (53 cos? =) 


T 
0 < < 7) 


This equation which is of the form y = ax—bx2 (a and b 
are constants), is the equation of a parabola. Therefore, when 
air resistance is neglected (when using the simplified model 
of the system), the trajectory of the projectile is always a 
parabola. At any instant, the velocity of the object is tangent 
to its trajectory Its magnitude and direction with respect to 
the positive x-direction are given by 


and 

6 = tan™! (vy/v,) 
respectively The maximum height h of the projectile, as in 
Fig. 2.22 , is found at t = tı by noting that at the peak h, vy = 


0. Substituting this in Eq. 2.15 gives 


vo sin 09 = gtı 
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y 


, Yo 
Ymax 5 
2g 


Fig. 2.22 The maximum height of a projectile 


Vo sin 6o 
& 


fj = 
Substituting tı into Eq. 2.17 we get 


; 1 
Ymax = h = (vo sin 6o)ti — 58t 


in 1 in Oo \? 
h = (vosiny)( 2 2) “(= .) 
g 2 g 


2 in? 
_ vo sin Oo 


= De 


The maximum range R is att = 
Eq. 2.16 gives 


2tı. Substituting ¢ into 


2vo sin 2v2 sin 6 cos 0 
fo Pate = Wocos g AA n oe O R 
& E 
ve sin 269 
8 


Example 2.14 A baseball is thrown at angle of 35° to the hor- 
izontal with an initial speed of 20m/s. Neglecting air resis- 
tance, find: (a) the maximum height reached by the ball; (b) 
the time it takes the ball to hit the ground; (c) the range; and 
(d) the speed of the ball just before it strikes the ground. 


Solution 2.14 (a) The maximum height reached by the ball 


18 
vo sin? — (20 m/s)? sin?(35°) 


= = 6.7 
2g 2(9.8 m/s?) m 
(b) The time it takes the ball to hit the ground is 
aiis 2vo sin Oo 2(20 m/s) sin(35°) -234s 


g 7 (9.8 m/s?) 
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(c) The range is 


fed vå sin 260 _ (20 m/s)? sin(70°) eee 
g (9.8 m/s?) 


(d) The x-component of the velocity of the ball just before it 
hits the ground is 


Vy = Vox = Vvo COs ĝo = (20 m/s) cos(35°) = 16.4 m/s 


The y-component is 


Vy = voy — 8t = vo sin 69 — gt = (20 m/s) sin(35°) — (9.8 m/s”) (2.34 s) = —11.5 m/s 


Hence, the speed is 


v= + = 64 m/s)? + (—11.5 m/s)? = 20 m/s 


Example 2.15 A boy throws a ball with a constant horizontal 
velocity of 1 m/s at an altitude of 0.6m. Find the horizontal 
distance between the releasing point to the point where the 
ball hits the ground. 


Solution 2.15 Let the origin of the reference frame be the 
releasing point. Since voy = 0 we have 


I 2 
=—xgt 
y 78 


and 
X = voxt 


Hence, when the ball reaches the ground, the elapsed time is 
—2 —2(0. 
rad- = SOP) ois 
g (—9.8 m/s?) 


x = (1 m/s) (0.34 s) = 0.34 m 


and 


2.4.5 Uniform Circular Motion 


A particle moving in a circular path with constant speed is 
said to be in uniform circular motion. The motion of the moon 
about earth, and the motion of clothes in a washing machine 
are examples of uniform circular motion. In this motion, the 
direction of the velocity of the particle is continuously chang- 
ing but its magnitude is constant. As we have mentioned in 
Sect. 2.3.1, when only the direction of the velocity changes, 
the acceleration is then always perpendicular to the velocity 
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Fig. 2.23 The directions of y and a change continuously with time but 
their magnitudes are constant 


at any time. Therefore, we have only the normal component 
of the acceleration a, = v?/R, and the tangential component 
of the acceleration a; = dv/dt is zero. In the case of the cir- 
cular path the radius of curvature R is constant, denoted by 
r, and the normal acceleration is directed along the radius of 


the circle 


y2 


Grad = — 


The subscript rad is for radial. Thus, this radial or centripetal 
acceleration araq is always directed toward the center of 
the circle. Therefore, the directions of v and a change con- 
tinuously with time but their magnitudes are constant (see 
Fig. 2.23). The time required for the particle to complete one 
revolution around the circle is called the period of revolution 
and is given by 
2nr 


Thus 


Example 2.16 Ina fun fair ride, the passengers rotate in a cir- 
cle with a constant speed of 3 m/s. If the period of revolution 
is 1.5s, find the total acceleration of the passenger. 


Solution 2.16 Since the speed of the passenger is constant, 
it follows that the passenger’s total acceleration is just the 
centripetal acceleration given by 


y2 


Grad = — 
y 


The radius of the circular path is 


vT (3 m/s)(1.5 s) 
= = = 0.7m 
20 2(3.14) 
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Fig.2.24 The velocity and total acceleration vectors of a particle mov- 
ing in a circular path with increasing speed (clockwise) until it reaches 
the maximum speed at the bottom, and then slows down as it goes back 
up. An example of this motion is in a roller coaster ride in a vertical 
circle 


v 3 m/s)* 


Po lear OE 2 
r (0.7m) soni 


Grad = 


2.4.6 Nonuniform Circular Motion 


In nonuniform circular motion, the velocity of the particle 
varies in both magnitude and direction. As mentioned in 
Sect.2.3.1, when both the magnitude and direction of the 
particle’s velocity change then its acceleration is directed at 
some angle to v. Thus, in addition to the normal acceleration 
in uniform circular motion that corresponds to the change in 
the direction of v, there is a tangential component that cor- 
responds to the change in the magnitude of v. Furthermore 
dyad is not constant since v changes with time. Therefore, the 
resultant acceleration is 


a = a +a, = —N+ — T 


In Chap. 8, the concepts of angular velocity and acceleration 
and their vector relationship with the normal and tangential 
accelerations are introduced. Figure 2.24 shows the velocity 
and total acceleration vectors of a particle moving in a circular 
path with increasing speed (clockwise) until it reaches the 
maximum speed at the bottom, and then slows down as it 
goes back up. An example of this motion is in a roller coaster 
ride in a vertical circle. 


Example 2.17 A car moving on a circular track of a 20m 
radius accelerates uniformly from a speed of 30km/h to a 
speed of 50km/h in 3s. Find the total acceleration of the car 
at the instant its speed is 40 km/s. 
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Solution 2.17 Since both the direction and the magnitude of 
the car’s velocity change, its total acceleration is the vector 
sum of its tangential and radial accelerations. The tangential 
acceleration is 


v— vo _ (13.8 m/s) — (8.3 m/s) 


= 1.83 m/s” 
t B s) 


dt = 


When v = 40 km/h = 11.1 m/s the radial acceleration is 


ov? (11.1 m/s)? 
Grad = ~~ 20m) 


= 6.2 m/s” 


And the total acceleration is 


a= (83 m/s2)? + (6.2 m/s2)? = 6.5 m/s? 


2.5 Relative Velocity 
In this section, we will see how observers moving relative to 
each other obtain different results when measuring the veloc- 
ity of a moving body. Suppose two cars are moving besides 
each other at the same speed of 120km/h with respect to 
earth. In this case, any of the two cars is at rest relative to 
the other. According to an observer who is stationary with 
respect to earth, each car is moving with a speed of 120km/s. 
A second observer, in any of the cars, will see the station- 
ary observer moving backwards at a speed of 120km/h. In 
addition, if a third car is moving ahead of the two cars at a 
speed of 140 km/h relative to earth, then its speed relative to an 
observer in any of the two cars is 20km/s. Thus, the displace- 
ment and velocities may have different values when measured 
relative to different observers. Therefore, the description of 
motion depends on the observer. By attaching a coordinate 
system to an observer together with an appropriate time scale, 
he or she are then said to be in a reference frame. In measur- 
ing quantities, it is essential to specify the reference frame. In 
most situations, the earth (the lab) is used as our frame of ref- 
erence. To understand this, consider a particle moving in one 
dimension in the positive x-direction. Suppose two observers 
want to describe its motion, one is observer S who is station- 
ary relative to the ground, and the other is observer S’, who 
is moving in the positive x-direction with a constant velocity 
relative to the ground (see Fig. 2.25). At any instant, the posi- 
tion of the particle relative to S is x ps, and its position relative 
to S’ is xps. The relation between these two observations is 
XPS = Xps +Xs's (2.18) 
Therefore, the position of P relative to Os is equal to the 
position of P relative to Og plus the distance between Os and 
Oy. Differentiating Eq. 2.18 with respect to time we get 
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XPS 


Fig.2.25 Observer S is stationary relative to the ground, and observer 
S’ is moving in the positive x-direction with a constant velocity relative 
to the ground 


Fig.2.26 The velocity of S’ with respect to S(vgvs) is constant in both 
magnitude and direction 


dxps L dx psi 4 dxs's 
dt dt dt 


or 
VPS = Ves + Vss 


We will extend this to three dimensions in the case where 
the velocity of S’ with respect to S(vsrs) is constant in both 
magnitude and direction (see Fig. 2.26). The position vector 
of the particle P relative to S is given by 


rps =rpy +rys (2.19) 
Differentiating this with respect to time gives 
VPs = Vps + Vs's (2.20) 


Equations 2.19 and 2.20 are called the Galilean transfor- 
mation equations. In addition, for any two frames of reference 
S and S we have 


Vss! = Vos 


Example 2.18 Two motor cyclists A and B are driving along 
the same road (See Fig. 2.27) with speeds 90 km/h and 50 km/s, 
respectively. Determine: (a) the velocity of motorcyclist A rel- 
ative to B and of B relative to A?, - and (b) if the two motor 
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cyclists approach each other along two parallel roads, (See y(km) 
Fig. 2.28), A moving at 80km/s, and B moving at 60 km/s, 
what is the velocity of motorcyclist A relative to B and of B 20+ N 
relative to A. 


x(km) 


O 10 20 


Fig.2.29 A boat is traveling at 8 km/h north relative to the sea’s waves, 
and the waves are traveling northeast relative to the earth at a constant 
speed of 4 km/h 


Fig.2.27 Two motor cyclists A and B driving with speeds 90 km/h and 
50 km/s respectively Example 2.19 A boat is traveling at sea at 8km/h north rel- 


ative to the sea’s waves, and the waves are traveling northeast 
relative to the earth at a constant speed of 4km/h. What is the 
velocity of the boat relative to the earth? 


Solution 2.19 Using Fig. 2.26, consider the Earth as S (denoted 
E), the waves as S’, and the boat as the point P. As we can see 
from Fig.2.29, the velocity of the boat relative to the earth 
is given by Vaz = Vow + Vwg, Where Vpy and Vye are the 
velocities of the boat relative to the waves and the velocity of 
the waves relative to the earth respectively With the east as 
the direction of the positive x-axis we get 


V(bE)y = Vibw)y + VwE)y = (8 km/h) + (4 km/h) sin 45° = 10.83 km/h 


Fig.2.28 A is moving at 80 km/s, and B moving at 60 km/s 
V(bE)x = VwE)x = (4 km/h) cos 45° = 2.83 km/h 
Solution 2.18 Using the above discussion, consider S as the Hence 
Earth’s frame of reference denoted E, S’ as the frame of refer- 
ence of motorcyclist B and the point P as the motor cyclist A 
(a) The velocity of A relative to B is found from 


VbE = Joen? + VE)? = 10.83 km/h)? + (2.83 km/h)? = 11.2 km/h 


The direction of vpg is 


VAB = VAE — VBE = (90 km/h) — (50 km/h) = 40 km/h zj (VbE)y E zi (10.83 km/h) 


0 = tan! ——— = tan! ——______— = 75,35° 
(VpE)x (2.83 km/h) 


The velocity of B relative to A is 


vga = —40 km/h 
2.6 Motion in a Plane Using Polar 
(b) Coordinates 


VAB = VAE — VBE = (80 km) — (—60 km/h) = 140 km/h Consider a particle moving in the x-y plane. A useful way to 
describe the position, velocity, and acceleration of the parti- 
cle is by using its polar coordinates (r, 0) . The relationship 

vga = —140 km/h between the polar and rectangular coordinates is 


2.6 Motion ina Plane Using Polar Coordinates 


Fig. 2.30 rı is a unit vector 
along the increasing r direction 
and 6, is a unit vector in the 
direction of increasing 0 
(anticlockwise direction) 


x =rcosdé 
y=rsing 


where 0 is measured from the positive x- axis. Suppose a par- 
ticle is located at (r, 0) . If the particle moves in a straight line 
along the r direction, then 0 is constant through the motion 
of the particle. If the particle moves in a circle, then r is con- 
stant. Let rı be a unit vector along the increasing r direction 
and 6; to be a unit vector in the direction of increasing 0 
(anticlockwise direction). From Fig. 2.30, we have 


rı = cos ĝi + sin dj 


and 
0; = — sin ĝi + cos 6j 


Unlike the rectangular unit vectors, the polar unit vectors are 
not fixed in direction. Their direction changes as the particle 
moves along some path. Therefore, when finding the velocity 
and acceleration of a particle the derivatives of the polar unit 
vectors must be considered. The position vector of the particle 
is given by 

r =rr] 


To find the velocity in terms of the polar unit vectors let us 
differentiate rı and 0 with respect to time. That gives 


r= gt = FT e 
Loeme di at? 


dé . 
= ATW = 001 


33 


= = cos 1 sin 
a at) 
dé ; 


= ir] +rřı = İr] + rô0ı 
Hence, the velocity is (Fig. 2.31) 


v=ir] + rôi 


(2.21) 


We may write 
v = vri + vobi 


where v, = 7 and vg = rÊ and v = ,/v2 + v2. The total 
acceleration is 


a= al = < (iri +7661) = rr, +it; +i00;+r60,+r60, 
= Fr; + £(601) +706) + r0 + r6(—6r1) 
a = (F — r7)r, + (rË + 276)01 (2.22) 
or 
a = arı + ag 
where 


ay = (F — rÅ’) 
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Fig. 2.31 Unlike the rectangular 
unit vectors, the polar unit vectors 
are not fixed in direction. Their 
direction changes as the particle 
moves along some path 
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and 
ag = (r0 + 2t0) 


a= Ja? +a} 


Example 2.20 If a particle moves in a plane according to the 
expressions 0 = 0.3¢ + 0.2r? and r = 0.5t + 0.4¢?. Find its 
velocity and acceleration at t = 2 s 


and 


Solution 2.20 At t = 2 s,0 = 0.3t + 0.217 = 1.4 rad, 
6 = 0.3 + 0.4t = 1.1 rad/s and 6 = 0.4 rad/s”. Also 
r = 0.5t + 0.4t? = 2.6 m,i = 0.5 + 0.8t = 2.1 m/s and 
# = 0.8 m/s?. Therefore 


vy =r = 2.1 m/s 


vg = r = (2.6 m)(1.lrad/s) = 2.9 m/s 


v = Jv? +v? = (2.1 m/s)? + (2.9 m/s)? = 3.6 m/s 
and 


ay = F — rô? = (0.8 m/s) — (2.6 m)(1.1rad/s)* = —2.35 m/s” 


ag =r6+276 = (2.6 m)(0.4 rad/s”) +2(2.1 m/s)(1.1 rad/s) = 5.7 m/s” 


a= J2 +a? = VE m/s2)2 + (5.7 m/s2)2 = 6.2 m/s? 


x(m) 


t(s) 


Fig.2.32 An object moving in one dimension along the x-axis 


x(m) 


t(s) 


Fig.2.33 The position-time graph of a particle moving along the x-axis 


Problems 


1. A sports car moves around a circular track of radius of 
100m. If the car makes one round in 75s, find the car’s 
(a) average speed (b) average velocity. 

2. An object is moving in one dimension along the x- 
axis according to Fig.2.32. Describe the motion of the 
object. 


2.6 Motion ina Plane Using Polar Coordinates 


v(m/s) 


+ 2 ae ae ee oe SOSEER 
/72345678 910 


t(s) 


+—t+—+—++—-+ 


Fig.2.34 The speed of a motorcyclist varying with time 


B 
C 
A 


Fig. 2.35 A car moves at a constant speed of 40 km/h along curved 
path 


Fig.2.36 An aircraft tracked by LS 
a radar coordinates d 


3. The position-time graph of a particle moving along the 
x-axis is shown in Fig. 2.33. Find (a) the average veloc- 
ity between a and b(b) the instantaneous velocity at a, b, 
and c. 

4. A motorist drives along a straight-line road. His speed 
varies with time according to Fig. 2.34. Sketch the posi- 
tion versus time and acceleration versus time graphs of 
the motorist. 


10. 


11. 
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. A particle moves along the curve defined by x = 5e~‘ and 


y = sin 5t. Find the position, velocity and acceleration 
of the particle at any time. 


. Acar moves at constant speed of 40km/h along the road 


shown in Fig. 2.35. If the radius of curvature at A is 350m 
and the total acceleration of the car at B is 1m/ s*, find (a) 
the total acceleration of the car at A and C(b) the radius 
of curvature at B.(Hint: the radius of curvature at C is 
infinite). 


. A body with initial speed of 15 m/s undergoes a uniform 


acceleration of —2 m/s?. Find the elapsed time and the 
distance it traveled when it reaches a speed of 3 m/s. 


. A stone is thrown downwards from a height of 10 m. Find 


its initial speed if it reaches the ground after Is. 


. A block is thrown horizontally from the top of a cliff 


that is 30m high with a speed of 10m/s. Find (a) the 
block’s magnitude of displacement from the origin and 
its velocity after 1.5 s, (b) the horizontal distance from the 
releasing point to where the block hits the ground.(Hint: 
the magnitude of displacement from the origin is d = 
Vx? + y». 

A river has a uniform speed of 0.5 m/s due east. If a boat 
travels east at a speed of 3 m/s relative to the water, find 
the time it takes the boat to travel a distance of 1100km 
and return to its starting point. 

An aircraft is tracked by a radar (see Fig. 2.36). If at a 
certain instant the radar measurements give r = 7 x 
10¢m, r=1000m/s, *=7m/s?, 0=45°, = 
0.6 deg /s, and 6 = 0.02 deg /s*. Find the velocity and 
acceleration of the airplane at that instant. 
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Newton’s Laws 


3.1 Introduction 

In this chapter, dynamics which is a branch of mechanics will 
be discussed. Dynamics is concerned with the cause behind 
the motion of objects and answers questions such as: Why 
does a skydiver float in air? What makes an apple fall from 
a tree? Why a block connected to a spring oscillates when 
the spring is stretched? We will find that these motions occur 
when objects interact with each other, i.e., the apple is inter- 
acting with earth, the skydiver is interacting with air, and the 
block is interacting with the spring. 


3.1.1 The Concept of Force 

The interaction between one object and another or between 
the object and its environment defines a quantity called force. 
A force is a pull or a push in a certain direction that may 
cause the object to move or deform. However, motion does not 
always occur if the force is not large enough to overcome other 
forces such as friction or gravity But whether or not an object 
moves due to a force, there is always some deformation. In 
this book, it is assumed that objects remain undeformed under 
the influence of any forces. Experimentally, a force is found to 
be a vector quantity The net external force acting on an object 
(the vector sum of all forces acting on the object) causes the 
object to accelerate where the direction of the acceleration is 
in the direction of that force. 

Hence, acceleration is a measure of force. If the net force 
equals zero, the acceleration of the object is zero, and the 
velocity of the object remains unchanged (constant). Forces 
in nature are one of two: 


1. Contact forces resulting from direct contact between two 
objects (e.g., kicking a ball or punching a bag); 

2. Field forces that can act through empty space and in which 
physical contact is not necessary (e.g., gravitational force 
between two objects and the electric force between two 
electric charges). 
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3.1.2 The Fundamental Forces in Nature 
The following fundamental forces are all field forces: 


1. The gravitational force between any two objects; 

2. The electromagnetic force between two electric charges; 
3. The strong nuclear force between subatomic particles 
which is responsible for the stability of the nuclei; 

The weak nuclear force which produces certain kinds of 
radioactive decay and is responsible for the instability of 
some nuclei. 


The first two fundamental forces are examples of long- 
range forces, which act over a great distance. The second two 
are examples of short-range forces, which are forces that act 
over a very short distance. Note that contact forces are funda- 
mentally electromagnetic since they involve electromagnetic 
forces between the atoms of the surfaces in contact. 


3.2 Newton’s Laws 

Sir Isaac Newton (1642-1727) formulated his three famous 
laws of motion describing the relationship between the force 
acting on an object and the acceleration of that object. New- 
tonian or classical mechanics which is based mainly on New- 
ton’s three laws of motion, deals only with objects 
that are 


e Large compared to the size of an atom (~107!° m). 
e Moving at speeds much less than the speed of light (3 x 
108 m/s). 


Einstein’s special theory of relativity replaces Newtonian 
mechanics when an object’s speed approaches the speed of 
light. On the other hand, quantum mechanics replaces New- 
tonian mechanics when the object’s dimensions are close to 
atomic scale. 
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3.2.1 Newton's First Law 

It was believed long ago that a force is necessary to keep an 
object moving and that any object’s natural state is to be at 
rest. Later, these statements were proved to be incorrect. To 
understand this, suppose a block resting on a surface is given 
a push and is released. As a result, the block will slide for 
sometime before coming to rest. The time elapsed between 
pushing the block until it comes to rest will increase as the 
surface gets smoother. If the surface becomes so smooth, such 
that friction is almost negligible, the block will continue to 
move along a straight line with constant speed for a greater 
distance before coming to rest. 

An example of frictionless motion is the motion of the 
puck in the air-hockey table. The puck floats on a thin column 
of air that is used as the lubricant. In situations where there 
is no friction at all, the object will continue to move along a 
straight line with constant speed without requiring any force 
to keep it moving. However, a force is required to initiate 
motion. This concept was formulated by Newton and became 
his first law of motion: An object at rest remains at rest and an 
object in motion will continue in motion with constant velocity 
(constant speed in a straight line) unless acted upon by a net 
external force. That is, if 


A body’s tendency to stay at rest or maintain uniform motion 
in a straight line is called inertia. Thus, Newton’s first law is 
often referred to as the law of inertia, where it defines specific 
kinds of reference frames called inertial reference frames. An 
inertial reference frame is a frame in which Newton’s first law 
is valid. That is, in an inertial frame of reference, an object 
has no acceleration if there is no net force acting upon it. Any 
reference frame moving with constant velocity relative to an 
inertial frame is also inertial. Observers in different inertial 
frames measure the same acceleration for a moving object. 
To prove this, consider the two inertial reference frames S 
and S’ mentioned in Sect.2.5, where S is stationary and S’ is 
moving with constant velocity relative to S. By differentiating 
Eq. 2.20, we have 


dvps _ dvps a: dvs's 
dt dt dt 


Because vss is constant we have 


aps = aps 


That is, the acceleration of the particle P measured from both 
inertial reference frames S and S’ is the same. To show that 
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Newton’s first law is only valid when applied with respect to 
an inertial frame of reference; consider a girl named Mia that 
is at rest while watching her friend Lea driving a car mov- 
ing at constant velocity. Lea has her seatbelt fastened and put 
her suitcase in the seat right next to her without restraining 
it. Now, suppose that Lea steps on the brakes, which would 
cause her vehicle to decelerate, her suitcase will start to move 
forward. According to Lea, who is in an accelerated frame, 
the suitcase moved from rest even though there was no appar- 
ent net external force acting on it. Therefore, in Lea’s frame, 
Newton’s first law seems to be incorrect. 

The situation, however, is different to Mia, who is in an 
inertial frame of reference. In her perspective, the suitcase 
was initially moving with constant velocity and the net force 
on it was zero. When the car started to decelerate, the net force 
on the suitcase is still equal to zero and thus the suitcase must 
continue to move forward with constant velocity and stop by 
friction or impact with the inside of the car. Therefore, it is 
apparent to Mia that Newton’s first law is valid. From the 
previous example, we conclude that Newton’s first law (and 
in general Newton’s laws) is not valid in all kinds of reference 
frames; it is only valid when applied with respect to inertial 
frames. That is, Lea must not apply Newton’s first law in her 
reference frame. 

The same situation would be observed by Lea if she were 
to turn her car while moving. When the car turns, the suit- 
case will start to move in the direction opposite to the turn. 
Once again, Lea observes that the suitcase has moved from 
rest without any apparent force acting on it which contra- 
dicts Newton’s first law in her opinion. Mia sees no contra- 
diction with Newton’s first law because when the car turns, 
the suitcase tends to continue its initial uniform straight line 
motion, and thus it moves toward the direction opposite to the 
turn. Therefore Newton’s laws are obeyed by objects when 
observed from inertial frames of reference (see Fig. 3.1). 

To apply classical (Newtonian) mechanics with respect to 
a noninertial reference frame, new forces named as pseudo 
forces are introduced. In this book, only inertial frames are 
used, and all laws are stated with respect to those frames. One 
convenient inertial frame of reference, used throughout this 
book, is the surface of the earth. The earth can be considered 
as an inertial frame since its motion about its axis and about 
the sun has a small effect on calculations and thus can be 
neglected. 


3.2.2 The Principle of Invariance 


Some quantities such as mass, force, time, and acceleration 
are invariant, which means that they have the same numerical 
values when measured in different inertial frames of refer- 
ence. Other quantities such as velocity, kinetic energy, and 
work have different values in different inertial frames. How- 
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Fig. 3.1 The boy is throwing the water out by pitching the bucket for- 
ward. If he stops, the water will continue its motion along a straight line. 
However, because of the force of gravity, it follows a parabolic path 


ever, the laws of physics have the same form in all inertial 
frames of reference. This is called the principle of invariance. 


3.2.3 Mass 


As mentioned earlier, the tendency of an object to resist any 
change in its motion (i.e., to remain at rest or maintain uniform 
motion along a straight line) is called inertia. From exper- 
iments and everyday experience, it is observed that a cer- 
tain force produces different accelerations when applied to 
different bodies. This variation in the produced acceleration 
depends upon the quantity of matter contained in the body 
Such quantity is known as the mass of the body Therefore, 
mass is a measure of inertia. Objects with large masses have 
less acceleration when exposed to the same force. Thus, mass 
is a quantity that relates the acceleration of the body to the 
force acting on it. The SI unit of mass is the kilogram (kg). 
Experimentally, it is found that the ratio of the masses of any 
two bodies (say mı and m2) is equal to the inverse of the ratio 
of the magnitudes of their accelerations if both are acted upon 
by the same force. That is, we have 

mı a2 


m a 
The mass of any body can be found by comparing its accel- 


eration to the acceleration of a 1kg mass when both bodies are 
acted upon by the same force. This leads to the conclusion that 
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mass is independent of force; it is an inherent characteristic of 
matter. Furthermore, it has been experimentally proved that 
when two masses mı and mz are attached together, the com- 
bined body behaves as a single body of mass mı + m2. Thus, 
mass is a scalar quantity and obeys the rules of ordinary arith- 
metic. 


3.2.4 Newton’s Second Law 


Unlike Newton’s first law, Newton’s second law describes 
the situation in which the net force acting on an object is not 
zero. It was found that when different forces act on an object, 
the object undergoes different accelerations. The magnitude 
of the acceleration is directly proportional to the magnitude 
of the applied force, and its direction is in the direction of 
that force. Furthermore, this acceleration is inversely propor- 
tional to the mass of the object for a certain applied force. 
These observations are summarized in Newton’s second law 
of motion: The acceleration of an object produced by a net 
external force is directly proportional to the force in a direc- 
tion parallel to that force and is inversely proportional to its 
mass That is, 
XF = ma 


In terms of components, the vector equation XF = ma can 
be written as 


LF, = ma, 
XF, = may 
LF, = maz 


where ax = ¥, ay = Y and a; = Z In terms of normal and 
tangential coordinates, the net normal force is 


È Fa = may 
and the net tangential force is 
LF; = mat 


where an = v?/R and a; = dv/dt. Finally, in terms of polar 
coordinates we have 


LF, = ma, 


and 
Xu Fo = mag 


where a, = (F — r?) and ag = (rË + 276). The unit of 
force in the SI system is the Newton (N). One Newton (1N) 
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F; = 100N 


Fig.3.2 A body is exposed to three forces acting in different directions 


is defined as the force that gives a 1kg mass an acceleration 
of 1 m/s?. 


1N = 1kg.m/s* 
Example 3.1 A body is exposed to three forces acting in dif- 
ferent directions as shown in Fig. 3.2. Find the magnitude and 
direction of the resultant force acting on the body and the 


corresponding acceleration. 
Solution 3.1 The net force in the x-direction is 


OR = Fix + F2x + F3% = F] cos 60° + Fo cos 20° — F3 cos 30° 


= (100 N) (0.5) + (50 N) (0.94) — (75 N) (0.866) = 32.1 N 


The net force in the y-direction is 


XL Fy = Fiy + Fay + F3y = F] sin 60° — F, sin 20° — F3 sin 30° 


= (100 N) (0.866) — (50 N) (0.34) — (75 N) (0.5) = 32.1 N 


The magnitude of the net force is 


F et = V (82.1)2 + 82.1)2 = 45.4N 


The direction of Fnert relative to the x-axis is 


4 21N) 


1 Frety 


0 = tan” = tan = 45° 
netx (32.1 N) 
The acceleration of the body is, therefore, 
F 45.4N 
a ) _ 0.91 m/s? 
m (50 kg) 


and its direction is the same as that of the force. 


3 Newton's Laws 
Example 3.2 Tf a man pushes a 60kg box with a constant 
horizontal force of 100 N : (a) how far will the container be 
moved when its speed reaches a value of 3 m/s; (b) how far 
will the container be moved when its speed reaches a value 
of 3m/s if the same force is applied at 30° to the horizontal; 
(c) find the normal force acting on the block in (a) and (b). 


Solution 3.2 (a) The acceleration of the container is given by 


F _ (100N) 


m  (60kg) 


= 1.67 m/s” 


the distance moved when its speed reaches 3m/s is found 
from 


v= v = 2a(x — xo) 


By taking xo = 0 at the starting point we have 
(3 m/s)? — 0 = 2(1.67 m/s?) (x — 0) 


That gives x = 2.7m. 
(b) If the force is at 30° to the horizontal, the acceleration 
is 
F 100N 30° 
i EE pie ae? 
m (60 kg) 


(3 m/s)” — 0 = 2(1.45 m/s”) (x — 0) 


and x = 3.1m. 
(c) In situation (a) we have 


X Fy =n—mg =0 


and 
n = mg = (60kg)(9.8 m/s”) = 588 N 


In (b) we have 

X Fy =n+ Fsind — mg =0 
and 

n = (588N) — (100N) sin 30° = 538N 

Example 3.3 A particle of mass 0.5kg is moving along the 
curve given by r = (1/3r4i — tj) m where t is time. Deter- 
mine the force acting on the particle. 
Solution 3.3 The force acting on the particle is 


dr 


F=m 


d 
=m (4/307i — 317j) = m(4t7i — 6tj) 


= (0.5kg)(4r7i — 6rj) = (217i — 3tj) N 


3.2 Newton's Laws 


Example 3.4 A particle of mass of 1 kg is moving under the 
influence of a force given by 


F = (12¢ — 5t)i + (9t — 1)j — 307k) N 


If att = 0, rọ = 0 and vo = 0, find the velocity and the 
position of the particle at any time. 


Solution 3.4 
F = ma 


F 2, . . 2 2 
a = — = ((12t° — 5t)i + (9t — 1)j — 3t°k) m/s 


m 


5 9 
v= foa = (4° = 3) (5? = r)i —-prk+e¢ 


Since at t = 0, vo = 0, then cı = 0 and the velocity at any 
time is 


(© (Pa 


dr 
v= — 
dt 


5 9 
= | vdt = 4P — P jit ( r -t )j—2°k lat 
r f ( 2 ji G ji 
5 3 1 1 
— e E “43 a E; 
r=((: at i+ (Gi 5! )i v7 k) m 


Example 3.5 If a man weighs himself on an elevator that is 
accelerating upwards at a rate a relative to an observer out- 
side the elevator (in an inertial frame) as shown in Fig. 3.3, 
what reading will he get for the normal force acting on him 
by the floor? what is the force if the elevator is accelerating 
downwards? 


Solution 3.5 The normal force is n = m(a + g) for upward 
acceleration and n = m(g — a) for downward acceleration. 
Since a weighing scale measures the normal force and calcu- 
lates the mass from it, the downward journey might be a more 
pleasant one! 


3.2.5 Newton’s Third Law 


A force acting on an object is always due to another object in 
the surrounding environment. Newton’s third law shows that: 
if body 1 exerts a force F2; on body 2 then body 2 will exert 
an equal and opposite force F12 on body 1. That is 


Fi. = —Fy 
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Fig.3.3 A man weighing himself in an elevator 


Any of these forces can be called an action force. When one of 
these forces is called an action force the other force is called 
a reaction (see Fig. 3.4). This law is sometimes stated as “To 
every action there is an equal and opposite reaction.” Note 
that the action and reaction forces always act on different 
objects, i.e., they can’t cancel each other out. This law also 
shows that forces come in pairs and that there is no such thing 
as a single isolated force. 


Fig. 3.4 The gravitational force exerted by the Earth on the apple and 
that exerted by the apple to the Earth form an action-reaction pair 


Example 3.6 Three blocks of masses mı, m2, and m3 are 
placed on a frictionless surface and pushed by a horizontal 
force F as in Fig.3.5. Determine (a) the acceleration of the 
system; (b) the contact forces between mı and mz and between 
mz and m3. 


Solution 3.6 The free-body diagram of each block is shown 
in Fig.3.5, where F is the force exerted on mz by mı. (a) 
Applying Newton’s second law for the , 
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Ww) w2 


Fig. 3.5 Three blocks of masses mı, m2, and m3 are placed on a fric- 
tionless surface and pushed by a horizontal force F 


F = (mı + m + m3)a 


F 
a= — 
(mı + m + m3) 


(b) Applying Newton’s second law for each block, we have 
F — Fy = mya, Fy, — F23 = moa and F32 = m3a. From 
Newton’s law of action and reaction we have F12 = F21, and 
F32 = Fo3, and therefore 


(m2 + m3) 


F = F: = = —————— 
12 = ma + Fo3 = (m2 + m3)a EE EEE 


m3 F 


Fz = ———— 
(mı + m2 + m3) 


3.3 Some Particular Forces 


3.3.1 Weight 

In Sect. 2.4.2, we’ve seen that an object in free fall near the 
surface of the earth has a gravitational acceleration of mag- 
nitude 9.8m/s* that is directed toward the center of earth. 
Using Newton’s second law, we can calculate the force that 
caused this acceleration. If an object has a mass m then the 
gravitational force is given by mg, and is denoted by w, i.e., 
w = mg. wis known as the weight of an object and is defined 
as the gravitational force exerted on it by earth (or any other 
astronomical body, where g is different than that of earth). In 
Chap. 9, we will see that a gravitational force exists between 
any two bodies. When one of the bodies is an astronomical 
body, such as the earth or moon, and the other body is rela- 
tively smaller in size and mass the gravitational force is then 
called the weight of the body We will also see that the gravita- 
tional force varies with the distance between objects, and that 
the value of g becomes less at greater altitudes. Thus, weight 
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is not an intrinsic property of an object. In everyday life, it 
is common to use the word weight when measuring the mass 
of a body mass and weight represent different quantities but 
they are proportional for a given value of g. For two masses 
at the same location, the ratio of their weights is equal to the 
ratio of their masses. 


3.3.2 The Normal Force 


If an object is in contact with a surface, either at rest or moving 
on it, the surface exerts a supporting force n on the object that 
is always perpendicular to the surface of contact. This force 
is called the normal force. 


3.3.3 Tension 


The tension force T is the force that a cord, rope, cable, or 
any other similar object exerts on an object attached to it. This 
force is directed along the rope away from the object at the 
point where the rope is attached. In solving problems, ropes 
are usually assumed to be massless (referred to as light ropes) 
and unstretchable. For any light rope, the magnitude of the 
tension force T is the same at all points along the rope. 


3.3.4 Friction 


Imagine that everything around you is coated with an extremely 
good lubricant. Simple activities such as walking, sitting, driv- 
ing acar, or holding objects would become extremely difficult 
or impossible. Therefore, friction plays a very important role 
in our everyday life. The frictional force is due to the interac- 
tion between the surface atoms of any two bodies in contact. 
The direction of this force is always parallel to the surface of 
contact, opposing the motion or the planned motion of one 
object relative to the other. Hence, the normal and frictional 
forces are both contact forces and they are always perpendic- 
ular to each other. 

Consider a block resting on a table. If the block is pushed 
with a horizontal force F and remains stationary, it is because 
that the applied force is balanced by an equal and opposite 
force. This opposing force is known as the statistical fric- 
tional force f; and it has the value fs = F. The statistical 
frictional force increases with increasing F (see Fig. 3.6). The 
name statistical comes from the fact that the block remains 
stationary. 

However, if F is increased to a certain maximum value, the 
block will eventually accelerate (see Fig. 3.7). This maximum 
value is equal to the maximum frictional force f; max = F and 
it represents the applied force when the block is at the verge 
of slipping, i.e., it is the minimum force necessary to initiate 
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Fig.3.6 The opposing force is n 
known as the statistical frictional 

force f, and it has the value Š 
fs = F. Its maximum value 

Îsmax = F represents the applied 

force when the block is at the w 
verge of slipping i.e. it is the n 
minimum force necessary to 

initiate motion. When the block f, 
moves, the retarding frictional 

force is then called the kinetic 

frictional force fk w 


Fapp 


F app 


Fapp 


motion. When the block moves, the retarding frictional force 
is then called the kinetic frictional force f; and is usually less 
than fs max. If fk = F, the block will move with a constant 
speed. If F < f; or if F is removed, the block will decelerate 
and will eventually be brought to rest. Experiments show that 
Fsmax and fg have the following properties: 


f 


Jsmax 


motion 


motion 


Fig.3.7 A graph of the friction force versus the applied force 


l. fsmax = Hsn, where us is the coefficient of static friction 
and n is the normal force acting on the block. As long as 
the block is at rest fs = F, where fs < usn. 

2. fk = ukn where jx is the coefficient of the kinetic friction. 

3. The directions of fẹ and fg are always parallel to the sur- 
face. fẹ is opposite to the component of the applied force 
that is parallel to the surface and f; is opposite to the instan- 
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Table 3.1 Coefficients of Friction 


Materials Hs (static) Hk (kinetic) 
Steel on steel 0.74 0.57 
Aluminum on steel 0.61 0.47 
Copper on steel 0.53 0.36 

Wood on wood 0.25-0.5 0.2 

Rubber on concrete 1.0 0.8 

Glass on glass 0.94 0.4 

Copper on glass 0.68 0.53 

Teflon on teflon 0.04 0.04 


taneous velocity of the body relative to the surface. 

The dimensionless coefficients jz; and ug depend on the 
nature of the surfaces in contact and are independent of the 
area of contact between these surfaces. ug is generally less 
than us. Table 3.1 lists us and ug for some materials. Note 
that ug may vary with speed but such variations are not 
included here. Friction is a very complex phenomenon. 
One reason behind this is that the actual area of contact 
viewed from a microscopic level is much less than the area 
of contact viewed from a macroscopic level, as in Fig. 3.8, 
even for very smooth surfaces. For our purposes here, the 
detailed friction mechanism will not be discussed. 


Fig.3.8 The actual area of contact viewed from a microscopic level is 
much less than the area of contact viewed from a macroscopic level 


3.3.5 The Drag Force 


If a fluid (such as gas or liquid) and a body are in relative 
motion, the body will experience a resistive force opposing 
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the relative motion called the drag force D. The direction of 
D is the direction in which the fluid is flowing relative to the 
body. The drag force depends on some factors, such as the 
speed of the object. We will consider the situation in which 
a relatively large object is moving through air at high speed 
(such as a skydiver or an airplane). In this case, the drag force 
D is proportional to the square of the body’s speed and is 
given by 


D Laan 
= -cp Av 
5 


where p is the air density, A is the effective cross-sectional 
area of the body taken in a plane perpendicular to its velocity, 
and c is the drag coefficient. c is a dimensionless constant that 
has a value ranging from 0.4 to 2. The value of c may vary 
with v, but such variations will be ignored. 

As an example, consider an object falling through air far 
from the earth’s surface. The forces acting on the object are 
the drag force and the gravitational force as in Fig.3.9. As 
the object falls, its speed increases and thus D increases from 
zero until it eventually becomes equal to the object’s weight 
(D = —mg). The net force on the object when (D = —mg) 
will be equal to zero, and hence the object’s acceleration will 
become zero (a = 0). As a result the body will fall at a 
constant speed called the terminal speed vz: 


“uF=0 


1 2 
PAY, —mg=0 


1 2 
z PAY = mg 


2mg 
v = | — 
coA 


where m is the mass of the body. 


mg 


mg 


Fig.3.9 An object falling through air experiences a drag force D and a 
gravitational force mg 
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3.4 Applying Newton’s Laws 

It is necessary to follow some steps when solving problems 
using Newton’s second law. These steps can be summarized 
in the following: 


1. Draw a simple diagram of the objects in the system ana- 
lyzed; 

2. Draw a free-body diagram for each object in the system. 
In a free-body diagram, the body is represented by a dot, 
and all external forces (represented by vectors) acting on 
the body are shown. The forces exerted by the body on 
other bodies in the system are not included in its free-body 
diagram; 

3. A coordinate system should be drawn in a free-body dia- 
gram with the body at its origin. Newton’s second law is 
then applied along each axis using the components of each 
force. The coordinate system must be oriented in such a 
way that simplifies the analysis, i.e., some forces should 
be directed along the axes; 

4. Solve obtained equations for the unknowns. 


Note that from here until Chap.5, any object is assumed 
to behave as a particle, i.e., all of its parts move in exactly the 
same way When applying Newton’s second law, a particle is 
represented by a dot on the free-body diagram. Furthermore, 
the mass or friction of any rope or pulley is 
neglected. 


Example 3.7 A 25kg block is released from rest at the top of 
a rough 40° inclined surface. It then accelerates at a constant 
rate of 0.1 m/ s*. Find: (a) the coefficient of kinetic friction 
between the box and the surface; (b) the maximum angle the 
box would be at the verge of slipping if the angle of the incline 
is changeable. 


block 


mgcos fo 


w=mg 


Fig. 3.10 
incline 


The free-body diagram of a block accelerating down an 
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Solution 3.7 (a) The free-body diagram is shown in Fig. 3.10. 
Applying Newton’s second law to the box gives 


XO Fy = mg sin — fy = ma 


XCF, =n—mgcosé =0 


fe = mg sin — ma = (25kg)(9.8 m/s”) sin 40° — (25kg)(0.1 m/s”) 


= 155N 
n = mg cos 0 = (25kg)(9.8 m/s”) cos 40° = 187.7N 


The coefficient of kinetic friction is 


(120N) 


= ——_*_ = 057 
(212.2N) 


Mk 


(c) At the verge of slipping the force of static friction is max- 
imum: 


Ís max = Ms! 
Applying Newton’s second law we get 
XO Fy = mg sin — fsmax = 0 
fs max = mg sind 
Also we have n = mg cos 0, therefore 


mg sind _ 


Ls = = tan 
mg cos 0 


Since us = 0.74 from Table 3.1, we have 
8 = tan! 0.74 = 36.5° 


Example 3.8 Two masses my = 2kg and m2 = 5kg are 
connected by a massless cord that passes over a massless and 
frictionless pulley (Atwood’s machine) as shown in Fig. 3.11. 
Find the acceleration of the system and the tension in the cord. 


Solution 3.8 The free-body diagram of each mass is shown 
in Fig.3.11. Applying Newton’s second law to each block 
(taking positive y to be upwards) gives 


XO Fiy = T — mg = mja 
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Fig.3.11 The free-body diagram of an Atwoodés machine 


X Pay = T — mg = —m72a 


adding the two equations we have 


— 3k 
a = ( 22 ™ )g = (=) 0.8 m/s’) = 4.2 m/s? 
mı + m2 7kg 


Substituting a in any of the two equations gives 


o [2mm \_ (2010kg) va 
T = (2); = (a ) o8m/s ) =28N 


mı + m2 


Example 3.9 Two blocks of masses mı = 1.5kg and m2 = 
3.2kg are connected by a light string that passes over a mass- 
less frictionless pulley as shown in Fig. 3.12. If the surface is 
frictionless: (a) what is the distance that m2 will drop during 
the first 0.6 s? (b) if a third block is attached to mı using strong 
glue, what must its mass be such that the system moves with 
constant speed? 


Solution 3.9 (a) The acceleration value is the same for both 
masses since they are connected by a string. Figure 3.12 shows 
the free-body diagram for each mass. Applying Newton’s law 
to mı and mz in the direction of motion we have for m2 


X Py =T — M28 = -ma 
and for mı 
> Fix = mg sin — T = —mya 


from this we have 
T =m2(g — a) 


and 
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mz * 


mg 


Fig.3.12 The free-body diagram showing the forces on each block 


mıg sind — m2(g — a) = —mya 


and therefore 
_ (m — mı sin ð)g ((3.2 kg) — (1.5 kg) sin 45°) (9.8 m/s?) 


mı + m2 4.1kg 
= 4.5 m/s? 
After 0. 6s, the distance that 2 falls is 


1 2 1 2 2 
h = sat? = 5(—4.5m/s*)(0.6 s)? = —0.81 m 


(b) If the system moves with constant speed, its acceleration 
is zero 


YO Fix = (mı +m)gsin0 — T =0 


and 
X Py = T —mog =0 
that gives 
T = mg 
and 
(mı + m3)g sin ð — m2g = 0 
hence 
= i = . o 
ma m2 — m] sind 2 ((3.2 kg) — (1.5kg) sin 45°) =3.03kg 


sin 0 sin 45° 


Example 3.10 A 3kg block is hanged from the ceiling as in 
Fig. 3.13. Find the magnitude of 7), T2, and 73. 


Solution 3.10 The free-body diagrams of the block and the 
knot are shown in Fig. 3.14. From Newton’s second law 73 is 
equal to the weight of the block, i.e., 
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Fig.3.13 A block hanged from 
the ceiling 40° 


Fig.3.14 The free-body diagram 


of the block Ty 


knot 


T3 = w = mg = (3kg)(9.8 m/s”) = 29.4N 
For the knot, we have 


5 F, = T — T; sin 50° = 0 (3.1) 


> F, = T, cos 50° — T; = 0 (3.2) 


Solving for Tı from Eq. 3.2 gives 


T3 (29.4N) 


~ cos50° 


Substituting this result into Eq. 3.1 we get 

Ty = T; sin 50° = (45.7N)(0.76) = 35N 
Example 3.1] Figure3.15 shows a weight of 200 N that is 
lifted with a constant speed. Find the tension in each part of 


the rope and the force of lift. 


Solution 3.11 Since the pulleys are massless and frictionless 
we have 2T; = T (T; is the tension in each rope)and T2 = 
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Fig.3.15 Using two pulleys to 
reduce the force necessary to lift 
a weight 


w = 200N, thus 
T: 200 N 
2 2 
we also have 
T; = F = 100N 


3.4.1 Uniform Circular Motion 

In Sect. 2.4.5, it was found that a particle moving in a circle 
with a constant linear speed v (uniform circular motion) has 
a centripetal acceleration directed towards the center of the 
circle. Its magnitude is given by 


y2 


Grad = — 
r 


where r is the radius of the circle. Figure 3.16 shows an object 
attached to a string in uniform circular motion (the plane of 
motion is parallel to the Earth’s surface). From Newton’s sec- 
ond law, the centripetal acceleration is caused by a force or net 
force directed towards the center of the circle. Therefore, as 
árad, the centripetal (or radial) force F,„aq has a constant mag- 
nitude but its direction changes continuously The magnitude 
of this centripetal force is given by 


y2 


|F| = Frad = Marad = as 


If at some instant the radial force becomes zero, the object 
would then move along a straight line path tangent to the 
circle. Hence, the centripetal force is necessary to keep the 
object in its circular path. The centripetal force may be any 
kind of force such as friction, gravity, or tension. 


Example 3.12 A conical pendulum consists of a bob of mass 
m attached to a light string rotating in a horizontal circle as in 
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Fig.3.16 An object attached to a string in uniform circular motion 


mg 


mg 


Fig.3.17 A conical pendulum consisting of a bob of mass m attached 
to a light string rotating in a horizontal circle 


Fig. 3.17. If the bob rotates with a constant speed and if 0 and 
m are known, find: (a) the tension in the string; (b) the speed 
of the bob; (c) the period of motion. 


Solution 3.12 The horizontal component of the tension force 
supplies the required centripetal force to keep the bob in its 
circular path while the vertical component balances the weight 
of the bob. (a) Applying Newton’s second law in both the x- 
and y-directions we have 


T cos — mg = 0 


mg 
T= (3.3) 
cos 0 


and 
my? 
T sind = — (3.4) 
(b) Dividing Eq. 3.4 by Eq. 3.3 gives 


v =y gR tan 
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(c) The period of motion is given by 


27 R R 
= = 2r 
v g tan 


T 


Since R = L sin 0, we have 


Example 3.13 (a) A car needs to turn on a level road without 
skidding as in Fig. 3.18. Find the maximum speed for which 
the car can take the curved path of the level road safely (b) 
If the road is banked, i.e., the outer edge is raised relative to 
the inner edge as in Fig.3.19, find the maximum speed for 
which the car can take the curved path of the level road safely 
without depending on friction. 


Solution 3.13 (a) The centripetal force required for the car to 
remain in its circular path, is in this case, is the force of static 
friction. The maximum speed for which the car can take the 
curve without skidding is when the static frictional force is a 
maximum. That is, 


Vmax 


fs max = umg = 


Hence 


Vmax = y UFE 


(b) If the road is banked the car can take the turn without 
depending on friction as the required centripetal force. In that 
case, the horizontal component of the normal force supplies 


Fig.3.19 A car turning on a banked road 
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the necessary centripetal force. Thus we have 


my? 


nsin@ = —— 
7 
and 
ncos@ = mg 


where v is the speed of the car. Dividing these two equations 


gives 
2 


v 
tanĝ = — 
rg 


If the angle 0 and the curvature r are known, then the safe 
speed limit can be found. If the car moves at a speed lower or 
higher than that speed then the frictional force must supply 
the additional centripetal force for the car to stay in its circular 
path. 


3.4.2 Nonuniform Circular Motion 


In Sect. 2.4.6, we saw that an object in nonuniform circular 
motion has both perpendicular (centripetal) and parallel com- 
ponents of acceleration given by 


and 


The total acceleration is 
a = arad + ar 


These radial and tangential accelerations are caused by radial 
and tangential forces respectively (see Fig. 3.20): 


y2 


Frad = Marad = U 


div] 
F, = ma, = m— 
dt 
The net force is 
F = Fraa +F; 


Example 3.14 An object attached to a light string is rotat- 
ing in a vertical circle of radius r (see Fig. 3.21). Find: (a) 
the tension in the cord at the lowest and highest points; (b) 
the minimum speed at the highest point such that the object 
remains in its circular path. 


3.4 Applying Newton's Laws 


Fran 


Fig. 3.20 The radial and tangential forces in nonuniform circular 
motion 


mgcos0 


Mi 


Vb 


mg 


Fig. 3.21 An object attached to a string rotating in a vertical circle 


Solution 3.14 (a) Applying Newton’s second law in both the 
tangential and radial directions gives 


mg sind = ma; 
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and 
2 


mv 
T — mg cos 0 = — 
7 


At the bottom 0 = 0 and therefore a; = 0 and 


v 
Tp, =m zte 


At the top 0 = 180° and a, = 0 and 


(+=) 
T, =m\|——8 
r 


(b) For the object to remain in its circular path, the string must 
remain taut, i.e., T; must be positive (T, > 0). If T; = 0 then 
vt = ./gr. Hence, the velocity must satisfy v; > ./gr. 


Y 
1F31 = 200N 


o 


30 
60° IF ;1 = 120N 


X 


Fig.3.22 An object subjected to two forces acting in different directions 


1.2m 


Fig.3.23 A block released from the top of an incline 


Fig.3.24 Two masses connected 
by a light string over a frictionless 
pulley of negligible mass 
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Fig.3.25 A block hanged from 
the ceiling 


60° 


Fig.3.26 A block held in 
equilibrium 


3kg 4kg 


_ B ieee 


Fig.3.27 Two blocks connected by a light rope and pulled by a force 
Problems 


1. A 4kg object is exposed to two forces (see Fig. 3.22). 
Find the magnitude and direction of the acceleration of 
the object. 

2. A0.2kg block is released from the top of an inclined plane 
of angle 30° as in Fig. 3.23. Find the speed of the block 
just as it reaches the bottom. 

3. Two masses are connected by a light string that is con- 
nected to a frictionless pulley of negligible mass as in 
Fig. 3.24. Find the magnitude of the acceleration of the 
masses and the tension in the string. 

4. A block is pushed up along a smooth inclined plane of 
angle of 45° where it is given an initial velocity of 8 m/s. 
Determine the time it takes the block to return to its initial 
position. 

5. Find the tension in each string in the system shown in 
Fig. 3.25. 

6. A 5kg block is held in equilibrium as in Fig.3.26. Find 
the normal force acting on the block. 

7. Find the normal force exerted on a 70kg man standing 
inside an elevator that is accelerating upwards at a rate of 
2m/s. 

8. Find the acceleration of the system shown in Fig. 3.27 
and the tension in the string if mı = 3kg and m2 = 4kg 
(assume massless string and frictionless surface). 
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Fig. 3.28 Two blocks placed on top of each other, where a horizontal 
force is applied to the lower block 


Fig.3.29 A car moving ona spear 
curved path 


Fig.3.30 A block of mass m on y 
a frictionless table is attached to 

light string that passes through 

the center of the table and is 

connected to a larger block of 

mass M 


9. Two blocks of masses 3 and 5 kg are placed on top of each 
other as in Fig. 3.28. If the coefficient of static friction 
between the blocks is 0.2 and assuming there is no friction 
between the lower block and the surface on which it rests, 
find the maximum horizontal force that can be applied to 
the lower block such that the blocks move together. 

10. A 1000kg car move along the track shown in Fig. 3.29. 
Find (a) the maximum speed the car can have at point A 
such that it does not leave the track (b) the normal force 
exerted on the car at B if its speed there is 15 m/s. 

11. A block of mass m on a frictionless table is attached to 
light string that passes through the center of the table 
and is connected to a larger block of mass M (see 
Fig. 3.30). Ifm moves in uniform circular motion of radius 
r and speed v, find v such that M remains at rest when 
released. 

12. A lkg particle moves in the force field given by F = 
2ti + (St — 1)j — 6r7k. Find the position of the particle 
at any time if at t = 0, ro = 0, and vo = 0. 
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Work and Energy 


4.1 introduction 
Energy is a very important concept that is heavily used in 
everyday life. Everything around us, including ourselves, 
needs energy to function. For example, electricity provides 
home appliances with the energy they require, food gives us 
energy to survive, and the sun provides earth with the energy 
needed for the existence of life! 

Experiments show that energy is a scalar quantity related 
to the state of an object. Energy may exist in various forms: 
mechanical, chemical, gravitational, electromagnetic, nuclear, 


and thermal. Furthermore, energy cannot be created or destroyed; 


it can only be transformed from one form to another. In other 
words, if energy were to be exchanged between objects inside 
a system, then the total amount of energy (the sum of all forms 
of energy) in the system will remain constant. 

A transformation of energy occurs due to the action of a 
force known as work or due to heat exchange between objects 
(or between an object and its environment). If energy is trans- 
ferred due to work then it may be defined as the capacity of 
doing work. This book is concerned with mechanical energy 
which involves kinetic energy (associated with the object’s 
motion) and potential energy (associated with the position of 
the object in space). 


4.2 Work 

Work may have many meanings. Sometimes, work is said to 
be done when a muscular activity is performed. Work may 
also refer to mental activity (mental work). In physics, the 
definition of work is different. Work is said to be done if a 
force is applied to an object while it is moving, i.e., if there 
is no resulting displacement, no work is done. Suppose that 
a person holds a heavy box for sometime and then starts to 
feel tired. The reason he/she feels tired is because chemical 
energy in his/her body is converted into internal microscopic 
motions of the muscles. Since the energy is not transferred to 
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the box being carried (the box did not move), the work done 
on the box is equal to zero. 


4.2.1 Work Done by a Constant Force 

Consider an object exposed to a constant force F (see Fig. 4.1). 
If the object is displaced through a displacement s, then the 
work done on the object is a scalar quantity defined as 


W = Fscos0=F-s 


where 0 is the smaller angle between F and s. The component 
of F in the direction of s (F cos 0) is the only effective compo- 
nent that produces motion. The work done represents energy 
transferred to or from the object via that force. If (@ = 0), the 
work done on the object is positive, i.e. energy is transferred 
to the object. If (0 = 180°), the work done is negative, i.e., 
energy is transferred from the object. The SI unit of work is 
Newton meter (N.m) also named as the Joule. 


1Joul = 1J = 1kg.m7/s” 


Note that energy and work have the same units. 


4.2.2 Work Done by Several Forces 
Consider an object exposed to several forces as in Fig. 4.2. The 
work done by all of these forces is the sum of the individual 


amounts of work done by each force: 


W=F,-s+ Fo)-s+F3-s+--- 


W = Wi + W2 + W3+ 
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Fig. 4.1 An object exposed to a constant force F and undergoes a dis- 
placement of s 


F; F; 


Fig.4.2 An object exposed to several forces undergoes a displacement 
ofs 


Another method to find the work is by considering the resul- 
tant of these forces: 


w=(DF)ss 


where 
XF = F; + F2 + F3+ 


Example 4.1 A lady pulls an 80 kg block horizontally on a 
rough surface by a constant force of 400 N that is at 20° to 
the horizontal. If the block is pulled a distance of 6 m and if 
the opposing force of friction has a magnitude of 118 N : (a) 
determine the work done on the block by each of the applied 
force, the frictional force, the normal force, and the force of 
gravity; (b) find the total work done on the block; (c) determine 
if it is easier for the lady to pull the block at an angle larger 
than 20°. 


Solution 4.1 (a) The work done by the applied force is 


Wapp = F-s = Fs cos = (400 N)(6 m) cos 20° = 2255.3 J 


The work done by the frictional force is 


Wy = Fs cos = (118N)(6m) cos 180° = —708 J 


The work done by the normal force and the force of grav- 
ity are both zero since each force is perpendicular to the 
displacement. 
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(b) The total work done is 
Wiot = Wapp + Wf = (2255.3 J) — (708 J) = 1547.3 J 


The total work done can also be found by computing the net 
force acting on the block and calculating its work. 

(c) For (0 < 6 < 90°), If 62 > 6), then cos62 < cos 01 
and therefore Wapp2 < Wapp1, i.e., it is easier for the man to 
pull at an angle larger than 20°. 


Example 4.2 A delivery man wants to push a crate up a ramp 
of length s: (a) find the minimum work the man must do to 
lift the crate to the top of the ramp; (b) determine if a ramp 
with a steeper incline would be more difficult for the man to 
push the crate. 


Solution 4.2 (a) The minimum work that the delivery man 
must do is the work done against gravity The work done on 
the crate by the force of gravity is 


W; = —mgs sin 0 


Hence the minimum work W,, that the delivery man must do 
is equal to +mgs sin 0. 

(b) For angles between 0 and 90°, if 02 > 61, then sin 02 > 
sin 01. Hence Wy2 > Wy, i.e., the more inclined the ramp is 
the more difficult it is to move the crate. 


4.2.3 Work Done by a Varying Force 


Previously, the work done in the special case of a force that is 
constant in both magnitude and direction was discussed. The 
object there moved along a straight line. In many situations, 
the force may vary in magnitude or in direction or in both, and 
the object may move along a curved path. To find the work 
done in this case, consider a particle moving along the curved 
path shown in Fig.4.3. While it is moving, a force F that 
varies in both magnitude and direction with the position of the 
particle acts on it. Let us divide the path into a large number n 
of very small displacements where each is tangent to the path. 
For each displacement, the force can be approximated to be 
constant in both magnitude and direction. The total work done 
as the particle moves from P to Q is the sum of the individual 
amounts of work done along each displacement, that is 


W =F,- Ar, + Fo- Aro + F3- Aro + --- F,- Ary, 


n 
W = SOF 2 AY; 
i=l 


By dividing the path into more displacements we have 
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X 


Fig. 4.3 A particle moving along a curved path. While itõs moving, a 
force F that varies in both magnitude and direction with the position of 
the particle acts on it 


or 


Q 
w=fFa= f F.dr 
C P 


As mentioned in Sect. 1.10.1, this integral is called the line 
integral. Each component of F(F,, Fy or Fz) may be a func- 
tion of x, y, and z, and the curve can be determined by its 
equations that relates x, y, and z to each other. The compo- 
nent form of the above equation is 


rf Xf Yf Zf 
w= | F-dr= | Fax+ | Fydy+ | Fdz 
T; Xi Yi Zi 


(4.1) 
Now consider the case in which the particle moves along a 
straight line (for example the positive x-axis) and in which 
the force acting on the particle has a constant direction along 
the x-axis and a magnitude that varies with x. Equation 4.1 is 
then reduced to 


W= il k F,(x)dx (4.2) 


This equation represents the area under the curve in Fig. 4.4. 
If F(x) is constant then we have 


Af Xf 
w= | Fdz =F | dx = F(x — xi) = Fs 
Xi Xi 


The work is then equal to the rectangular area shown in 
Fig. 4.5. 


Example 4.3 In Example 3.3, find the work done by the force 
in moving the particle during the time interval from t = 0 to 


t= Ís. 


Solution 4.3 The work done from t = 0 tot = 1 sis 
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Fx) 


Xi Xf 
Fig.4.4 The area under the curve represents the work 


F(x) 


Xj Xf 


Fig.4.5 The work is equal to the rectangular area 


t=1 t=1 
re ae f (2174 — 3tj).(1/3t4i — Pat 
t 


t=0 =0 


t=1 
= f (0.66tf + 3t*)dt 
t=0 


= (0.147 + 0.6f°) f=) = 0.73 


Example 4.4 A force acting on a particle is a function of 
position according to Fig.4.6. Find the work done by this 
force as the particle moves from x; = 0 to xf = 9m. 


Solution 4.4 The work done is equal to the area of the triangle 
under the curve between x; = 0 to xf = 9m, Le. 


W= TOMAN) = 18J 


Example 4.5 A ball that is suspended from a ceiling by a 
light rope is displaced a small distance to the position shown 
in Fig. 4.7. If it is released from rest at B, find the work done 
by the tension force and the force of gravity as the ball moves 
from B to A. 


Solution 4.5 Because the tension force is always perpendicu- 
lar to the displacement, the work done by it is zero at all times. 
The only component of the gravitational force that does work 
is its tangential component. Therefore, 
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F(N) 


x(m) 


Fig.4.7 A ball suspended by a light rope and displaced a small distance 
from the position of equilibrium 


60 40 
W = f F- ds = f mg sin 0 cos(0)ds 
0 0 
Since s = RO, then ds = Rd0, and we have 


Oo 
W= mgr | sind0 = —mgR cos 0|® = mgR(1 — cos 0) 
0 


4.3 Kinetic Energy (KE) and the 


Work-Energy Theorem 


Consider a particle that is exposed to a net field force and is 
moving along a curve in space. Suppose that the particle is 
at P at t; and at Q at ty and that its velocity at P and Q is v; 
and vp, respectively. The net work done on the particle as it 
moves from P to Q is then given by 
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Q tf dr tf dv 
vel Far= | ra= f Fvat = | myar 
P ti dt ti 4 dt 


The quantity La is the energy associated with the motion of 
the particle called the kinetic energy (KE). Thus, if a particle 
of constant mass m is moving with a speed v, its KE is a scalar 
quantity defined as 


K = -mv 
2 


1 
It also can be written as K = -m (v - v). Hence, the total work 


done by the net force in displacing the particle is equal to the 
change in the KE of the particle 


Wnet = Kf — Ki = AK 


Similar to work, the SI unit of kinetic energy is the Joul. Note 
that the work—energy theorem is applied only if the object 
is treated as a particle (all of its parts move in exactly the 
same way). As an example of how the theorem is applied 
only for particle-like objects consider a man standing on a 
skateboard on a horizontal surface (see Fig. 4.8). If the man 


Fig.4.8 The center of mass of the system (man+skateboard) moves and 
the work-energy theorem can be applied to that point 


4.3 Kinetic Energy (KE) and the Work-Energy Theorem 


pushes the bar then that would move him backwards along 
with his skateboard. This motion is due to the reaction force 
F exerted on him by the bar. The work done by n or w is equal 
to zero since each force is perpendicular to the displacement. 
Because the point of application of F did not move it follows 
that the work done by that force is zero. Thus, from the work— 
energy theorem the man should not move. The question is why 
did he move? 

The fact here is that it is incorrect to treat the man as a 
particle, since different parts of his body move in different 
ways as he pushes the bar. Therefore, the work—energy the- 
orem does not hold. The man must be treated as a system of 
particles. In Chap. 6, we will see that the motion of a system 
of particles can be represented by the motion of its center of 
mass. The center of mass behaves as if all of the mass of the 
object (or system) is concentrated there and as if the net exter- 
nal force is applied there. In the case of the skateboarder, the 
center of mass of the system (man + skateboard) moves and 
the work—energy theorem can be applied to that point. 

The work—energy theorem is an alternative method for 
describing motion without using Newton’s laws. It is espe- 
cially useful in problems involving a varying force. Note that 
the work and the kinetic energy are not invariant quantities; 
they have different values when measured in different inertial 
frames of reference. However, from the principle of invari- 
ance, the equation Wnet = AK still holds for any inertial 
frame. 


Example 4.6 A 5 kg block resting on a surface is given an 
initial velocity of 5 m/s. If the coefficient of kinetic friction 
of the surface is ug = 0.2, find the distance the block would 
move before it stops. 


Solution 4.6 As we will see later in Sect. 4.3.1, the change in 
the kinetic energy of the block due to friction is AK = — fks, 
where s is the displacement of the block. 


1 1 
Wr = AK =— fd = —pgmgd = 5 — ua 


1 
= —(0.2)(5kg)(9.8 m/s”)d = 0 — 56 kg) (5 m/s)? 
d = 6.4m 
Example 4.7 A 10 kg block is pushed on a frictionless hori- 
zontal surface by a constant force of magnitude of 100 N and 
that is at 30° below the horizontal. If the block starts from 
rest, find its final speed after it has moved a distance of 3 m 
using work—energy theorem. 


Solution 4.7 


W =F - s = Fs cos 6 = (100 N) (3 m) cos(—30°) = 259.8 J 
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From the work—energy theorem, we have 


1 1 
W = smv} — —mv? 
2 3 2 
since v; = 0 we get 
2W 2(259.8J 
if a eee N= soe 

i m (10kg) 

vf = 7.2 m/s 


4.3.1 Work Done by a Spring Force 

Consider a block attached to a light spring fixed at the other 
end on a frictionless horizontal surface as in Fig. 4.9. Sup- 
pose an external force Feys is applied to the block by either 
stretching or compressing it through a small displacement 
from its equilibrium (relaxed) position taken at x = 0. The 
spring will then exert a restoring force F, on the block that 
opposes the applied force and restores the block to its equi- 
librium position. For many kinds of springs and in the case 
of small displacements, the spring force varies linearly with 
the displacement x of the block (or any other object) from its 
equilibrium position (x = 0). That is 


F; = —kx 


where k is a constant called the force or spring constant. k 
measures the stiffness of the spring. The stiffer the spring 
the larger is k. This equation is known as Hook’s law. The 
minus sign indicates that the spring force is always acting in 
a direction opposing the displacement. The work done by the 
spring force in moving the block from an initial position x; to 
a final position x p is: 


x=0 


Fig.4.9 A block attached to a light spring on a frictionless surface 
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Fig.4.10 A plot of F; versus x for the mass-spring system 


Fig.4.11 A 2 kg block attached to a light spring of force constant 300 
N/m on a horizontal smooth surface 


Xf Xf xf 
W, =f Fydx = / (—kx)dx = -f xdx 
Xi Xi Xi 


lz 1,2 
W; = a kX = ad 
The work done on the block by the spring as it moves from 
an initial position x; = x to a final position xf = 0 is 


1 
W, = ax 


Figure 4.10 shows a plot of F; versus x for the mass—spring 
system. 


Example 4.8 A2kg block is attached to a light spring of force 
constant 300N/m on a horizontal smooth surface as shown 
in Fig.4.11. If the system is initially at rest at the position of 
equilibrium and is then stretched a distance of 3 cm, find the 
work done by the spring on the block as it moves from x; = 0 
to xf = 3cm. 


Solution 4.8 
l2 1,2 1 2 
W, = 5 Ri ahs =0 z 300 N/m)(0.03 m)“ = —0.135J 


4.3.2 Work Done by the Gravitational Force 
(Weight) 


Ifa particle-like object of mass m is moving vertically upward 
or downward near the surface of the earth where g is assumed 
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(a) (b) 
object moving downward 


object moving upward 


Fig.4.12 By taking y = Oat the hand level, in the work done by gravity 
ais —mgy,f and in b is +mgy; 


to be constant (see Fig. 4.12), and if air resistance is neglected, 
then the only force that does work on the object is the gravita- 
tional force mg. By taking the y-axis along the line of motion 
(positive upwards) with y = 0 at the earth’s surface, the work 
done by the gravitational force is 


Yf Yf 
W; = f Fydy = -mg f dy 
yi Ji 


W; = mgyi — mgyf 


Note that unlike the spring force the reference point y; may 
be chosen anywhere. If the object moved downwards from 
yi = y to yf = 0, the work done by the gravitational 
force is 


Wg = mgy 
Now suppose the object moves along a curved path from P to 
Q as in Fig. 4.13. The work done by the gravitational force is 


Q Q Yf 
w=f mg-ds =~ f mgi-d(dxi + dy =- | mgdy = mgyi — mgy f 
P P Yi 


This result is the same as if the object has followed a 
straight vertical path. Therefore, the work done by the grav- 
itational force depends only on the initial and final positions 
of the object. 


Example 4.9 A man lifts a 300 kg weight a distance of 2m 
above the ground. Find the work done by the force of gravity 
on the weight. 


Solution 4.9 


W = mgyi — mgyf = 0 — (300 kg)(9.8 m/s?)(2 m) = —5880J 


4.3 Kinetic Energy (KE) and the Work-Energy Theorem 


(a) 


(b) 


Fig.4.13 a The total work done by the spring force on the block is zero 
since x; = xf. b Along any path the work done by the gravitational 
force is the same since the initial and final positions are the same 


4.3.3 Power 


Power is a quantity that defines how much work is done over 
a period of time, i.e., power is the time rate of doing work, 
or more generally, it is the time rate of energy transfer. If an 
external force F does work W on an object for a time interval 
At, then the average power during that time is 


— W 
P = — 
At 
The instantaneous power is 
W dw 
P= lim — = — 
At>0 At dt 


Our concern in this book is the mechanical power since it 
involves mechanical work. If y is the velocity of the object, 
we have 


paN 9% 
dt dt 
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for a constant force, or 
P=F.v 


The SI unit of power is joules per second (J/s) and is called 
the watt (W). 


1 W = 1J/s = 1 kg.m?/s? 
Another unit of power that is often used is the horsepower: 


1hp = 746W 


4.4 Conservative and Nonconservative 


Forces 


In nature, there are two kinds of forces: conservative and non- 
conservative forces. A conservative force is a force that con- 
serves the energy of a system when acting upon it. The action 
of this force results in changing the kinetic energy of any 
object in the system. This change will be stored in the sys- 
tem in the form of potential energy. For every conservative 
force, there is a certain potential energy that is associated with 
it. Such potential energy can be retransformed into kinetic 
energy Thus, the total energy of the system would not be dis- 
sipated, instead it would be conserved. A force that does not 
act in this way is said to be a nonconservative force. Properties 
of a conservative force are given as follows: 


1. The net work done by a conservative force on a particle 
moving from one point to another is independent of the 
path taken by the particle; 

2. The net work done by a conservative force in moving a 
particle through any closed path is equal to zero. 


A force not meeting these conditions is a nonconservative 
force. As mentioned in Sect. 1.10.2, property 2 of a conser- 
vative force can be obtained from property 1 (if A is a vector 
field and the line integral of A between any two points is 


independent of path, then r} A -r = 0). That is, these two 


properties are equivalent. Peang of conservative forces in 
mechanics are the gravitational and spring forces. To show 
this let us go back to Sects. 4.3.1 and 4.3.2, where the work 
done by the gravitational force or the spring force was calcu- 
lated. We have seen that the work done in each case depends 
only on the initial and final positions of the object. There- 
fore, the work done by any of these forces is independent of 
the path joining the initial and final positions. Furthermore, if 
(x; = xf) in the case of the spring or (y; = yy) in the case 
of the gravitational force the net work done is zero. Hence, 
these forces are conservative. 
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Fig.4.14 The longer the path the 
more interaction between the 
block and the surface and the 
more the force of friction will act 
and do work on the block 


The force of friction is an example of a nonconservative 
force. To show that, consider a block sliding on a rough sur- 
face. Figure 4.14 shows two possible paths connecting two 
points. The longer the path the more interaction between the 
block and the surface and the more the force of friction will 
act and do work on the block. Thus, the work depends on the 
path taken between the two points and therefore the frictional 
force is a nonconservative force. 


4.4.1 Potential Energy 

For a system consisting of two or more objects, the poten- 
tial energy U of the system is the energy associated with the 
configuration of the system. That is, the potential energy is 
the energy associated with the position of objects in the sys- 
tem relative to each other. If the configuration of the system is 
changed, then the potential energy of the system also changes. 
Such energy is defined only in terms of a conservative force 
because if such a force acts on a system then it can transform 
the kinetic energy of any object in the system into potential 
energy of the system and vice versa. The potential energy 
means that the system has potential to do work. 

In Sect. 1.10.2 it has been proven that the line integral in 
Eq. (1.2) is independent of the path joining the points P and 
Q if and only if A = V@, or equivalently V x A = 0. Where 
(x, y, z) is some scalar that has continuous partial deriva- 
tives. Therefore, for a conservative force field F(x, y, z), 
there always exist a scalar field U = U(x, y, z) (called the 
potential energy) such that 


au, aU. au 
F = -VU = ( i+—j+ K) 


Ox dy Oz 


Furthermore 
VxF=0 


Thus, the total work done by a conservative force in moving 
a particle from P; to Pr (see Fig.4.15) is 


Pr Pr Pr 
w=f r-as= f° —vu-as= f 
P; P; IP; 


or 
Pf 
av=- f F- ds 
Pi 


dU =U; —Us =—AU 


where U = U(x, y, z). Because only the change in the 
potential energy is significant, it does not matter where the 
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X 


Fig. 4.15 The total work done by a conservative force in moving a 
particle from P; to Pf 


reference point (U) is chosen. This is because if U; is changed 
Uy will be also changed but AU will remain constant. 


Example 4.10 A force acting on a particle is given by F = 
—kr. Determine: (a) whether or not the force is conserva- 
tive; (b) the potential energy associated with the force if it is 
conservative. 


Solution 4.10 (a) 


a a a 
VxF= ax oy oz 


a to tek è? | j+ 2 ky ? ko 
zo- gz f+] gag OD HF] oa 


Therefore, the force is conservative. 


(b) 


1 1 
U = [Far f -de= [tran = 3k? = Sk? +? +2) 


Example 4.11 Ifa force acting on a particle is given by F = 
ayj, where a is a positive constant: (a) find the work done in 
moving the particle along the closed path shown in Fig. 4.16; 
(b) determine if the force is conservative. 


Solution 4.11 (a) Along path 1 we have y = 1 and dy = 0 
and along path 3 we have y = 2 and dy = 0. 


2 1 
Ww frar fra t [rae t fra t [va 0 -f aydy+0 -f aydy = 0 
c 1 2 3 4 y=1 y=2 


(b) Since the total work done through the closed path is 
zero, the force is conservative. 


4.4 Conservative and Nonconservative Forces 


Y 


Fig.4.16 The work done in moving the particle along a closed path 
Example 4.12 Find the force acting on a particle if the poten- 
tial energy associated with it is U = 5y? — 3z. 


Solution 4.12 


and therefore F = —10yj + 3k. 


4.4.1.1 The Gravitational Potential Energy 

As we have mentioned in Sect. (4.1.7), the work done by the 
gravitational force in displacing a particle near the earth’s 
surface from y; to yp is 


Wg = mgyi — mgyr 
Since W, = —AUg = Ug; — Ugf, we have 


Ugi — Ugf = mgyi — mgyf 


If yf = 0 and y; = y, the gravitational potential energy of 
the object—earth system may be written as 


Ug = mgy 


The force of gravity near the surface of the earth can be found 
from the gravitational potential energy In general we have 


F = —VU here, since the motion is in one direction we have 
F dU, d ( jj p 
= ——j=—— (m = —m 
g dy J dy gy)J &J 


4.4.1.2 The Elastic Potential Energy 
It was found in Sect. (4.1.6) that the work done by the spring 
force when moving a block from x; to x ¢ (when it is stretched 
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or compressed) is 


1 2 1 2 
W, = a = a 


Since Ws = —AU, = Us; — Usf, we have 


1 1 
kx? 
2 2 


Usi — Usp = kx} 


If x; = 0 and xf = x, the elastic potential energy of the 
block-spring system can be written as 


The spring force can be found from the elastic potential energy 


dU d {1 
i ( kx?) i = —kxi 


4.5 Conservation of Mechanical Energy 

The total mechanical energy of a system is defined as the sum 
of all of the kinetic energies of the objects within the system 
plus all of the potential energies of the system. 


Etot = Ktot + Utot 


Now, consider an isolated system in which there are no exter- 
nal forces acting on it, or the net external force is zero. The 
only forces acting on the system will be the internal forces 
within the system. These forces may be conservative or non- 
conservative. If only internal conservative forces exist, then 
the work done by any of these forces on an object in the system 
will transform its kinetic energy into potential energy (associ- 
ated with that force), or vice versa. The internal conservative 
force can also transform one form of potential energy into 
another. The work done by such a force on an object in the 
system is 
W=AK 


The change in potential energy due to this work is 


W =-—AU 
Thus, 
AK = —AU 
or 
AK +AU =0 
or 
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Ki + Uj = Kg + Uf 


If more than one conservative force acts, there will be a poten- 
tial energy associated with each force. That is 


Ki+9 Ui=Kf+9_ Ur 


Therefore we have 


or 
AE=0 


From the previous discussion, we conclude that for an iso- 
lated system in which only conservative forces act, the total 
mechanical energy of the system remains constant (con- 
served). Figure4.17 shows the changes of energy of a ball 
thrown upwards. Now suppose that the system is not isolated 
and that the external forces acting on the system are conser- 
vative. The change in the kinetic energy of the system is then 
equal to the work done on the system by an internal conser- 
vative force plus the amount of kinetic energy changed due 
to an external conservative force, that is, 


AK = Winte + AKext 


or 
AK = —AU — AVext 


Hence 
AK +AU + AU =0 


Therefore, the total mechanical energy of the system remains 
constant under both external and internal conservative forces. 
If external nonconservative forces act on the system, or if 
there is heat transfer, or if internal nonconservative forces 
act, then the total mechanical energy may change and is no 
longer conserved. 


4.5.1 Changes of the Mechanical Energy of a 
System due to External Nonconservative 


Forces 


External nonconservative forces may act on a system if it is 
not isolated. Consider a system that is not isolated in which 
only internal conservative forces act. The change in the kinetic 
energy of the system is then equal to the work done on the 
system by an internal conservative force plus the amount of 
kinetic energy changed due to an external nonconservative 
force. This can be expressed as 


AK = Winte + AKext 
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E 


Fig.4.17 Changes in the kinetic and potential energies of a ball thrown 
vertically upwards 


or 
AK = —AU + AKext 


Thus 

AE = AKext (4.3) 
This implies that the total mechanical energy has changed by 
an amount of A Kext. Not that the work done by a nonconser- 
vative force cannot be calculated generally but the change in 
the kinetic energy can be observed. 


4.5.2 Friction 


Friction is a nonconservative force as seen in Sect. 4.2. If this 
force is applied externally to a system in which only internal 
conservative forces act, it will decrease (dissipate) the kinetic 
energy of the system by transforming it into thermal energy 
The change in the mechanical energy of the system is 


AE = AKext 


The work done by friction or any other nonconservative force 
cannot be calculated. In other words, the work done by friction 
is not simply — fgs, where s is the displacement of the object 
in the system. The reason behind not being able to calculate 
the work done by friction is that at a microscopic level the 
frictional force is not a single force that acts at one point. 
Rather, it is a combination of forces acting at different points 


4.5 Conservation of Mechanical Energy 

in the object. However, the loss in kinetic energy of the object 
can be calculated as shown below: Consider a block sliding on 
arough surface. Let’s choose the block only to be our system. 
From the equation of motion, we have 


vy — v? = 2as 


Newton’s second law gives 


— fk = ma 
Thus 
— fs = mas 
or i i 
fss = sm} zm? 
Therefore 


AKext = — fks 


This quantity represents the magnitude of the loss in the 
kinetic energy of the block due to friction. This loss of energy 
appears as thermal energy of the block and of the surface on 
which it slides. 


4.5.3 Changes in Mechanical Energy due to 
Internal Nonconservative Forces 


In solving problems you are free to choose the system. If 
we considered the block plus the surface as our system, then 
friction will be an internal nonconservative force and we may 
write 

E=-— 


Ein = AKinnc = — fks 
where A Kjn nc is the change in the kinetic energy of the sys- 
tem due to an internal nonconservative force. Another exam- 
ple of a nonconservative force is the force that you exert on 
your body by your muscles. This force transfers the chemi- 
cal energy of your body into kinetic energy In Sect. (4.1.5), 
we have seen that the motion of the skateboarder can be 
explained using the concept of the center of mass. Another 
way to explain the motion of the skateboarder is that the inter- 
nal chemical energy of the man is transformed into kinetic 
energy, and we may write 
E= 


K = —A Eim 


Since AU = O in his case. An additional example of noncon- 
servative forces is the forces that different parts in an object 
exert on each other when the object is deformed. These forces 
transform the kinetic energy of the object into internal energy. 
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In all cases, even though energy can transfer from one object 
to another or to the environment, the total amount of energy 
in the universe is constant. That is, energy gained by a sys- 
tem is lost by another system. In other words, energy cannot 
be created or destroyed it can only be transformed from one 
form to another and the total energy of an isolated system is 
conserved (constant). This statement is known as the law of 
conservation of energy The law of conservation of energy is 
also valid in relativity and quantum mechanics. 


4.5.4 Changes in Mechanical Energy due to All 
Forces 


Consider a system in which there are both internal and external 
conservative and nonconservative forces acting on it. In this 
case, the change in the total mechanical energy of the system 
can be written as 

E= K + U + U ext = 


Kext — A Eint 


Example 4.13 A 0.2 kg apple falls from a tree at a distance 
of 3m above the ground. Find: (a) the velocity of the apple 
at an altitude of 2m and at the instance just before it hits the 
ground; (b) the altitude of the apple when its velocity is 4m/s. 


Solution 4.13 (a) Consider the system to be the earth + the 
apple. By neglecting air resistance (the apple is in free-fall), 
the only internal force that acts within the earth—apple system 
is the force of gravity. Because the gravitational force is a con- 
servative force, the total mechanical energy of the system is 
conserved. Therefore as the apple falls its gravitational poten- 
tial energy is converted into kinetic energy such that at any 
instant the total mechanical energy of the system is constant. 
Applying the law of conservation of energy to the system and 
by taking y = 0 at the earth’s surface and the gravitational 
potential energy to be zero at y = 0, we have 


Kp +Uf = Ki + Ui 
1 2 
rae +mgy =0+mgh 


where A is its initial altitude. That gives 


vf = y2g(h — y) 


Aty=2m, 


vf = 209.8 m/s2)(1 m) = 4.43 m/s 


Aty=0 
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Fig.4.19 A block released from rest on top of an incline 


W = —(mghp — mgha) = 1.22 x 10°J 


Example 4.15 A block of mass 5 kg is released from rest at 
the top of a 45° incline that is 0.5 m long as shown in Fig. 4.19. 
It then slides on a horizontal surface that is 0.7m long and 
goes up again on a second ramp that is at 30° to the horizontal. 
If the coefficient of kinetic friction between the block and all 
three surfaces is 0.2, find the maximum distance that the block 
would move up the second ramp? 


Fig.4.18 By ignoring friction, the total energy of the roller coaster can 
be considered to be conserved 


vf = y 2(9.8 m/s?) (3 m) = 7.7 m/s 


(b) Solution 4.15 First, we divide the path into three parts. Let us 
y2 (4m/s)? consider the system as the block only Along the first part the 
y=h- = Gm) ->> a = 2.2m change in the total mechanical energy of the system is equal 

2g 2(9.8 m/s2) 8 8y y q 


to the energy dissipated by friction. Thus, 
Example 4.14 A roller coaster of mass 500 kg starts from 


rest at point A, and rolls down the track as shown in Fig. 4.18. AE = AKext 
Ignoring friction, determine: (a) the roller coaster speed at B 
and C; (b) the work done by gravity as the rollercoaster moves Kf + Us = Ki + Ui + AKext 
from A to B. 
Em +0=0+mgh — fxs) 
Solution 4.14 (a) Consider the system to consist of the roller- 
coaster + the track + the earth. Taking the gravitational poten- the force of kinetic friction is 
tial energy to be zero at the earth’s surface and from the con- 
servation of energy we have fki = Len = gmg cos 01 = (0.2)(5kg)(9.8 m/s”) cos 45° = 6.93 N 


Kp +U¢ = Ki + Ui 


That gives 
1 2 
-mvg + mghg = 0+ mgha 1 
DR j z Pura = mgs, sin 61 — fe 1 = (5kg)(9.8 m/s”) (0.5 m) sin 45° 
Therefore, — (6.93N)(0.5 m) = 13.9J 


vg = V2g(ha — hg) = 20.8 m/s2)(25 m) = 22.13 m/s 


Similarly, the velocity at C is 


vc = V2g(ha — hc) = (20.8 m/s*)(20 m) = 19.8 m/s 


You may also calculate the velocity at C by taking B as the 
initial point. The force of kinetic friction is given by 


vf1 = 2.35 m/s. Along the second path we have again 


Kp +Uf = Ki + Ui + AKext 


1 2 1 2 
z” f2 + 0 = ga + 0 = fk2s2 


(b) As the car moves from A to B the work done by gravity 
is fra = umg = (0.2) (5 kg) (9.8 m/s?) = 9.8N 
W, =—AU 


4.5 Conservation of Mechanical Energy 


and therefore 


l i 
3V 52 = 5 6 K8) (2.35)? — (9.8 N)(0.7 m) = 6.95 J 


(6.94 J) 
(5 kg) 


vf2 = ,/2 = 1.7m/s 


Finally, along the third path, we also have 
Ky +Uf = Ki + Ui + AKexr 
and 
-ano bog 
0 + mgs3 sin 30° = avis +0 — £7383 
but we have 
fis = emg cos 30° = (0.2)(5kg) (9.8 m/s?) (0.866) = 8.5N 


and thus 
1 
(5kg)(9.8 m/s?)s3 (0.5) = 7 kg)(1.7 m/s)? — (8.5 N)s3 
That gives s3 = 0.2m. 


Example 4.16 Two masses m; = 5 kg and m2 = 9 kg are 
connected by a light rope that passes over a massless friction- 
less pulley as in Fig. 4.20. If the system is released from rest 
when mz is at 0. 5m above the ground, use the principle of 
conservation of energy to determine the speed with which m 
will hit the ground. 


Solution 4.16 If air resistance is neglected, the only force 
acting in the masses-earth system is the gravitational force 
between them and hence the total mechanical energy of the 
system is conserved, i.e., 


Kp+ Up = Kit Uj 


Fig.4.20 Two masses connected 
by a light rope that passes over a 
massless frictionless pulley 


my 
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Because the two masses are connected by a rope, they have 
the same speed at any instant. If m2 descends a distance h, m 
will rise through the same distance and we have 


1 2 1 2 
gry + z” + mgh = mgh 


1 
zm + m2)v? = g(mz —m4)h 


and therefore 


(pu — mı) p22 m)(9.8 m/s2)(4kg) 
v= = = 1.7m/s 


mitm) (14kg) 


Example 4.17 A 0.25 kg ball is attached to alight string of 
length L = 0.5m as in Fig. 4.21. Find (a) the tension in the 
string at B(9 = 10°) if the ball is given an initial velocity 
Va = 0.5m/s at its lowest position; (b) the velocity of the 
ball at A if the ball is released from rest at B. 


Solution 4.17 (a) At point B some of the kinetic energy of 
the ball is converted into potential energy By taking the origin 
of the x-y coordinates at the lowest point A, we have 


Kp +Uşf = Ki + Ui 


1 2 1 2 
zb + mgL(1 — cos 0) = za +0 
and therefore we get 
an2 
v, = v4 — 2gL(1 — cos 0) (4.4) 


Applying Newton’s second law along the radial direction to 
the ball at B we have 


Fig. 4.21 A ball attached to a light string 
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T —mgcosé = (4.5) 


mv? 
L 
Substituting Eq. 4.4 into Eq. 4.5 gives 
Ub a9 
T =mgcosé + pa — 2gL(1 — cos 0)) 


thus 
y2 
T= m( gcose + L - 2g + 2g cos0 ) 


and hence 


z 
T = m(3gc0s0 — 2g + r) 


Substituting the values of 0 and vg gives T = 2.5 N. 
(b) If v, = 0, we have from Kf + Uş = Ki + Ui 


1 
zma +0=0+mgL(i — cos 0) 


hence 


Va = y2gL(1 — cos 0) = 208 m/s2)(0.5 m)(1 — cos 10°) = 0.4m/s 


Example 4.18 A3kg block compresses a spring of negligible 
mass a distance of 0.1 m from its equilibrium position as in 
Fig. 4.22. If the surface is frictionless and the force constant 
of the spring is 200 N/m, and the block is free to move, find: 
(a) the speed of the block just as it leaves the spring; (b) the 
maximum height that the block will reach; (c) suppose that a 
part of the horizontal track is rough with a length of 0.05 m, 
find the coefficient of kinetic friction if the block reaches a 
maximum height of 0.014 m. 


Solution 4.18 (a) The only force acting inside the spring— 
mass-—earth system is the spring force that acts on the block. 
This force is conservative and therefore the total mechanical 
energy of the system is conserved. The potential energy of the 
spring is transformed into kinetic energy of the block, 


Kp+Ur = Ki+ Ui 


1 2 1 2 
m mee eda a kx 


0.1m 


Fig.4.22 A3kg block compresses a spring of negligible mass a distance 
of 0.1 m from its equilibrium position 
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and therefore 


k , (200N/m) 


2 2 
= = 0.1 
"tim Gay "S 
this gives vr = 0.82 m/s. 
(b) 
Kp +Upf = Ki + Ui 
1 2 
0 +mgh = z™i +0 
and hence 


na v? _ (0.8.2 m/s)? 


= = 0.034 
2g  2(9.8m/s2) = 


We can also take the initial position before the block is 
released. 
(c) 
Kf a Ur = K; + Ui + AKin,nc 


1 
O+mgh =0+ z — fid 
along the rough surface fg = ugmgd, and therefore 
Lg 
ukmgd = aks — mgh 


thus 


uk (3 kg) (9.8 m/s?) (0.05 m) = Zeo N/m) (0.1)? — (3 kg) (9.8 m/s?) (0.014) 


That gives ug = 0.2 


Example 4.19 A small stone of mass 0.1 kg is released from 
rest inside a large hemispherical bowl of radius R = 0.2 m. It 
then slides along the surface as in Fig. 4.23. (a) Find the speed 
of the stone at point B and C; (b) If the surface of the bowl is 
not frictionless, how much energy is dissipated by friction as 
the stone moves from A to B if the speed at B is 1.7 m/s? 


B 


Fig. 4.23 A small stone of mass 0.1 kg is released from rest inside a 
large hemispherical bowl of radius R = 0.2m 
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Solution 4.19 (a) 
Kf + Up = Ki + Ui 
l 9 
z””8 +0=0+mgR 


thus 


vg = y2gR = (20.8 m/s?) (0.2m) = 2m/s 


At point C some of the kinetic energy at B is converted into 
potential energy and we have 


1 4 R 1 4 
amc + mg as, = iad a 


3 3 
ve =v — 58k= (2m/s)? — 5 (9-8m/s*)(0.2m) 


and therefore vc = 1 m/s. 

(b) If a force of kinetic friction exists between the stone 
and the bowl, the total mechanical energy at point B is given 
by 

Ef = E; + AKext 


where the stone is considered as the system, therefore 


Kp +Uf = Ki + Ui + AKext 


1 
55 +0=0+mgR+AKex 
hence the energy dissipated by friction is 

AKext = im? — mgR = (0.1 kg) (307 m/s)? — (9.8 m/s?) (0.2 m) = 
—0.05 J 


Example 4.20 A skier starts at the top of a frictionless incline 
as in Fig. 4.24. Find the velocity with which he will leave the 


second incline. 


Solution 4.20 From the conservation of energy the velocity 
when he leaves the track is 


Kf+Uf= Ki +Uj 


1 
zm»? + mgh =mgh, 


v = y2g(hı — h2) = 2098 m/s*)((20 m) — (10 m)) 


That gives v = 14 m/s. 
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20m 
10m 


Fig. 4.24 A skier slides from rest on top of an incline 


A 


Fig.4.25 A0.4kg stone is released from rest at point A where h 4 = 2m 


Example 4.21 A 0.4 kg stone is released from rest at point A 
where h 4 = 2 m (see Fig. 4.25). It then slides without friction 
along the track shown where R = 0.5 m. Determine: (a) the 
speed of the stone at B; (b) the normal force exerted on the 
stone at B; (c) the magnitude of the total acceleration of the 
stone at C; (d) the minimum height in which the stone must 
be released such that it does not fall off the track. 


Solution 4.21 (a) From the conservation of energy, we have 


1 
mgh,a = 5B +2mgR 


vg = y2g(h4 — 2R) = (20.8 m/s2)((2m) — 2(0.5 m)) = 4.43 m/s 
(b) From Newton’s second law, we have 
2 
VB 
n+mg=m— 
oR 


v2 [ae m/s)? 


B 2 
=m—— = (0.4k — (9. = 11.78 N 
n=m A mg = ( g) (0.5m) (9.8 m/s ] 8 


(c) The velocity of the stone at C is 


vc = V2g(ha — R) = (20.8 m/s”)((2m) — (0.5m)) = 5.42 m/s 
Therefore, the radial acceleration at C is 


ve _ (5.42m/s)? 


= 2 
R 05m) = 58.8 m/s 


ar = 


The tangential force exerted on the stone at C is its weight 
F, = —mg, hence the tangential acceleration of the stone at 
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C is a; = —g and the magnitude of the total acceleration is 


a= Ja? +a? = 68.8 m/s2)? + (—9.8 m/s)? = 59.6 m/s? 


(d) When the stone is at the verge of falling at B, then the 
only force acting on it is the force of gravity and we have 
mg = mv% / R, v3 = g R. From conservation of energy 


vg = y 28 (hA min — 2R) 


or 
2g(hamin — 2R) = gR 


and 


R 
h Amin = > +2R = (0.25m) + (1 m) = 1.25m 


4.5.5 Power 


Expanding on the definition of power, power is the rate of 
energy transfer due to a force. If AE is the amount of energy 
transferred in an amount of time Afr, the average power is 


— AE 
P= 
At 


The instantaneous power is then 


. AE dE 
P= lim — = — 
At>0 At dt 


4.5.6 Energy Diagrams 


Consider a particle that is a part of an isolated system where 
only internal conservative forces act. Suppose this particle 
is moving along the x-axis while a conservative force that 
depends only on the position of the particle acts on it. For 
simplicity, we will assume that is the only force acting on 
the system and that it does work only on that particle. The 
potential energy of the system as a function of the particle’s 
position (x) is shown in Fig. 4.26. At any point F (x) is given 
by 


That is, it is the negative of the slope of the curve at that 
point. Because this force is conservative it follows that the 
total mechanical energy of the system is conserved. Therefore 
the kinetic energy of the particle as a function of position is 
given by 

K(x) = E — U(x) 
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Fig.4.26 The potential energy of the system as a function of the parti- 
cle’s position (x) 


On the U versus x curve, the kinetic energy at any point can 
be found by subtracting the value of U (at that certain point) 
from E. 


4.5.7 Turning Points 


A turning point is a point in which the particle changes its 
direction of motion. The points x1, x3, x5 and x7 are all turning 
points. 


4.5.8 Equilibrium Points 


Equilibrium points occur in general when VU = 0. Inthe case 
of one dimensional motion it occurs when dU (x)/dx = 0, 
i.e. when F(x) = 0. 


4.5.9 Positions of Stable Equilibrium 


If at an equilibrium point d*U(x)/dx? > 0, then U(x) is a 
minimum at that point. The point is then said to be a position 
of stable equilibrium, i.e., any minimum on the U(x) curve is 
a position of stable equilibrium. Another method to find the 
position of stable equilibrium is to find the sign of F(x) at 
each side of the point. As an example, consider the point x2. 

This point is a position of stable equilibrium since if the 
particle is displaced slightly to the right of x2 then dU (x)/dx 
is positive which leads to F (x) being negative and the particle 
will accelerate back towards x2. On the other hand, if the 
particle is displaced slightly to the left of x2, then dU (x)/dx 
is negative and thus F(x) is positive and the particle will 
also accelerates back to x2. Therefore, because F (x) tends to 
restore the particle back to that position when the particle is 


4.5 Conservation of Mechanical Energy 


U 


Fig. 4.27 The potential energy of a mass-spring system as a function 
of x 


displaced in either direction, it is called a position of stable 
equilibrium. x6 is also a position of stable equilibrium. 


4.5.10 Positions of Unstable Equilibrium 


If at an equilibrium point d7U(x)/dx? < 0, then U(x) is 
maximum at that point, and the point is called a position of 
unstable equilibrium. In Fig. 4.26, x4 is a position of unstable 
equilibrium since if the particle is slightly displaced to the 
right of x4, F(x) is positive and the particle will accelerate 
away from x4. If the particle is displaced to the left of x4, F (x) 
is negative and the particle will also accelerate away from that 
position. Therefore, because F(x) tends to repel the particle 
away from that position, it is called a position of unstable 
equilibrium. In general this force tends to move the particle 
towards the minimum value of U(x). Figure4.27 shows the 
potential energy of a mass—spring system as a function of x. 


4.5.11 Positions of Neutral Equilibrium 


Any point in a region where U (x) is constant and F(x) = 0 
is called a position of neutral equilibrium. xg is a position of 
neutral equilibrium. If the particle is slightly displaced to the 
right or left of xg, no restoring or repelling forces will act on 
the particle and it will remain stationary The position of the 
particle as a function of time can be obtained from 


U(xy)+ K(x) =E 


1 a 
U(x) + mv =E 


2 
[E — U(x)] 


m 


v= © 
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x(m) 


Fig.4.28 The potential energy of a particle as a function of its displace- 
ment 


or 


hence 


pas f dx 
t +/Ž[E -Uœ 


By evaluating this integral, we would obtain the time as a 
function of the position, then by solving for x we get the 
position as a function of time. 


Example 4.22 Figure4.28 shows the potential energy of a 
particle as a function of its displacement. Find: (a) the values 
of x where the particle is in stable or unstable equilibrium; 
(b) the direction of the force acting on the particle at 0.5 m. 


Solution 4.22 (a) We have x = 1m and x = 4m are posi- 
tions of stable equilibrium, x = 3 m is a position of unstable 
equilibrium. 

(b) At 0.5 m, dU(x)/dx is negative and hence F(x) is 
positive which means that the particle will accelerate in the 
positive x-direction. 


Example 4.23 Consider a block attached to a light spring and 
released from rest at x = A. Find the position of the block as 
a function of time using energy methods. 


Solution 4.23 


; Da dx A dx 
u=A +/Ž[E-U@œ@] PHA 4,/2[(1/2)KA2 — (1/2)kx?] 


xX 


d 
VIA? — x°] 


dx af 
= 
+,/£[A2 — x2] k Jxi=A 
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_ jm |- cos7! OL. _, jm [- cos7! 5] 7. A 5 kg block slides down an inclined plane of angle 50° 
Vk A Vk A (see Fig. 4.30). Using energy methods, find the speed of 


the block just as it reaches the bottom if the coefficient of 
( k ) 1 (% kinetic friction is ug = 0.2. 
—cos{ +,/—t] = cos (cos (=)) 


8. A block of mass of 2 kg is pressed against a light spring 

of force constant 400 N/m (see Fig. 4.31). If the compres- 

or sion of the spring is 10cm, find the maximum height the 
x = Acos io block will reach when it is released. 

m 9. A force acting on a particle is given by F = —fy7j. Find 

the work done in moving the particle along the path shown 


Since cos(+0) = @ and —cos@ = cos@. In Chap. 10, we in Fig. 4.32. 


will see that this equation represents the equation of a simple 
harmonic motion. 


Fig.4.30 A block slides down 
Problems an inclined plane > 


1. A force acting on a particle varies with position as in 
Fig. 4.29. Find the work done by the force as the particle 
moves from x = 0 tox = 8m. 3m 

2. A force F = (3i+ j—5k) N acts on a particle that under- 
goes a displacement r = (—2i+ 3j — K) m. Find the work 
done by the force on the particle. 

3. A5 kg block is pulled from rest on a rough surface by a = a as 
constant force of 10 N that is at 30° to the horizontal. If 
the coefficient of kinetic friction between the block and 
the surface is 0.15, find the final speed of the block as 
it moves through a displacement of 2 m using the work- 
energy theorem. 

4. Calculate the work done against gravity in moving a 30 
kg box through a height of 6m. 

5. A 1600 kg car accelerates from rest at a rate of 1 m/s”. 
Find the average power delivered to the car during the 
first 5 s. 

6. Determine whether or not the force F = —mw?(xi+ yj) 
is conservative, where w is constant and m is the mass 
of the particle. If the force is conservative determine the 
potential energy associated with it. 


Fig. 4.31 A block pressed 
against a light spring and released 


y(m) 


FN) 


x(m) 


123456789 


Fig. 4.29 A force acting on a particle varies with position Fig.4.32 The work done in moving the particle along a closed path 
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Fig.4.33 Two blocks connected 
by a light rope that passes over a 
massless frictionless pulley 


2kg 


U(x)(J) 


12345678 


Fig. 4.34 The potential energy versus displacement of a particle 


5kg 


x(m) 


Fig. 4.35 A block of mass m resting on a hemispherical mound of ice 


10cm 


m = 3kg 


Fig.4.36 A block hanging from a spring 
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U(x) 


Fig. 4.37 The potential energy versus position of a particle 


10. 


11. 


12. 


13. 


14. 


Two blocks are connected by a light rope that passes over 
a massless frictionless pulley (see Fig. 4.33). If the system 
is released from rest, find the total kinetic energy of the 
blocks when the 5 kg block descends a distance of 0.5m 
assuming that the surface is frictionless. 

A particle of mass 1.5 kg moves along the x-axis where 
its potential energy varies as in Fig. 4.34. Plot the force 
F(x) versus x from x = 0 tox = 8m. 

A block of mass m rests on a hemispherical mound of 
ice as shown in Fig. 4.35. If it is given a very small push 
and start sliding, find the height of the point in which the 
block will lose contact with the mound. 

A 3 kg block hangs from a spring as in Fig. 4.36. If the 
spring stretches a distance of 10cm, find (a) the force 
constant of the spring (b) the work done in expanding the 
spring a distance of 5cm without accelerating it. 

In Fig. 4.37, determine the Turning points and the posi- 
tions of stable and unstable equilibrium. 
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Impulse, Momentum, and Collisions 


5.1 Linear Momentum and Collisions 

When two billiard balls collide, in which direction would they 
travel after the collision? Ifa meteorite hits the earth, why does 
the earth remain in its orbit? When two cars collide with each 
other, why is one of the cars more damaged than the other? 
We will find that to answer such questions, new concepts must 
be introduced. 

Consider the situation where two bodies collide with each 
other. During the collision, each body exerts a force on the 
other. This force is called an impulsive force, because it acts 
for a short period of time compared to the whole motion of the 
objects, and its value is usually large. To solve collision prob- 
lems by using Newton’s second law, it is required to know 
the exact form of the impulsive forces. Because these forces 
are complex functions of the collision time, it is difficult to 
find their exact form and would make it difficult to use New- 
ton’s second law to solve such problems. Thus, new concepts 
known as momentum and impulse were introduced. These 
concepts enable us to analyze problems that involve colli- 
sions, as well as many other problems. 

The law of conservation of momentum is especially used 
in analyzing collisions and is applied immediately before and 
immediately after the collision. Therefore, it is not necessary 
to know the exact form of the impulsive forces, which makes 
the problem easy to analyze. Next, we will discuss and verify 
the concepts of momentum and impulse, and the law of con- 
servation of momentum. The linear momentum (or quantity 
of motion as was called by Newton) of a particle of mass m 
is a vector quantity defined as 


p=mv 


where y is the velocity of the particle. A fast moving car has 
more momentum than a slow moving car of the same mass. 
Another example is that a bowling ball has more momentum 
than a basketball moving at the same speed. The SI unit of 
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linear momentum is kg.m/s. In terms of components, we may 
write py = MVy, py = mvy, and p; = mv. Newton’s second 
law can be expressed in terms of momentum for a particle-like 
object of constant mass as 


£F = ma = a = allie) 
dt dt 
or F 
xF = P 
dt 


That is, the rate of change of the linear momentum of an object 
is equal to the resultant force acting on the object and is in the 
same direction as that force. 


5.2 Conservation of Linear Momentum 
The law of conservation of linear momentum states that if the 
net external force acting on a system equals zero (isolated) 
and if there is no mass exchange with the surroundings of the 
system (closed), then the total linear momentum of the system 
remains constant. To show that, consider an isolated system 
consisting of two particles where the only forces that act in 
the system are internal forces (see Fig. 5.1). The total linear 
momentum of the system at any particular time is given by 
Prot = P1 + P2 (5.1) 
If the net force exerted on particle 2 by particle 1 is F24, then 
from Newton’s third law, the net force exerted on particle 1 
by particle 2 is F12, That is 


Fi. = —F 


Differentiating Eq.5.1 with respect to time and by using 
Newton’s second law, we have 
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F;2 P2 
F; 


mı 


m2 


Fig.5.1 An isolated system consisting of two particles where the only 
forces that act in the system are internal forces 


Prot dp, | dpo 
P7 ai a 12 + F21 12 12=0 


That is, 
Prot = constant 


or 
Pi = Pf 


That is, the linear momentum of each particle may change, 
but the total linear momentum of the system is the same 
at all times. This statement is known as the law of con- 
servation of linear momentum: Jf the net external force on 
a system is zero, the total linear momentum of the system 
remains unchanged (constant). In terms of components, we 
have pix = P fx, Piy = P fy, and piz = p fz. In solving prob- 
lems involving collisions, p; and p f refers to the total momen- 
tum of the system immediately before and immediately after 
the collision, respectively. For a two-particle system, we have 


Pii + P2i = Pif + P2f 


From the principle of invariance, the law of conservation of 
momentum is valid with respect to any inertial frame of refer- 
ence. Furthermore, as the law of conservation of energy, the 
law of conservation of momentum is valid in relativity and 
quantum mechanics. 


5.3 Impulse and Momentum 

Impulse is a quantity that defines how a certain force acting 
on a particle changes the linear momentum of that particle. 
Now, consider a time-dependent force acting on a particle. 
From Newton’s second law (F = dp/dt), we have 


dp = Fdt 
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> 


F(t) 


At 


Fig.5.2 One example of the variation of F over time 


Pf 
J dp = f Fdt 
Pi ti 


tf 
Pf — Pi =ap= | Fdt 
ti 
The right side of the equation is a vector quantity known as 


the impulse I 
tf 
I= f Fdt 
ti 


I= AP 


Hence, 


Which is known as the impulse-momentum theorem. In com- 
ponent form, we have J, = Apx, Iy = Apy, and I, = Ap;. 
That is, the impulse of a force that acts on a particle during 
a time interval is equal to the change in the momentum of the 
particle during that interval. The direction of the impulse is 
in the same direction as the change of momentum. If F has 
a constant direction, the variation of its magnitude with time 
may be of the form as shown in Fig. 5.2. The average of F is 


given by 
1 tf 
= — f Fdt 
At Ji, 


And thus, I can be written as 


"| 


I= Ap=FAt 


That is, F is a constant force that gives the same impulse as F. 
In the case of a collision between two bodies, the variation of 
the impulsive force that each body exerts on the other during 
the collision time takes the form as shown in Fig. 5.2. 


5.4 Collisions 

As discussed previously, when two bodies collide, they exert 
large forces on one another (during the time of the collision) 
called impulsive forces. These forces are very large such that 


5.4 Collisions 


any other forces ( e.g., friction or gravity) present during the 
short time of the collision can be neglected. This approxima- 
tion is known as the impulse approximation. For example, if a 
golf ball was hit by a golf club, the change in the momentum 
of the ball can be assumed to be only due to the impulsive 
force exerted on it by the club. The change in its momen- 
tum due to any other force present during the collision can be 
neglected. That is, the force in the expression I = Ap = FAt 
can be assumed to be the impulsive force only The neglected 
forces present during the collision time are external to the two- 
body system, whereas the impulsive forces are internal. The 
two-body system can therefore be considered to be isolated 
during the short time of the collision (which is in the order 
of a few milliseconds). Hence, the total linear momentum of 
the system is conserved during the collision, which enables 
us to apply the law of conservation of momentum immedi- 
ately before and immediately after the collision. In general, 
for any type of collision, the total linear momentum is con- 
served during the time of the collision. That is, pj = pf., 
where p; and pr are the momenta immediately before and 
after the collision. In the next sections, we will define various 
types of two- body collisions, depending on whether or not 
the kinetic energy of the system is conserved. 


Example 5.1 A 50g golf ball initially at rest is struck by a 
golf club. The golf club exerts a force on the ball that varies 
during a very short time interval from zero before impact, to 
a maximum value and back to zero when the ball is no longer 
in contact with the club. If the ball is given a speed of 25 m/s, 
and if the club is in contact with the ball for 7 x 1074s, find 
the average force exerted by the club on the ball. 


Solution 5.1 The impulse of the force is 
I = Ap = mvş — 0 = (0.05 kg)(25 m/s) = 1.25 kg - m/s 
the average force exerted on the ball by the club is then 


I _ (1.25kgm/s) 


F= = 
At (7x 1074s) 


= 1785.7N 


Example 5.2 A canon placed on a carriage fires a 250 kg ball 
to the horizontal with a speed of 50m/s. If the mass of the 
canon and the carriage is 4000kg, find the recoil speed of the 
canon. 


Solution 5.2 Because there are no external horizontal forces 
acting on the cannon-carriage-ball system, then the total 
momentum of the system is constant (conserved) in the x- 
direction 


P fx = Pix 


mV f + mvf = 0 
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therefore, 


(250 kg) 
(4000 kg) 


vf = vf = (50m/s) = —3.1 m/s 


i.e., the cannon recoils in the negative x-direction. 


Example 5.3 A hockey puck of mass 0.16kg traveling on a 
smooth ice surface collides with the court’s edge. If its initial 
and final velocities are vi = —2 im/s and vf = 1 im/s and if 
the hockey puck is in contact with the wall for 2 ms, find the 
impulse delivered to the puck and the average force exerted 
on it by the wall. 


Solution 5.3 


I P=Pf-Pi (0.16 kg)((1m/s) — (—2 m/s))i = 0.48i kg - m/s 


myf — myi 


I (0.48 ikg- m/s) 
At (0.002s) 


F = = 240 iN 


Example 5.4 A 0.5kg hockey puck is initially moving in the 
negative y-direction as shown in Fig. 5.3, with a speed of 
7m/s. If a hockey player hits the puck giving it a velocity 
of magnitude 12 m/s in a direction of 60° to the vertical, and 
if the collision lasts for 0.008 s, find the impulse due to the 
collision and the average force exerted on the puck. 

Solution 5.4 Along the x-direction, we have 


Pix = MVix =0 


and 


Pfx = mv fx = (0.5kg)(12m/s) cos 30° = 5.2kg - m/s 


along the y-direction, we have 


Fig. 5.3 A hockey player changing the momentum of the puck 
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Piy = mviy = (0.5kg)(—7 m/s) = —3.5 kg - m/s 
and 
Pry = my fy = (0.5kg)(12 m/s) sin 30° = 3 kg - m/s 
Therefore, the impulse of the force in each direction is 
Ix = pfx — Pix = (5.2 kg- m/s) — 0 = 5.2 kg - m/s 
and 
Ty = Pfy—Piy = B kg-m/s)—(—3.5kg-m/s) = 6.5 kg-m/s 


I = (5.2 i + 6.5 j)kg- m/s 


[= /6-2kgm/s)? + (6.5kgm/s)? = 8.3kg- m/s 
The direction of the impulse is 


Iy _ (6.5kg-m/s) _ 


= = 1.25 
I, (6.2kg-m/s) 


tand = 


6 = 51.3° 


where 0 is measured from the positive x-axis. The average 
force acting on the puck is 


I _ (8.3kg- m/s) 
At (0.008) 


F= = 1037.5N 


Example 5.5 Two ice skaters of masses mı = 50kg and 
mı = 62kg standing face to face push each other on a fric- 
tionless horizontal surface. If skater (1) recoils with a speed 
of 5m/s, find the recoil speed of the other skater. 


Solution 5.5 For the two-skater system, the sum of the verti- 
cal forces are zero (weight and normal forces) and the forces 
exerted by one skater on the other is internal to the system. 
That is, there are no external forces acting on the system and 
the total momentum is conserved. Because the motion takes 
place in a straight line, we have 


Pii + P2i = Pif + P2f 


0 = miıvif + mv2f 


and hence, 


-mı —(S0kg) 


es = —— (5 = —4.03 
vaf a vif (62kg) (5 m/s) m/s 
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Example 5.6 A particle is moving in space under the influ- 
ence of a force. If its momentum as a function of 
time is 


p = (4? + Hi — Bt — Dj + (5 + 20k) kg. m/s 


(a) Find the force acting on the particle at any time; (b) Find 
the impulse of the force from t = 0 tot = 1s. 


Solution 5.6 (a) 


d 
F= 2 


g T ((8t + Di- 35+ (15t? + 2)k)N 


(b) 
I = Ap = (5i — 2j + 7k) — j = (5i — 3j + 7k) kg.m/s 


5.4.1 Elastic Collisions 

An elastic collision is one in which the total kinetic energy, 
as well as momentum, of the two-colliding-body system is 
conserved. These collisions exist when the impulsive force 
exerted by one body on the other is conservative. Such force 
converts the kinetic energy of the body into elastic potential 
energy when the two bodies are in contact. It then recon- 
verts the elastic potential energy into kinetic energy when 
there is no more contact. After collision, each body may 
have a different velocity and therefore a different kinetic 
energy. However, the total energy as well as the total momen- 
tum of the system is constant during the time of the colli- 
sion. An example of such collisions is those between billiard 
balls. 


5.4.2 Inelastic Collisions 

An inelastic collision is one in which the total kinetic energy 
of the two-colliding-body system is not conserved, although 
momentum is conserved. In such a collision, some of the 
kinetic energy of the system is lost due to deformation and 
appear as internal or thermal energy. In other words, the 
(internal) impulsive forces are not conservative. Therefore, 
the kinetic energy of the system before the collision is less 
than that after the collision. If the two colliding objects 
stick together, the collision is said to be perfectly inelas- 
tic. There are some types of collisions in which the total 
kinetic energy after the collision occurs is greater than that 
before it occurs. This type of collision is called an explosive 
collision. 


5.4 Collisions 


-@ 


V2i m2 


CO 


V2f 


Vif 


Fig. 5.4 Two particles of masses mı and m2 experiencing an elastic 
head-on collision 


mı Vii 


5.4.3 Elastic Collision in One Dimension 


When a collision takes place in one dimension, it is referred 
to as a head-on collision. Consider two particles of masses 
mı and mz experiencing an elastic head-on collision as in 
Fig.5.4. Applying the law of conservation of energy and the 
law of conservation of linear momentum gives 


MIVii + M2V2i = MV f + M2V2f 


1 1 
=miVi f + <mM2V5 5 


1 
2 2 
zmıvi; + =M2V7; = 5 5 


2 2 


Solving these equations for vı f and v2 ¢, we get 
mı — m2 2m2 
mı + m2 mı + m2 


pee RN a On. 
2f mi +m li mı +m 2i 


5.4.3.1 Special Cases 
1. If m = m, it follows from Eqs. 5.2 and 5.3 that vı f = v2; 
and v2f = vı;. In other words, if the particles have equal 
masses they exchange velocities. 

2. If mz is stationary (v2; = 0) , then from Eqs.5.2 and 
5.3, we have 


(5.2) 


(5.3) 


ee ( (5.4) 

f= mı +m? 1 ` 
2 

vs = (vi; (5.5) 
mı +m? 


In that case mz is called the target and m; is called the pro- 
jectile. Furthermore, if mı >> m2, then from Eqs. 5.4 and 5.5, 
we find that vif ~ vy; and v2f © 2v4;. While if m2 >> mj, 
then from Eqs.5.4 and 5.5, we see that vif œ% —vj;, and 
vf X vi = 0. 


5.4.4 Inelastic Collision in One Dimension 

Figure 5.5 shows a one-dimensional (head-on) perfectly inelas- 
tic collision between two particles of mass mı and m2. Here, 
the kinetic energy of the system is not conserved, but the law 
of conservation of linear momentum still holds 
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(m +m) 


Fig. 5.5 A one dimensional (head-on) perfectly inelastic collision 
between two particles of mass mı and m2 


MV; + MV2; = (mı + m2)Vf 


yra M1V1i + M2V2i 
f mid m3 


5.4.5 Coefficient of Restitution 


For any collision between two bodies in one dimension, the 
coefficient of restitution is defined as 


_ vat — Vif 
Vli — 


e 
V2i 


where vı; and vz; are velocities before the collision. vı ¢ and 
v2f are velocities after the collision. |vj; — v2;| is called the 
relative speed of approach and |v2 f — vı f | is the relative speed 
of recession. 


e Ife = 1 the collision is perfectly elastic. 

e Ife < 1 the collision is inelastic. 

e Ife = 0 the collision is perfectly inelastic (the two bodies 
stick together). 


Example 5.7 Two marble balls of masses mı = 7kg and 
m2 = 3kg are sliding toward each other on a straight fric- 
tionless track. If they experience a head-on elastic collision 
and if the initial velocities of mı and mz are 0.5m/s to the 
right and 2 m/s to the left, respectively, find the final velocities 
of mı and m2. 


Solution 5.7 For an elastic head-on collision, we have 


= 2 
vif (= a ( m Jrz (0.4)(0.5 m/s)+(0.6)(—2 m/s) = —1 m/s 
mı + m2 mı +m2 


2 pay 
wj (> iiss vu (= ae (1.4)(0.5 m/s) +(—0.4)(—2 m/s) = 1.5m/s 
1 +m2 


mı + m2 


Example 5.8 The ballistic pendulum consists of a large 
wooden block suspended by a light wire (see Fig. 5.6). The sys- 
tem is used to measure the speed of a bullet where the bullet 
is fired horizontally into the block. The collision is perfectly 
inelastic and the system (bullet+-block) swings up a height h. 
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Fig. 5.6 The ballistic pendulum consists of a large wooden block sus- 
pended by a light wire 


IfM = 3kg,m = 5 gandh = 5cm, find (a) the initial speed of 
the bullet; (b) the mechanical energy lost due to the collision. 


Solution 5.8 (a) Using the impulse approximation, the law 
of conservation of momentum gives the velocities just before 
and after the collision when the string is still nearly vertical. 
For a perfectly inelastic collision, the total momentum is con- 
served but the total kinetic energy is not conserved during the 
collision. Thus, we have 


mvi; = (m + M)yf 


(m+ M) 
li = ————— vf 
m 


After the collision, the energy of the (bullet +block+earth) 
system is conserved since the gravitational force is the only 
force acting in the system. 


Ei = Ef 
1 2 
z HMw} = (m + M)gh 


vf = y 2gh 


That gives 


__ (m+M) (3.005 kg) 5 E 
nis V2gh = 0005kg) V 2O 8S )(0.05 m) = 595 m/s 


(b) The kinetic energy of the bullet before collision is 


1 1 
5Mmvj; = 50.005 kg)(595 m/s)? = 885 J 


After collision, the kinetic energy of the (bullet+block) is 


Lon H My} = (m + M) (gh) = (3.005 kg)(9.8 m/s?) (0.05 m) = 1.5 J 
therefore, 


AE = (885 J) — (1.5 J) = 883.5 J 
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V2i Vii 
— —_— 
m2 m] 


Fig. 5.7 Two blocks colliding head-on on a frictionless surface 


That is, nearly, all the mechanical energy is dissipated and 
converted into internal (thermal) energy of the (block+bullet) 
system. 


Example 5.9 Two masses mı = 0.8kg and m2 = 0.5kg 
are heading toward each other with speeds of 0.25m/s and 
—0.5 m/s, respectively. If they have a perfectly inelastic col- 
lision, find the final velocity of the system just after the colli- 
sion. 


Solution 5.9 
mivyi + mava; _ (0.8kg)(0.25 m/s) ~ (0.5kg)(0.5m/s) _ ony 
(mı +m2) (1.3 kg) ` 


Example 5.10 Two blocks mı = 2kg and m2 = 1 kg collide 
head-on with each other on a frictionless surface (see Fig. 5.7. 
If v; = —10 m/s and v; = 15m/s and the coefficient of 
restitution is e = 1/4, determine the final velocities of the 
masses just after the collision. 


Solution 5.10 
V2f — Vif 
e= —— 
Vii — V2i 
l _ vag = Vig 
4  (—25m/s) 


v2f — Vig = —6.25 m/s (5.6) 
From the conservation of momentum, we have 
mıvii + M2V2j = Mı vif + M2V2F 
(2kg)(—10 m/s) + (1kg)(15 m/s) = (2kg)v1 f + (1 kg)v2f 
That gives 
vaf + (2kg)vıf = —5 m/s (5.7) 


Solving Eqs. 5.6 and 5.7 gives vı f = 0.42 m/s and v2 ¢ = 
—5.83 m/s. 


Example 5.11 A mı = 5g bullet is fired horizontally at the 
center of a wooden block with a mass of mz = 2kg. The 
bullet embeds itself in the block and the two slides a distance 


5.4 Collisions 


of 0.5 m on a rough surface (ug = 0.2) before coming to rest. 
Find the initial speed of the bullet. 


Solution 5.11 Applying the law of conservation of momen- 
tum immediately before and after the collision gives 


Pix = Pfx 
mv; +0 = (mı + m2)vf 


__ (2.005 kg) 


= L ye (401 
(0.005 kgf — “Dye 


Vii 


by taking the (block+-bullet) as the system after the collision 
until it comes to rest, we have 


Kf + Ur = Ki + Ui + A Kext 


that gives 


1 
0= 


= 50m +m2)v} — wen + m)gd 


vf = y2ukgd = /20.2)09.8 m/s?)(0.5m) = 1.4m/s 


Hence, 
vy; = (401)(1.4m/s) = 561.4m/s 


5.4.6 Collision in Two Dimension 


When a collision takes place in space, the total linear momen- 
tum is conserved along each of the x—, y-, and z-directions. 
Thatis, pix = P fx, Piy = P fy, and piz = p fz. Here, we will 
analyze a two-dimensional elastic collision between two par- 
ticles where one particle is moving and the other is at rest as 
shown in Fig. 5.8. This type of collision is known as a glanc- 
ing collision. Since the collision is elastic, it follows that the 
total linear momentum as well as the kinetic energy of the sys- 
tem are conserved. Applying these laws immediately before 
and immediately after the collision, we have pix = pfx and 


Piy = Pfy OF 
M1Viix + M2V2ix = M1V1 fx + M2V2 fx 


and 
M1Vliy + M2V2iy = M1V1 fy + M2V2 fy 


From Fig. 5.8, we have 
mMıvii = M1V1 f COS Ay + M2V2f COS 2 


and 
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Vii a) m 
mı O a2 
m? Vor 


Fig. 5.8 A two dimensional elastic collision between two particles 
where one particle is moving and the other is at rest 


0 = MV fF sin 1 + M2V2 sin a 


Furthermore, 


1 1 1 
2 2 2 

<M Vy, = zmMıvi s + =M2vV 

2 1V1; 2 LYF 2 2Y2f 

Therefore, we have three equations and seven unknown quan- 

tities. By knowing any four of these quantities, the three equa- 

tions for the three variables can be solved. 


Example 5.12 A ball of mass of 2kg is sliding along a hori- 
zontal frictionless surface at a speed of 3 m/s. It then collides 
with a second ball of mass of 5kg that is initially at rest. 
After the collision, the second ball is deflected with a speed 
of 1 m/s at an angle of 30° below the horizontal as shown in 
Fig. 5.9. (a) Find the final velocity of the first ball; (b) show 
that the collision is inelastic; (c) suppose that the two balls 
have equal masses and the collision is perfectly elastic, show 
that 01 + 62 = 90°. 


Vf 


Fig. 5.9 A ball sliding along a horizontal frictionless surface collides 
with a second ball that is initially at rest 
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Solution 5.12 Applying the law of conservation of momen- 
tum immediately before and after the collision in each direc- 
tion gives pix = pfx and piy = p fy. Thus, 


M1Viix + M2V2ix = M1V1 fx + M2V2 fx 


M1Vlix + M2V2ix — M2V2 fx (2kg)(3 m/s) + 0 — ((5kg)(1 m/s) cos(—30)) 
mı (2kg) 


vifs 
vi fx = 0.84m/s 
Along the y-direction, we have 
M1Viiy + M2V2iy = M1V1 fy + M2V2 fy 


T M1Vliy + M2V2iy — M2V2 fy 0 — ((5 kg)(1 m/s) sin(—30°)) 
y= = 


m] (2kg) 


vı fy = 1.25 m/s 


Thus, the final velocity of the first ball is 


vif= [Vi fx + Vi fy = [0.84 m/s)? + (1.25 m/s)? = 1.5 m/s 


The direction of the velocity is 


vify (1.25 m/s) =i 


tan 61 = = = 
vifx  (0.84m/s) 


6, = 56° 


(b) The total kinetic energy before the collision is 


1 2 1 2 
Ki = 5mvī; = 5k89 m/s)” = 9) 


The total kinetic energy after the collision is 


1 1 1 1 
Ky smtp r 523 p 5 (2kg)(1.5m/s)* + 5 OKD m/s)” = 4.75 J 


That is, some of the energy of the system is lost and thus 
the collision is inelastic. 

(c) Ina perfectly elastic collision, both the total momentum 
and the total mechanical energy of the system are conserved. 
That is 


Pix = Pfx 
MViix + M2V2ix = M1Vi fx +M2V2 fx 
(5.8) 


Vii = Vif COS 0i + v2 f COS O2 


Piy = Pfy 
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0= Vif sin 01 = V22F sin 0 


VIF sin i = vf sin 62 (5.9) 
From the conservation of kinetic energy, we have 
1 2 1 2 1 2 
zii = zis + 329 f 
or 
vi; = vif + vis (5.10) 
Substituting Eq. 5.8 into Eq. 5.9 gives 
sin 62 6, + 9 
=y cos COS 
Vii 2f a 01 1+ V2 2 
or in(6, + 6) 
v2 f sin(@) + 
ji E (5.11) 


sin 01 
Substituting Eq. 5.11 into Eq. 5.10 gives 


V5 5 sin? (61 + 62) E V5 sin? 62 


sin? 01 
Therefore, 
sin? (6, + 62) = sin? 0; + sin? 02 


This is satisfied only if 6; + 62 = 90°. 


Example 5.13 A 1200kg car traveling east at a speed of 
18 m/s collides with another car of mass of 2500kg that is 
traveling north at a speed of 23m/s as shown in Fig.5.10. 
If the collision is perfectly inelastic, how much mechanical 
energy is lost due to the collision? 


vf 


v;i = (18 m/s)i 


OT. 


‘ond YY’ x 


5 f V2; = (23 m/s)j 


Fig. 5.10 A 1200 kg car traveling east at a speed of 18 m/s collides 
with another car of mass of 2500 kg that is traveling north at a speed of 
23 m/s 


5.4 Collisions 


Solution 5.13 
Pix = Pfx 
MViix = (mı + m2)Vfx 
M1Vlix (1200 kg)(18 m/s) 
Vfx = = =5.8m/s 
(mı + m2) (3700 kg) 
Piy = Pfy 
M2V2iy = (mı + m2)V fy 
M2V2iy (2500 kg) (23 m/s) 
Vfy= — = = 15.5m/s 
i (mı + m2) (3700 kg) 


v= Vix + Vy = (68 m/s)? + (15.5m/s)? = 16.5 m/s 


The direction of vf is 


P 
Vfx 


_; (15.5m/s) 
an = 


6.8m/s) i 


0 = tan 


from the positive x-axis. The change in the kinetic energy of 
the system is 


1 2 1 2 1 2 
AK =Ky—-—Ki= 5m + m2)vý — z” + z” 2V 


= 5 (3700 kg)(16.5 m/s)? — (3020 kg)(18 m/s)? + 5 (2500kg)(23 m/s?) 
AK =—3.5x 10° J 


5.5 Torque 

Consider a force F acting on a particle that has a position vec- 
tor r with respect to some origin O that is in an inertial frame. 
The torque is a vector quantity that measures the tendency of 
that force to rotate the particle about O and is defined as 


tT=rxF 


The direction of t is perpendicular to the plane formed by 
r and F and its sense is given by the right-hand rule or of 
advance of a right-handed screw rotating from r to F. From 
the vector product definition, this quantity has a magnitude 
given by 

t=rFsing 


where ¢ is the smaller angle between r and F, t is positive 
if the force tends to rotate the particle counterclockwise and 
negative if it tends to rotate it clockwise. If ¢ = 0 or 180°, 
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Fig.5.11 A particle in the x-y plane exposed to a force that lies in that 
plane. The resulting torque is then perpendicular to the x-y plane parallel 
to the z-axis 


the force is radial and thus it has no rotating tendency. In 
component form, we may write 


t =r x F = (xi + yj + zk) x (Fri + Fyj + Fk) 
= (yF; — zFy)i + (zFx — x F})j + (x Fy — y Fx)k 


Let us consider a particle in the x—y plane exposed to a force 
that lies in that plane (see Fig. 5.11). The resulting torque is 
then perpendicular to the x-y plane parallel to the z-axis. t 
can also be written as 

t= Fd 


where d = r sin ġ is called the moment arm of F where it 
represents the perpendicular distance from the axis of rotation 
to the line of action of F as shown in Fig. 5.12. Note that 
because t depends on r, it follows that t depends on the 
choice of the origin O. The force F can be resolved into two 
components F, = F sing and F, = F cos @. Since the line 
of action of F, passes through O, it has no rotating effect. 
Hence, F; is the only component of F that causes rotation. 
The SI unit of torque is the Newton-metre (N m). This unit 
is the same unit of work, but they are different quantities and 
the torque should never be expressed in joules. 


Example 5.14 A force F = (—2ti— (t? — 3)j + 4třk) N acts 


on a particle that has a position vector r = ( — 6i + 5tj + 
t 
G — 1) K) m find the torque of the particle about the origin 
att = 1s. 
Solution 5.14 
i j k 
t=rxF=|—-6 5t (5-1) 
—2t =(t 3) 46 


Evaluating this at tf = 1 s gives 
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X pu 


Fig.5.12 d =rsin¢ is called the moment arm of F and it represents 
the perpendicular distance from the axis of rotation to the line of action 
of F 


t = (2li+ 25j — 2k) N/m 


5.6 Angular Momentum 
The angular momentum L of a particle of mass m and linear 
momentum p is a vector quantity defined as 


L=rxp 


where r is the position vector of the particle relative to an 
origin O that is in an inertial frame. Therefore, as t, L also 
depends on the choice of the origin. Suppose the particle 
moves in the x-y plane (see Fig.5.13). The direction of L 
is then perpendicular to the plane containing r and p and its 
sense is found by the right-hand rule. The magnitude of L is 
given by 
L = mvr sing 


where ¢ is the smaller angle between r and p. This quantity 
is the rotational analog of linear momentum in translational 
motion. If @ = 0 or 180° the particle will move along a line 
passing through O and its angular momentum is zero. The SI 
unit of angular momentum is kg.m7/s. In terms of rectangular 
components, we have 


L =r x p= (xi + yj + zk) x (pxi + pyj + pik) 


= (ypz — Zpy)i+ (Zpx — Xpz)j + (xpy — ypx)k 


5.6.1 Newton’s Second Law in Angular Form 


From the definition of torque, we have 
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Fig. 5.13 If the particle is moving in the x-y plane, then the direction 
of L is perpendicular to the plane containing r and p and is found by the 
right-hand rule 


d(mv) 
tT=rxF=rx 
dt 
dL drxmv) dr d(mv) 
= = x (mv) +r x 
dt dt dt dt 
d 
=v x (mv) +r x WN) 0) pin ai 
dL 
= — 5.12 
ake (5.12) 


This implies that the torque acting on a particle is equal to 
the time rate of change of the angular momentum for that 
particle. This equation is valid only if t and L are evaluated 
with respect to the same origin or any other fixed point in an 
inertial frame. If several forces act on the particle, Eq.5.12 


can be written as 
dL 


xT = — 
í dt 


where Èq is the net torque on the particle. This is the rotational 
analog of Newton’s second law in linear form, which states 
that the net force acting on a particle is equal to the time rate 
of change of its linear momentum. In component form, we 
have Ut, = dL,/dt, Uty = dLy/dt and Xt, = dL, /dt. 


5.6.2 Conservation of Angular Momentum 


The total angular momentum of a particle is constant if the 
net external torque acting on it is zero: 


dL 
UT ext = ae =0 


L = constant 


5.6 Angular Momentum 


¥ 
So 


mouse 


7] 
cat | \ 


Fig.5.14 A cat watching a mouse run by 


m(r x v) = contant 
or 
L; = Ly 


The law of conservation of angular momentum is a funda- 
mental law of physics and it holds in relativity and quantum 
mechanics. Thus, for an isolated system, the linear momen- 
tum and angular momentum are conserved. 


Example 5.15 A cat watches a mouse of mass m run by, as 
shown in Fig.5.14. Determine the mouse’s angular momen- 
tum relative to the cat as a function of time if the mouse has 
a constant acceleration a and if it starts from rest. 


Solution 5.15 Suppose the plane is the x—y plane. Since v = 
at, we have 


L = m(r x v) = mrat cos 0k 


Example 5.16 A 0.2kg particle is moving in the x-y plane. 
If at a certain instant r = 3 m and v = 10 m/s (see Fig. 5.15), 
find the magnitude and direction of the angular momentum 
of the particle at that instant relative to the origin. 


Solution 5.16 


L = m(r x v) = — (mvr sin ġ)k = — (0.2 kg)(10 m/s) (3 m) sin 60°k = (—5.2 k)kg.m?/s 


Example 5.17 A particle is moving under the influence of a 
force given by F = —kr. Prove that the angular momentum 
of the particle is conserved. 


Solution 5.17 


t=rxF=-k(rxr)=0 
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Fig.5.15 A particle moving in the x-y plane 


Since t = dL /dt, it follows that the total angular momentum 
of the particle is conserved. That is, 


L = constant 


Example 5.18 A particle is moving in a circle where its 
position as a function of time is given by the expression 
r = a(cos wti + sinwtj) , where w is a constant. Show that 
the total angular momentum of the particle is constant. 


Solution 5.18 


ar 
v= at a(—o sin wti + wcos wtj) 


L=m(rxv)= ma?[(cos æti + sinwtj) x (—@ sin wti + w cos wtj)] 


= ma (œ cos? wtk + w sin? otk) 
= mwa’k = constant 
Problems 


1. A tennis ball of mass of 0.06kg is initially traveling at an 
angle of 47° to the horizontal at a speed of 45 m/s. It then 
was shot by the tennis player and return horizontally at a 
speed of 35 m/s. Find the impulse delivered to the ball. 

2. A force on a 0.5 kg particle varies with time according to 
Fig. 5.16. Find (a) The impulse delivered to the particle, 
(b) the average force exerted on the particle from t = 0 
tot = 6s(c). The final velocity of the particle if its initial 
velocity is 2 m/s. 

3. A 1kg particle moves ina force field given by F = (271+ 
(5t — 3)j — 6tk) N. Find the impulse delivered to the 
particle during the time interval from ¢t = 1s tot = 3s. 

4. A boy of mass 45kg runs and jump with a horizontal 
speed of 4.5 m/s into a 70kg cart that is initially at rest 
(see Fig. 5.17). Find the final velocity of the boy and the 
cart. 
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t(s) 


Fig.5.16 A force acting on a particle varies with time 


4.5m/s 


Fig.5.17 A boy jumps on a cart that is initially at rest 


Fig.5.18 A ball bouncing off a smooth surface 


5. A rubber ball of mass of 0.2kg is dropped from a height 
of 2.2 m. It re- bounds to a height of 1.1 m. Find (a) the 
coefficient of restitution, (b) the energy lost due to impact. 

6. A 1200kg car initially traveling at 12 m/s due east col- 
lides with another car of mass of 1600 kg that is initially 
at rest. If the cars become entangled after the collision, 
find the common final speed of the cars. 

7. Figure 5.18 shows a ball that strikes a smooth surface with 
a velocity of 20 m/s at an angle of 45° with the horizontal. 
If the coefficient of restitution for the impact between the 
ball and the surface is e = 0.85, find the magnitude and 
direction of the velocity in which the ball rebounds from 
the surface. (Hint: use the velocity components in the 
direction perpendicular to the surface for the coefficient 
of restitution). 

8. Two gliders moving on a frictionless linear air track expe- 
rience a perfectly elastic collision (see Fig. 5.19). Find the 
velocity of each glider after the collision. 

9. A bullet of mass of m is fired with a horizontal velocity v 
into a block of mass M. The block is initially at rest on a 
frictionless surface and is connected to a spring of force 


5 Impulse, Momentum, and Collisions 


vii = 1.5m/s—— +m v2; = _-2m/s 


O O 


mı =0.2kg m= 0.4kg 


Fig. 5.19 Two gliders moving on a frictionless linear air track experi- 
ence a perfectly elastic collision 


vV 
— 


UL> 


Fig.5.20 A bullet of mass of m is fired with a horizontal velocity v into 
a block of mass M 


Z 


rA 


X 


Fig.5.21 A block moving along the y-axis subject to a force 


Fig.5.22 A conical pendulum of 
mass m and length L is in 

uniform circular motion with a 
velocity v O 


constant of k (see Fig. 5.20). If the bullet embeds itself in 
the block causing the spring to compress to a maximum 
distance d, find the initial speed of the bullet. 

10. A block moves along the y-axis due to a force given by 
F = ai (see Fig. 5.21). Find the torque on the block about 
(a) the origin (b) point A. 

11. Aconical pendulum of mass m and length L is in uniform 
circular motion with a velocity v (see Fig. 5.22). Find the 
angular momentum and torque on the mass about O. 
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System of Particles 


6.1 System of Particles 

In the previous chapters, objects that can be treated as particles 
were only considered. We have seen that this is possible only 
if all parts of the object move in exactly the same way. An 
object that does not meet this condition must be treated as a 
system of particles. Next, we will see that the complex motion 
of this object or system of particles can be represented by the 
motion of a point located at the center of mass of the system. 
The center of mass moves as if all of the mass of the object 
is concentrated there and as if the net external force acting on 
the system is applied there (at the center of mass). As well as 
representing an object by a particle, the concept of the center 
of mass is used to analyze the motion of many systems such 
as a system of two colliding blocks (particle-like objects) and 
the system of two colliding subatomic particles such as the 
neutron with the nucleus. 


6.2 Discrete and Continuous System of 
Particles 
6.2.1 Discrete System of Particles 


A discrete system of particles is a system in which particles 
are separated from each other. 


6.2.2 Continuous System of Particles 


A continuous system of particles is a system where the sepa- 
ration of particles is very small such that it approaches zero. 
An extended object is a continuous system of particles. Now, 
consider the skateboarder example mentioned in Sect. 4.3. It 
has been shown that the system (man+skateboard) cannot be 
treated as a particle since different parts of the system move in 
different ways. By representing the skateboarder as a system 
of particles its motion can be represented by the motion of 
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its center of mass, hence, the work—energy theorem can be 
applied to that point. The work done by the force, exerted on 
the skateboarder by the bar, is not zero because the point of 
application of that force (which is at the center of mass) has 
moved. 


6.3 The Center of Mass of a System of 


Particles 


For a system of particles of total mass M the acceleration of 
its center of mass is given by 


F 
a= — 
M 


6.3.1 Two Particle System 

Consider two particles of masses mı and m2 moving in space. 
Suppose that their position vectors at a particular instant of 
time are given by rı and r2 as shown in Fig. 6.1. The center 
of mass of the system lies somewhere along the line joining 
the two particles and its position vector is given by 


i mir, + m2r2 
Ct ee ee 
m+ m2 


The x, y and z components of the center of mass is 


mıxı +m2x2 


Xem = 
mı +m) 
j= mıyı + m2y2 
Cm ng e 
mı +m) 
and 
mMızı + M2z2 
Zcm SS 


mı + m2 
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Fig. 6.1 Two particles of masses mı and m2 moving in space. Their 
position vectors at a particular instant of time are given by rı and r2 


Fig.6.2 A discrete system of particles consisting of n particles 


6.3.2 Discrete System of Particles 


Consider a discrete system of particles consisting of n parti- 
cles (see Fig. 6.2). The position vector of the center of mass 
at a particular instant is given by 


m miri + m2r + m3r3. + eres eee MpYp 
cm — 
mı +m2+m3+---+my M 


where r; is the position vector of the ith particle and M = 
n 
x m; is the total mass of the system. In component form, r; 


i=l 
can be written as 


r; = xii + yij + zik 
The x, y and z components of the center of mass vector are 


Y a mii 
i=l ad} 
Xcm = 


M 
n 
dia Mii 
Yem = M 
and 
dota Mizi 
fom = 
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Fig.6.3 The center of mass of a system in the x-y plane 


Example 6.1 Find the center of mass of the system shown 
in Fig.6.3 where the three particles have an equal mass of 
m= l kg. 


Solution 6.1 
(1 kg)((0.1 m) + (0.5m) + (0.3 m)) 
Xem = =0.3m 
(3 kg) 
0 + 0 + (1 kg)(0.2 m) tan(60°) oim 


Ycm = 


(3 kg) 


Yom = Xemi + Yemj = (0.3m) i + (0.12m) j 


Example 6.2 A system of particles consists of three masses 
ma = 0.5kg, mg = 2kg and mc = S5kg located at 
Pa(—3, 1,2) , Pg(0, 1,2) and Pc(—1, 3,0), respectively. 
Find the position vector of the center of mass of the 
system. 


Solution 6.2 The position vector of each particle is 
ra = (—3i+j+2k)m 
rg = (j + 2k)m 


and 
rc = (—i + 3j)m 


The center of mass of the system is 


Dr amiri (0.5kg) ((—3i +j + 2k) m) + (2kg)((j + 2k) m) + (5 kg)((—i + 3j)m) 
Tom 7 
rm (7.5kg) 


i= 


That gives 


Tem = (—0.87i + 2.3j + 0.7k) m. 


6.3 The Center of Mass of a System of Particles 


Z 


X 


Fig. 6.4 An extended object of mass M divided into small volume 
elements each of mass Am; and a vector position r7 


6.3.3 Continuous System of Particles (Extended 
Object) 


A continuous system of particles is a system consisting of a 
large number of particles separated by very small distances. 
Consider an extended object of mass M divided into small 
volume elements each of mass Am; and a vector position r; 
(see Fig. 6.4). The position vector of the center of mass at a 
particular instant is then approximately given by 


X r;Am; 
M 


Tom ~ 


For a very large number of particles where n — oo we have 
Am; — 0, that gives 


n r,;Am; 1 
Tem = lim Ea oe fram 
Ami M M 


Since r = xi + yj + zk, the x, y and z components of the 
center of mass are given by 


Xem = u xdm 


1 
Yem = TEL 


and 


6.3.4 Elastic and Rigid Bodies 


A body is called an elastic (deformable) body if the separation 
between its particles changes when a force is applied to it. 
This change or deformation is sometimes so small that it can 
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be neglected. A body that behaves in this way is called a 
rigid body. A rigid body can be defined as a body in which 
the separation between its particles remain constant with time 
despite the applied force, i.e., the body has a constant size and 
shape. Therefore, the center of mass of a rigid object remains 
fixed at the same location at all times. In this book, only rigid 
bodies are discussed. In solving problems, it is common to 
use the volume density p defined as the mass per unit volume 
given by 
dm 
P= IV 


Therefore, the total mass of a rigid object is 


m= f pav 


The center of mass of a rigid object can thus be written as 


1 prdV 
Ein = wz | ram = i 


~ f pdV 


p may be a function of position, i.e., it can vary from point to 
point in the body If the body has a uniform density (homoge- 
neous body), then p can be written as 


dm Tota 1 Mass 


= = constant 
dV Total Volume 


p= 


If the continuous distribution of particles occupies a sur- 
face, then the surface density o is used and is given by 


m 
o = — (mass per unit area 
JA ( p ) 


Total Mass 


o = ————_ = constant (homogeneous body) 
Total Area 


If the particles occupy a curve or a line, the linear density 
A is used given by 


dm ; 
A= Pi (mass perunit length) 


Total Mass 


= ————— = constant (homogeneous body) 
TotalLength 


The center of mass of any homogeneous symmetric object 
is at its geometrical center and it is not necessarily located 
within the object. 

Example 6.3 A thin rod of length L = 2m has a linear 
density that increases with x according to the expression 
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Fig.6.5 A thinrod of length L = 2 m has a linear density that increases 
with x 


A(x) = (2x — 1) kg/m (see Fig. 6.5). Locate the center of 


mass of the rod relative to O. 


Solution 6.3 


1 Jo xA@)dx JER- x)dx 
Xcm = 77 / xdm = T = 
M Jo ACx)dx Jo (2x — Idx 


_ (Q/3)x7 = x7/2Dlyr-9 _ L(2/3)L — 1/2) 
| U= 


Substituting L = 2m gives xem = 1.7m. 


Example 6.4 A uniform square sheet is suspended by a uni- 
form rod where they both lie in the same plane as shown in 
Fig. 6.6. Find the center of mass of the system. 


Solution 6.4 Because the sheet and the rod are homogeneous, 
the center of mass of each is at its geometric center. Since the 
center of the sheet is at the origin we have 


She > Mixi _ 0+ (M2L/2) _ LM? 
si Yo, mi Mı +M: 2(Mı + M2) 


Fig.6.6 A uniform square sheet suspended by a uniform rod where they 
both lie in the same plane 


6 System of Particles 


Method: 2 
dA = ady 
f dA = bdx Method: 1 


dA = dxdy 


Fig.6.7 The center of mass of a rectangular plate 

Example 6.5 Find the center of mass of the rectangular plate 
shown in Fig. 6.7. The plate has a uniform surface density o. 
Solution 6.5 * Method 1: 


b 
f xdm _ [xodA _ Sy=0 Seg xdxdy B ba? a 


Xcm = = =e ah 
M foda Lo Séo dxdy 2ab 2 


b 
f ydm _ fxodA _ treo y=0 ydxdy = ab? b 


Yom = y= fodA a $ gdxdy ~ 2ab 2 
Hence 
a, b, 
Yem = 7' + z 
Method 2: 


Dividing the plate into very thin rods each of mass obdx 
gives 


d 1 1/M a 10 x272 
Xem Ja z f roaa f xbdx = — 2 = g 
M M M \ab x=0 al 2 eg 2: 


Similarly by dividing the plate into thin horizontal rods 
each of mass gady gives 


d 1 1/M\ f? 1py27? b 
Yem = fy E = [veaa = f aydy N a = 5 
M M M \ab/) J, bL ha 2 


and 


a, 7 
tom = ait z) 


Example 6.6 An object of uniform surface density o and 
mass M has the shape shown in Fig. 6.8 (half of an ellipse). 
Find the center of mass of the object. 


Solution 6.6 The equation of an ellipse is 


x 
a2 


6.3 The Center of Mass of a System of Particles 


Y 


dA = ydx 
dA = xdy “a 


=a a 


Fig.6.8 The center of mass of half an ellipse 


therefore 
2xdx 2ydy 

g2 B ~ 0 

or 
ey) 
xdx = 57 ydy 
By dividing the area into very thin rectangles each of mass 
oydx gives 
f xdm 


Xcm = 


1 1 f° 2M 
= gfo a x| —— ]|ydx 
M M M Jx=—a \ Tab 


2 0 —a2 , —?24 y3 0 
mab Jyo \ b mb? | 3 y=0 


To obtain the y coordinate of the center of mass we divide 
the area into very thin rectangles each of mass oxdy as in 
Fig. 6.8. That gives 


: J d : J dA ea f d 
= — m = — oO = X 
Ycm M y M y rab T y 
—a /_p2 = —a = 37-a 
-= | 5 )ax = = | er 
mab Jx=a \ a? ma? Jx=a ma? | 3 fya 
—2b[x°]-* _ -2bf-a? aN _ 4b 
ma? | 3 |a mar\ 3 3) 3x 


Example 6.7 Determine the center of mass of the cylindrical 
shell shown in Fig. 6.9. The shell has a uniform surface density 
o. 


Solution 6.7 From symmetry, the center of mass lies on the 
z-axis. By dividing the shell into very thin rings each of mass 
o 2m Rdz we have 


fzdm  fzodA 1 f" 1/M h 
Zem zo2n Rdz = — 2x Rzdz 
M M M Jz=0 M \2x Rh) J=0 
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dA= 22Rdz 


Fig.6.9 The center of mass of a cylindrical shell 


Example 6.8 A boy standing on a smooth ice surface wants to 
fetch a container that is at a distance of 10 m away from him. 
To do that, he throws a rope around the container and start 
to pull. Because the surface is smooth, both the boy and the 
container will move until they meet. If the masses of the boy 
and of the container are 40 kg and 70kg respectively, how far 
will the container move when the boy has moved a distance 
of 2m? 


Solution 6.8 By taking the midpoint between the boy and the 
container as the origin (see Fig.6.10) and by neglecting the 
mass of the rope, the center of mass of the system is 


Limjx; _ (70kg)(5m) + (40kg)(—Sm) _ 
7 (110kg) 7 


1.36m 


Xem = 


Ximi 


X(m) 


Fig.6.10 A boy pulling a container on a smooth surface 
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center of the boat 


Fig.6.11 A boy walking on a small boat 


Because the surface may be assumed to be frictionless, the 
resultant external force on the system is zero and therefore the 
center of mass must remain stationary at all times. Hence, if 
the boy has moved a distance of 2m, he will be at a distance 
of —3 m from the origin. Thus, we have 


(70 kg)x- + (40 kg)(—3 m) 


(1.36m) = aes 


That gives x, = 3.86 m, therefore the distance moved by the 
container towards the center of mass is (5m) — (3.86m) = 
1.14m. 


Example 6.9 A boy is standing at the rear of a boat as shown 
in Fig. 6.11. The masses of the boy and of the boat are 45 kg 
and 80kg respectively Find the distance that the boat would 
move relative to the origin if the boy moves a distance of Im 
from the rear of the boat (the length of the boat is 5 m). 


Solution 6.9 By neglecting air and water resistance, the net 
external force on the (boy+ boat) system is zero. Therefore 
the center of mass of the system must remain at rest. Suppose 
that the boat is a symmetrical homogeneous object where its 
center of mass is at its geometrical center. The center of mass 
of the boat is therefore at a distance of 2.5m from the origin. 
Thus, the center of mass of the system is 


Xi- MiXi 


mıxı +m2x2 


Xcm = = 
M mı +m 
(45 kg) (0) + (80 kg) (2.5 m) 
(125 kg) 


If the boy moves a distance of 1m, the center of mass is 
still at the same position, and we have 


(45 kg)(1 m) + (80 kg)xp 
(125 kg) 


(1.6m) = 


That gives x» = 1.94m. Thus, the displacement of the center 
of mass of the boat is (1.94m) — (2.5m) = —0.56m. 


6 System of Particles 
6.3.5 Velocity of the Center of Mass 


The velocity of the center of mass of a system of particles that 
has a constant mass M is 


dr ld/(< Lae. 
Von = tet = wal) =m 


where t; = dr; /dt, or 


n 


m;vi 

Yon = Dy 
M 

i=l 


(6.1) 


where v; is the ith particle velocity. The acceleration of the 
center of mass is given by 


dv, taf eee 3 
acm = A = war") “M D 


1 n 
acm = 7 D (6.2) 
i—i 


where a; is the acceleration of the ith particle. 


6.3.6 Momentum of a System of Particles 


The total linear momentum of a system of particles is the 
vector sum of the linear momenta of the individual particles: 


n n 
Yo miyi = Yo pi = Prot (6.3) 
i=l i=l 
By using Eq. 6.1 
Prot = MVem (6.4) 


Example 6.10 Two particles of masses mı = 1kg and m2 = 
2kg have position vectors given by rı = (2ti — 4j) m and 
r2 = (5ti — 2tj) m respectively where ¢ is time. Determine 
the velocity and linear momentum of the center of mass of 
the two- particle system at any time and at t = 1s. 


Solution 6.10 


ee Limit _ (kg) Qri ~ 4) + 2kg) Gri — 245) 
a“ ym (3 kg) 


That gives 


4 
i (si — 3€ + bi) m 


d¥em . 4, 
= = | 4i— — m 
Vem di ( 1 si) /s 


6.3 The Center of Mass of a System of Particles 


The total linear momentum is 
. 4, es 
Prot = MVem = (3kg) | 41 — 3d = (12i — 4j) kg.m/s 


att = Is 8 
Yem = (4i = 3) m 


4, 
Vem = (4i = 3) m/s 


and 
Pror = (12i — 4j) kg.m/s 


6.3.7 Motion of a System of Particles 


From Newton’s second law Eq. 6.2 can be written as 


1 n 
acm = 57 2 F; (6.5) 
= 


where F; is the net force acting on the ith particle. If both the 
external forces on the system and the internal forces between 
the particles in the system are included, then F; may be written 
as 


F; = Fyext) + D fij (6.6) 
j 


Where F;ç(ext) is the resultant external force acting on the ith 
particle. fj; is the internal force exerted on the ith particle by 
the jth particle. Note that it is as- sumed that no force is exerted 
on the particle by itself, i.e., f;; = 0. Substituting Eq. 6.6 into 
Eq. 6.5 gives: 


1 


acm = M ( 2 Fivext) F 2 2 t) (6.7) 


Now, from Newton’s third law we have 
fij = —fji 


Therefore, the second term in Eq. 6.7 is equal to zero. Hence 
the net force acting on the system is due only to external 
forces. That gives 


Fret = X Fist = Macm 


l 


where F ,¢; is the resultant external force on the center of mass, 
1.€., 
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Fret = XO Fox = Macm 
By differentiating Eq. 6.4 with respect to time we have 


dProt 


Macm = dt 


thus 


d 
X Fext = 7 


Thus, the net external force acting on a system of particles is 
equal to the time rate of change of the total linear momentum 
of the system. 


6.3.8 Conservation of Momentum 


For an isolated system of particles, we have 
5 Fexr = 0 


dProt _ 
dt 


Thus 


and 
Prot = MVcem = constant 


Which is the law of conservation of linear momentum for 
a system of particles. 


6.3.9 Angular Momentum of a System of 
Particles 


The angular momentum L of a system of particles about a 
fixed point is the vector sum of angular momenta of the indi- 
vidual particles: 


n n n 
L =L; +L +L3 + +n = J L; = DC; x pi) =D milti x vi) 


i=l i=l i=l 


6.3.10 The Total Torque on a System 


The total torque acting on a particle in a system is the sum 
of torques associated with the internal forces and of torques 
associated with external forces. Using Eq. 6.6 we have 


94 


ti =r; X F; = r; x | Fiext + Xfi =r; x Fiexr +Y r; x fij 
J J 


Summing over i we get 
+ Ti = > r;xF; = X Yj xFiewt) > ri xf;j (6.8) 
i i i i j 


By using Newton’s third law of action and reaction, the double 
sum in Eq. 6.8 has terms of the form 
r; x fi; +rj x fj = (r; — rj) x fij 
Now, suppose that the internal forces between the two parti- 
cles lie along the line joining the particles (i.e., the vectors 
fij and (r; — rj) have the same direction). This condition is 
known as the strong law of action and reaction. It requires the 
internal forces to be central. If the internal forces are equal 
and opposite but not central, then they are said to satisfy the 
weak law of action and reaction. The force of gravity is an 
example of a force satisfying the strong law of action and 
reaction. Some forces such as the forces between two moving 
charges are not central. From this, it follows that the double 

summation in Eq. 6.8 is equal to zero. 


Tnet = > u=% meh => r; X Fijext 
i i i 


Therefore, the total torque on the system about the origin is 
only the torque associated with external forces 


n 
Tnet = X Text = X r; x Ficext) 


i=l 


(6.9) 


6.3.11 The Angular Momentum and the Total 
External Torque 


The angular momentum of the individual particles may change 
with time. This will change the total angular momentum of 
the system 


Eq. 6.9 may be written as 


= d | Š d dL 
Tnet = Y text = Yr x Fiext) = =| S m;i; x w) = =| Lul = ade 
i=l i=1 1 
i.e., the net external torque about some origin exerted on a 
system of particles is equal to the time rate of change of the 
total angular momentum of the system. 


6 System of Particles 
6.3.12 Conservation of Angular Momentum 


If 


X Text =0 


n 
L= X mili x vi) = constant 


i=l 


or 


Hence, if the resultant external torque acting on a system is 
zero, the total angular momentum remains constant. 
6.3.13 Kinetic Energy of a System of Particles 


The total kinetic energy of a system of particles is the sum of 
the kinetic energies of the individual particles 


1 n 
K = zami 
i= 


6.3.14 Work 


Since the total force acting on the ith particle is given by 


F; = Ficext) + me fij 
J 


then the total work done on such particle is given by 


2 
Wr=)> [Fas 
“Ji 
L 


6.3.15 Work-Energy Theorem 


The total work done in moving a system from one state to 
another is 


Since 


1 
wgw = 5 


6.3 The Center of Mass of a System of Particles 


it follows that 


1 2d 1 
Wwa=5 > Gmina = 3 9 (mir? it = K2— Ki 


i 


1 
where 5 > mi v? is the total kinetic energy of the system. 
i 


6.3.16 Potential Energy and Conservation of 
Energy of a System of Particles 


Consider a system of particles in which the external and inter- 
nal forces acting on the system are conservative. First, let us 
calculate the work done by the internal conservative forces. 
Suppose that fj; is the conservative force acting on the ith 
particle due to the jth particle and f ;; is the force acting on the 
jth particle due to the ith particle. Note that f;; and fj; form 
an action and reaction pair, i.e., fj; = —fj;;. Because these 
forces are conservative there is a potential energy associated 
with each force. That is, 


fij = —ViUij 


and 
fji = —VjUij 


From the law of action and reaction, Uj; is a function only of 
the distance between the particles. That is 


Ui; = Ui; (ri — rj) = Uji (lr; — rjl) 


or 
Vij (rij) = Uji (ji) 


where |r; — r;| = rij = rji is the distance between the 
ith and jth particles. The work done by each pair of forces 
in displacing the ith and jth particles through dr; and drj, 
respectively, is 


fi; -dri + fji - drj = —V;U;ij «dr; — VjUij; -drj 


aUi; 0U;; 
= I dx; + —2Ldy; 4 
OX; əyi 


əUi; 
3 T dz 4 
Zi ax 


Hence, the total work done by the internal conservative forces 
in moving the system from stage 1 to stage 2 is 
2 1 2 
Waimo =D Df tid OD f av 
i j i j 
1 


= 5 Yd Uijl = Uram — Uzan) = —AU nt) 
i j 
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The factor 1/2 occurs since each term in the summation 
appears twice. Now, consider the total work done by the exter- 
nal conservative forces 


2 2 
Wirext,c) = 2f Fi(ext) -d8; = — 2f Vi U; «ds; = — Duk = U(ext) — Uxext) 
pea i! i 


To show that energy is conserved when both the external 
and internal forces are conservative, we may define a total 
potential of the system as 


1 
VEZU A 


From the work-energy theorem, the work done by the total 
force F; acting on the ith particle is equal to the change in the 
kinetic energy of that particle 


2 
w=5 f F; - dr; = Ko — Kı 
; 1 
[A 


and since 
Wi2 = Wiacin,c) + Wi2xext,c) 


From this, we conclude that for a system of particles in which 


the internal and external forces are conservative, the total 
mechanical energy of the system is conserved 


Uin — U2Gny + Uicext) — Uxext) = K2 — Kı 


or 
U, — U2 = K2 — Kı 
or 
AK = —AU 
Thus 
AK +AU =0 
AE=0 


6.3.17 Impulse 


In Sect.6.3.7, we have seen that the net external force on a 
system of particles is equal to the rate of change of the total 
linear momentum of the system 


dProt 
dt 


Fret = 
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The total linear impulse on the system as the system goes 
from one state to another is defined as 


h h d 
I =f Frerdt = 
A net A dt 


That is, the total linear impulse on the system is equal to the 
change in the total momentum of the system. 


dt = Pror2 — Proti 


6.4 Motion Relative to the Center of Mass 
The motion of a system of particles is sometimes described 
relative to the center of mass of the system. This method is 
used in some problems to simplify the analysis and add a 
particular symmetry to it. 


6.4.1 The Total Linear Momentum of a System of 


Particles Relative to the Center of Mass 


The position vector of the center of mass of the system with 
respect to an origin in an inertial frame of reference (for exam- 
ple, the lab frame) is given by 


n 
Xi Miťi 
M 


(6.10) 


Yem = 


From Fig. 6.12, the position vector (r;) of the ith particle rel- 
ative to the center of mass is 


/ 
Y; = ri — Yem 


or 


ri = r) + rem (6.11) 


Where r; is the position vector of the ith particle relative to 
the origin O. Substituting Eq. 6.11 into Eq. 6.10 gives 


ft ge te yy mi 
Yom = M 2 mitt +¥com) = M ymin F SE em 
i= 1= 


mi 


O Tom 


Fig.6.12 The position vector (r/) of the ith particle relative to the center 
of mass 
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1 n 
= M mir; + Prem 
i=l 
therefore 
D3 
F mir’ = Fem — Yem = 0 
M i=l 
That gives 
n 
> mir; = (6.12) 
i=1 
Differentiating Eq. 6.12 with respect to t gives 
n 
= mv, = (6.13) 
i=l 
or 
n 
v=o 
j=l 
or 


That is, the total linear momentum of the system is zero when 
observed from the center of mass frame. 


6.4.2 The Total Angular Momentum About the 
Center of Mass 


By differentiating Eq. 6.11 with respect to time gives 

Vi=v} + Vem (6.14) 
where v; and v; are the velocities of the particle relative to the 
origin O and the center of mass respectively Vem is the velocity 


of the center of mass relative to O. The angular momentum 
of the system about the origin O is 


L= X mii x vi) = X mir} + Vem) X (v; + Vem)} 
i i 
= X mi; xv) +% m; (r; xVem)+) > mj (Fem XV) +) mi (Fem Vem) 


The second and third terms are zero followed from Eqs. 6.12 


and 6.13 where (x mi XVem = Oandrem x = msi) = 


i i 
0, hence 
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L= X mic; x vi) + XO miem x Vem) 
i i 


Thus, the total angular momentum of the system of particles 
about an origin O equals the angular momentum of the system 
about the center of mass plus the angular momentum of the 
center of mass about O. Therefore, the total angular momen- 
tum L’ about the center of mass is 


L’ = X mil; x vi) = X mili X Vi) — M (Eem X Vem) 
i i 


(6.15) 


6.4.3 The Total Kinetic Energy of a System of 
Particles About the Center of Mass 


The total kinetic energy of a system of particles relative to an 
origin in an inertial frame of reference is given by 


1 1 
K = 5 mite = 5 mii vi) 
L l 


From Eq. 6.14 we have 
p= XO mi (V; + Vem) + (V; + Vem)) 
2 - L L 
L 


1 1 
= 7 domi; -V;) T domly; Vem) + 7 2i Yem Vem) 
i i i 


1 1 
= 5 O miv + Vem $ (Ev) R (Er) 
i i i 


L 


From Eq. 6.13, the term in brackets in the second term is equal 
to zero. Hence 


K= ; Ymo? + Lm, 
l 

That is the total kinetic energy of a system of particles about 
an origin is equal to the kinetic energy of the system with 
respect to the center of mass plus the kinetic energy of the 
center of mass relative to the origin O. Therefore, the total 
kinetic energy of the system with respect to the center of 
mass is 


1 2 1 2 1 2 
K’ = 5) miv = 5 imi; = 5M vm 
i i 
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6.4.4 Total Torque on a System of Particles 
About the Center of Mass of the System 


The total torque acting on a system of particles about the 
center of mass is (from theorem (5.6.1)) equal to the time rate 
of change of the angular momentum of the system about the 
center of mass. That is, 


_ dL 
~ dt 


, 


Example 6.11 Two particles of masses mı = 1kg and m = 
2kg are moving in the x-y plane. Their position vectors rela- 
tive to the origin are rı = (¢7i — 2tj) m and m2 = (3ti + j)m 
where ¢ is time. Find: (a) the total angular momentum of 
the system; the total external torque acting on the system; 
and the total kinetic energy of the system all relative to the 
origin at any time; (b) repeat (a) relative to the center of 
mass. 


Solution 6.11 (a) 
di L Ori- 25) m/ 
= — = (2ti — 2j)m/s 
vi di J 


dr J 
w= A = (3i) m/s 


The total angular momentum of the system relative to the 
origin is 
L= Ñ mi; x vj) = Di- 249) x (2ti — 29] + DLG +j) x Bil 


that gives 


L = ((217 — 6)k) kg.m?/s 
The total kinetic energy of the system relative to O is 


1 1 1 
K= 5 mite zamo] bm202) 5 ta? + 4) + (2)(9)] = (217 + 11) J 


i= 


The net external torque about the origin is 
ter AE = (4)k)Nm 
ext — dt = . 
(b) To find the total angular momentum relative to the cen- 


ter of mass let’s find first the total angular momentum of the 
center of mass relative to the origin 
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Simri Di- 2tj) + DG) 
Yem = = 
yo mi (3) 


t? soal aa 
=((-— i =-->- m 
3 ama 
The velocity of the center of mass is 


v- (GO 


and the total angular momentum of the center of mass relative 
to O is 


in = eed -of((§ 2)i E r)i) x ((F:42)i- (3)i)] 
= (- (5° + $, +4)k) kg.m?/s 


From Eq.6.15, the total angular momentum relative to the 
center of mass is 


j = So mir} x vi) = X mili x Vi) — M (Tem X Vem) 
i i 


= (217 —6)k + ed Ba ( (2223 EE m/s 
a4 ela. "3 = 


The net external torque about the center of mass is 


L’ 1 4 
go" = J k | N.m 
dt 3 3 


The total kinetic energy of the system relative to the center of 
mass is 


1 2 2 1 2 
K'=39 mv = miv = zM Yem 
i i 


= 2+1) -16 (a) +3 EE SE 
She No a 9j \3 3 


Example 6.12 Two particles of equal mass m are rotating 
about their center of mass with a constant speed v as in 
Fig. 6.13. If they are separated by a distance 2d, find the total 
angular momentum of the system. 


Solution 6.12 


L = mvd + mvd = 2mvd 
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m 


v 


Fig.6.13 Two particles rotating about their center of mass 


6.4.5 Collisions and the Center of Mass Frame 
of Reference 


In problems involving collisions, it is useful to use an inertial 
frame of reference that is attached to the center of mass to 
analyze the collision. This method is most commonly used 
in analyzing collisions between subatomic particles or atoms. 
In section (6.4.1), we proved that the total linear momentum 
of a system when observed from the center of mass frame is 
equal to zero. 

Pp} = py =0 (6.16) 
Now consider a system consisting of two bodies undergoing a 
one-dimensional collision (see Fig. 6.14). Then from Eq. 6.16 
we have 


I 1 
Pii = Pai 


and 


" SEIE 1 
Pif = —P2f¢ 


That is, when viewed from the center of mass frame the two 
objects approach each other with equal and opposite momenta 
and move away from each other with an equal and opposite 
momenta. Therefore, the center of mass frame simplifies the 
analysis since it exhibits a particular symmetry to the problem 
(see Fig. 6.15). 


Example 6.13 A rocket is projected vertically upward and 
explodes into three fragments of equal mass when it reaches 
the top of its flight at an altitude of 40 m (see Fig. 6.16). If the 
two fragments land to the ground after 3 s from the explosion, 
find the time it takes the third fragment to hit the ground. 


Solution 6.13 When the rocket reaches the top its velocity 
immediately before explosion is zero. Since v1, V2 and v3 are 


6.4 Motion Relative to the Center of Mass 


Vii cm Vi 


Viem 
my m2 


Vii V?i 
cm 


my m2 


Fig. 6.14 Consider a system consisting of two bodies undergoing a 
one-dimensional collision 
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— OO Completely Inelastic 


Fig.6.15 The center of mass frame analysis of a collision 


Fig.6.16 A rocket is projected V2 
vertically upward and explodes 

into three fragments of equal 

mass when it reaches the top of 

its flight at an altitude of 40 m 


V 


V3 


the velocities of the fragments immediately after explosion, 
we have from the conservation of momentum 


MV, +m2V2 +m3Vv3 = 0 


Since mı = m2 = m3, then vı + v2 + v3 = 0. The first and 
second fragments land at the same time r’ and hence they have 
the same vertical velocity initially which is equal to —v3/2. 
Therefore 


2 
gt 
h = vt + — 
u3t + 7 
and i 7 
—vu3t gt 
h = — 
2 + 2 
That gives 
g(t? _ t?) 
v3 = 
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and 
= gtt'(t + 2t’) 


2(2t +t’) 
Substituting the values of h and t’ gives 
29.417 + 1601 + 63.6 = 0 


Thus, tf = 2.3s. 


Example 6.14 Find the center of mass of the Earth-Moon 
System and describe its motion around the sun. 


Solution 6.14 As we shall see in Chap. 9, the center of mass 
of two bodies with different masses moving under gravity 
will trace an ellipse. Since the external forces on the sun can 
be neglected, we may consider it to be at rest in an inertial 
frame of reference and at the origin of a coordinate system 
(see Fig. 6.17). The center of mass of the Earth-Moon system 


1S 
_ Mere + Muru 


pam = 
cm Mr + Mu 


where fg and fy are unit vectors in the direction of rg and 
ry respectively. The equation of motion of the center of mass 
is 

F = (Mg + Mm)Ëem 


The gravitational force on the Earth-Moon system exerted by 
the sun is 


ME Mm . 
F = -GMs z E +—5 ÏM 
rẸ rm 


Since the distance between the earth and the moon is so 
small compared to their distance from the sun we may write 
rE X rM “Tem 


GMs 
i) 


cm 


F= (ME F Mm)¥cm = (ME + My)¥cem 


Hence, the center of mass of the Earth-Moon system moves 
as a single planet of mass (Mg + Mm) about the sun as shown 
in Fig. 6.18. 


Example 6.15 Describe the motion of a rocket in space using 
the law of conservation of momentum. 


Fig.6.17 The center of mass of 
the Earth-Moon system 
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Fig. 6.18 The center of mass of the Earth-Moon system moves as a 
single planet of mass (Mg + My) about the sun 


Fig. 6.1 9A rocket moving in M+Am v 
space is a system with varying 
mass. Its motion is analyzed 


using the law of conservation of 
momentum M 


Solution 6.15 A rocket moving in space is a system with 
varying mass. Its motion is analyzed using the law of conser- 
vation of momentum. In order for a rocket to move in space, 
its fuel is burned and gases are produced and ejected from its 
rear. This will cause the mass of the rocket to decrease contin- 
uously The ejected gases produce momentum in the backward 
direction and as a result the rocket receives a forward momen- 
tum and its velocity increases (see Fig. 6.19). Suppose at an 
instant f, the rocket has a mass M and velocity v relative to a 
stationary frame of reference. During a time interval t, a mass 
Am of the fuel is expelled as gas with a velocity u relative to 
the rocket. The speed of the rocket increases to v+ Av and the 
speed of the fuel relative to the stationary frame of reference 
is v — u. The initial momentum of the rocket is 


p(t) = (M + Am)v 
and the final momentum is 
p(t + At) = M(v+ Av) + Am (v — u) 
The change in the momentum is 
Ap(t + At) = p(t + At) — p(t) = M Av — (Am)u 
Therefore, the force acting on the rocket is 


A 
Pe i ay a 
dt At>0 At dt dt 


Since the increase in the exhaust mass produce an equal 
decrease in the rocket mass, we have 


dm = —d M 


6 System of Particles 


X(m) 


mj ® 


Thus 


If no external forces act on the rocket we have F = 0 and 


dM 


dv 
=u 
dt 


T 


t dy M i dM 
—dt=-u dt = —u 
to dt Mo M dt Mo M 


That gives 
(cr) 
VvV—vo = uln | — 
M 


Therefore, the final speed of the rocket depends on the exhaust 
speed and on the ratio of the initial and final masses. 


Problems 


1. Find the coordinate of the center of mass of the system 
shown in Fig. 6.20. 

2. Find the center of mass of a uniform plate bounded by 
y = —0.24x? +6 and the x-axis from x = —5 to x = 5 m. 

3. Find the center of mass of the homogeneous sheet shown 
in Fig. 6.21. 

4. Find the center of mass of the homogeneous sheet shown 
in Fig. 6.22. 

5. Find the center of mass of a uniform solid circular cone of 
radius a and height h. 

6. Find the center of mass of a uniform solid hemisphere of 
radius R. 


6.4 Motion Relative to the Center of Mass 


a 


Fig.6.21 A homogenous sheet with a hole 
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Y(cm) Fig.6.24 By neglecting friction between the boat and water, the center 


8. 
X(cm) 
5 10 15 20 
Fig.6.22 A homogenous sheet in the x-y plane 9. 
Y(m) 
|F; | = 100N 
|F>| = 200N 
57 mı = 4kg 10. 
44+ F; ” m2 = 2kg 
o 
Al 60 pA F, 
I my 
o—t—_i—_+—_ +++ X(m) 
I2 3# 
11. 


Fig. 6.23 The acceleration of the center of mass of two masses acted 
upon by different forces 


7. Two masses initially at rest are located at the points shown 
in Fig. 6.23. If external forces act on the particles as in 
Fig. 6.23, find the acceleration of the center of mass. 


of mass can be used to find the distance moved by the boat 


A projectile of mass 15kg is fired from the ground with 
an initial velocity of 12m/s at an angle of 45° to the hor- 
izontal. 1 second later, the projectile explodes into two 
fragments A and B. If immediately after explosion, frag- 
ment A has a mass of 5 kg and a speed of 5 m/s at an angle 
of 30° to the horizontal, find the velocity of fragment B 
(assuming air resistance is neglected). 

Two boys of masses 45 and 40kg are standing on a boat 
of mass 150kg and length 5m as in Fig.6.24. The boat 
is initially Im from the pier. Assuming that there is no 
friction between the boat and the water, find the distance 
moved by the boat when the two meet at the middle of the 
boat. 

Two particles of masses mı = 3kg and m2 = 5kg are 
moving relative to the lab frame with velocities of 10m/s 
along the y-axis and 15m/s at an angle of 30° to the x- 
axis. Find (a) the velocity of their center of mass (b) the 
momentum of each particle in the center of mass frame (c) 
the total kinetic energy of the particles relative to the lab 
frame and relative to the center of mass frame. 

Two particles of masses mı = 1kg and m2 = 2kg are 
moving relative to the lab frame with velocities of vı = 
2i — 3j +k and v2 = 7i + j — 2k. If at a certain instant 
they are located at (—1, 1, 2) and (3, 0, 1), find the angular 
momentum of the system relative to the origin and relative 
to the center of mass. 
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Rotation of Rigid Bodies 


7.1 Rotational Motion 

Rotational motion exists everywhere in the universe. The 
motion of electrons about an atom and the motion of the 
moon about the earth are examples of rotational motion. 
Objects cannot be treated as particles when exhibiting rota- 
tional motion since different parts of the object move with 
different velocities and accelerations. Therefore, it is neces- 
sary to treat the object as a system of particles. 


7.2 The Plane Motion of a Rigid Body 

When all parts of a rigid body move parallel to a fixed plane, 
then the motion of the object is referred to as plane motion. 
There are two types of plane motion, which are given as follows: 


1. The pure rotational motion: The rigid body in such a 
motion rotates about a fixed axis that is perpendicular to a 
fixed plane. In other words, the axis is fixed and does not 
move or change its direction relative to an inertial frame 
of reference. 

2. The general plane motion: The motion here can be consid- 
ered as a combination of pure translational motion parallel 
to a fixed plane in addition to a pure rotational motion about 
an axis that is perpendicular to that plane. This chapter 
discusses the kinematics and dynamics of pure rotational 
motion. 


7.2.1 The Rotational Variables 

Suppose a rigid body of an arbitrary shape is in pure rotational 
motion about the z-axis (see Fig. 7.1). Let us analyze the 
motion of a particle that lies in a slice of the body in the x-y 
plane as in Fig. 7.2. This particle (at point P) will rotate in 
a circle of fixed radius r which represents the perpendicular 
distance from P to the axis of rotation. If you look at any other 
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particle in the object you will see that every particle will rotate 
in its own circle that has the axis of rotation at its center. In 
other words, different particles move in different circles but 
the center of all of these circles lies on the rotational axis. 
Suppose the particle moves through an arc length s starting at 
the positive x-axis. Its angular position is then given by 


r and 0 are the polar coordinates of a point in a plane (which 
was mentioned in Sect. 2.6) where @ is always measured from 
the positive x-axis. Because @ is the ratio of the arc length 
to the radius, it is a pure (dimensionless) number. The unit 
usually used to measure 0 is the radians (rad). One radian 
is defined as the angle subtended by an arc of length that is 
equal to the radius of the circle. Since one rotation (360°) 
corresponds to 6 = 2xr/r = 2m rad, it follows that: 


1 rev = 360° = 27 rad 
1 rad = 57.3° = 0.159 rev 


Note that if the particle completes one revolution, 0 will 
not become zero again, it is then equal to 27rad. Thus for 
example for three revolutions the angular position is given by 


0 = (27 + 2m + 277) rad = 6r rad 


Suppose that the particle in Fig. 7.2 is at point P4 at tı and 
at point P2 at t2 where it changes its angular position from 6; 
to 02 (see Fig. 7.3). Its angular displacement is then given by 


A0 = 6) — 81 


A@ is positive for counterclockwise rotations (increasing 0) 
and negative for clockwise rotations (decreasing 0). If the 
particle undergoes this angular displacement during a time 
interval At, the average angular velocity @ is then defined as 
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Fig. 7.1 A rigid body of an arbitrary shape is in pure rotational motion 
about the z-axis 


Fig. 7.2 The motion of a particle that lies in a slice of the body in the 
x-y plane 


Fig.7.3 The particle is at point P4 at tı and at P3 at t2, where it changes 
its angular position from 0; to 62 


The instantaneous angular velocity is 


A0 dé 
w = lm — = — 
At>0 At dt 


7 Rotation of Rigid Bodies 


w has units of rad/s or s~!. The average angular acceleration 
is defined as 


Aw dw 
a= = — 


where a is in rad/s? or s~?. Note that is positive for increas- 
ing 6 and negative for decreasing 6, while œ is positive for 
increasing w and negative for decreasing w. When a rigid 
body is in pure rotational motion, all particles in the body 
rotate through the same angle during the same time interval. 
Thus, all particles have the same angular velocity and the same 
angular acceleration. Therefore, w and œ describes the motion 
of the whole body In the case of pure rotational motion, the 
direction of w is along the axis of rotation (also see Sect. 7.4), 
it can be determined by the right-hand rule or of advance of 
a right-handed screw as in Fig. 7.4. The direction of œ is in 
the same direction of w if w is increasing or in the opposite 
direction if w is decreasing. 

The quantities 6, œ and «œ in pure rotational motion are 
the rotational analog of x,v and a in translational one- 
dimensional motion. The vectors w and « are not used in the 
case of pure rotational motion, they are used in the general 
rotational motion when the axis of rotation changes its 
direction with time. Note that only the infinitesimal angular 
displacement d0 can be represented by a vector but not the 
finite angular displacement A@. This is because the finite 
angular displacement A@ does not obey the commutative 
law of vector addition (see Fig. 7.5) and therefore cannot be 
represented by a vector. Hence, the instantaneous angular 
velocity and acceleration (w and œ) can be represented by 
vectors but not their average values (@ and @). 


Example 7.1 Convert each of the following into the other 
angular units: 15°, 0.25 rev/s*, 3 rad/s. 


Solution 7.1 
15° = (15 deg) ( 1 7°"_) = 0.042 rev 
= SN 360 deg) ~ | 
15° = (15 deg) ( 274 | = 0.26 rad 
= S360 deg) 


2 rev \ (2m rad\ _ 2 
0.25 rev/s* = | 0.25 = 1.57 rad/s 
lrev 


360 d 
0.25 rev/s? = ( 0.25 = )( 2 ) = 90 deg/s? 
s2 1 rev 


7.2 The PlaneMotion of a Rigid Body 
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Fig. 7.4 The direction of w is along the axis of rotation and can be 
determined by the right-hand rule or of advance of a right-handed screw 
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Fig.7.5 Changing the order of addition will change the final result 


1 rev 


rad 
3 rad/s = | 3 — = 0.48 rev/s 
s 27x rad 


d\ /360° d 
3 rad/s = (3 =) () = 172 deg/s 


s 27x rad 


Example 7.2 A rotating rigid object has an angular position 
given by 0 (t) = ((0.3)t? + (0.4)£) rad. Determine: (a) the 
angular displacement of the object and the average angular 
velocity during the time interval from fı = 1s tof = 2 s. 
(b) the instantaneous angular velocity and the instantaneous 
angular acceleration at t = 5 s. 


Solution 7.2 (a) 
A0 = 62 — 0, 
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6, = ((0.3)(1 s)? + (0.4)(1 s)?) = 0.7 rad 


and 
6) = ((0.3)(2 s)* + (0.4)(2 s)?) = 4.4 rad 
A0 = (4.4 rad) — (0.7 rad) = 3.7 rad 
_ A0 (3.7 rad) _ 
D = n “as 5 = 3.7 rad/s 
(b) 
w= ad = ((0.6)t + (1.2)t7) rad/s 
attr=5s 
w = (0.6)(5 s) + (1.2)(5 s)? = 33 rad/s 
dw 2 
a= We = ((0.6) + (2.4)t) rad/s 
att = 5s 


a = (0.6) + (2.4)(5 s) = 12.6 rad/s” 


Example 7.3 Awheelis rotating with an angular acceleration 
that is given by a = (9 — 2t) rad/s’. (a) Find the angular 
velocity and displacement at any time if at t = O the wheel 
has an angular velocity of 2 rad/s and an (initial) angular 
displacement of 3 rad; (b) at what angular displacement will 
the wheel reach its maximum angular velocity 


Solution 7.3 (a) 
w= f ad= [0-24 =9- +01 


Since at t = 0 œw = 2 rad/s, we have cı = 2 rad/s and 
hence 
w = (9t — t? + 2) rad/s 


9 1 
o= f cdr = for-P+Dda= P- 28 421+ 03 
Since at t = 0, 0 = 3 rad, then c2 = 3 rad and 
9 1 
6 = (5? - +243) rad 


(b) The maximum velocity is when a = dw/dt = 0, or 
9 — 2t = 0, i.e. at t = 4.5 s The angular displacement at that 
time is 
9 


1 
0 = 545 s)? — 765 s)? + 2(4.5 s) + 3 = 72.8 rad 
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7.3 Rotational Motion with Constant 
Acceleration 


A pure rotational motion with constant angular acceleration is 
the rotational analogue of the pure translational motion with 
constant acceleration. The corresponding kinematic equations 
of pure rotational motion can be obtained by using the same 
method that is used for obtaining the kinematic equations 
of pure translational motion. To show this, consider a rigid 
object rotating with a constant angular acceleration during a 
time interval from ¢ to f2 through an angle from 6; to 62. 
Let t) = 0,t2 = t, @, = @o, %2 = w, 01 = O, and 62 = 0. 
Because the angular acceleration is constant it follows that the 
angular velocity changes linearly with time and the average 
angular velocity is given by 


— to 
= — | 
Since 
— @2 — w1 w — WO 
g = 0U = — 
h — tı t 
we have 
w = wo + at (7.1) 
Furthermore 
— hù-0 80-0 wto 
oz = — 
to —-t} t 2 
Hence i 
0 = 0o + 7 0 +o)t (7.2) 
Substituting Eq. 7.1 into Eq. 7.2 gives 
1 1 
0 = o + z + æ)t = o + z + wo + att 
or i 
9 = bo + wot + zat? (7.3) 


Finally solving for t from Eq. 7.1 and substituting into Eq. 7.2 
gives 


1 1 w — Wo 
0 = 6 + =z (w0 + @)t = 09 + =(@ + @) 
2 2 a 


or 
w = wh + 2a(0 — 00) (7.4) 

Note that as mentioned earlier, if a rigid object is in pure 
rotational motion, all particles in the object have the same 
angular velocity and angular acceleration. Different particles 
move in different circles but the center of these circles lies 
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at the axis of rotation. As the rigid body rotates, a particle 
in the body will move through a distance s along its circular 
path (see Fig. 7.6). The angular displacement of the particle 
is related to s by 

s=r0 


where r is the radius of the circle in which the particle is 
moving along. Differentiating the above equation with respect 


to t gives 
ds dé 


=p — 
dt dt 


Since ds/dt is the magnitude of the linear velocity of the 
particle and d0 /dt is the angular velocity of the body we may 
write 

v=ro (7.5) 
Therefore, the farther the particle is from the rotational axis 
the greater its linear speed. The direction of the linear speed 
of the particles is always tangent to the path (as mentioned 
in Sect. 2.2.3). In Sect.2.4.6 we have seen that a particle in 
nonuniform circular motion has both tangential and radial 
components of acceleration. The radial component is due to 
the change in the direction of the velocity and is given by 


y2 


ay = — 
r 


(7.6) 


Substituting Eq. 7.5 into Eq. 7.6 gives 


The tangential component of the acceleration is due to the 
change in the magnitude of the velocity and it is given by 


dv dw 
dt — Å a e 
dt dt 
or 
at = rQ 


The total linear acceleration of the particle (see Fig. 7.7) 
is given by 
a= a +a 


It’s magnitude is given by 


a= Val + a,2 = Vr?a? +r?wt = rya? +o 
Table. 7.1 shows the linear/rotational analogous equations. 


Example 7.4 A disc of radius of 10 cm rotates from rest with 
a constant angular acceleration. If it requires 2 s for it to rotate 
through an angular displacement of 60°: (a) find the angular 


7.3 Rotational Motion with Constant Acceleration 


y 


Fig. 7.6 As the rigid body rotates, a particle in the body will move 
through a distance s along its circular path 


Y 


Fig. 7.7 The total acceleration of the particle 


Table 7.1 Kinematic equations 


Rotational motion about a fixed Linear motion with constant a 


axis with constant œ 


w = wo + &t v = vo + at 


1 1 
C= + 5 (œ + wo)t x = xo + zO tvN 


1 , l 2 
0 = b + wot + aut x = xo + vot + z” 


w = wp + 2a (0 — 00) v= v + 2a(x — xo) 


acceleration of the disc; (b) its angular velocity at t = 2s and 
at t = 6s, (c) the linear speed at t = 2s of a point that is at a 
distance of 7 cm from the center of the disc; (d) the distance 
that this point has moved during that time interval. 


Solution 7.4 (a) We have w = 0 and 6 = (60 deg) 
(2rad/360 deg) = 1.05 rad. By choosing the reference 
position 99 = 0 we have 


1 2 
0 = 0o + wot + zat 


_ 20 _ 2(1.05 rad) 


=p a = 0.525 rad/s? 
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Fig.7.8 Two sprockets connected at the rim 


(b) 
w = wo tat = (0.525 rad/s?) (2 s) = 1.05 rad/s 
att=6s 
@ = (0.525 rad/s?) (6s) = 3.15 rad/s 


(c) 
v = ræ = (0.07 m)(1.05 rad/s) = 0.074 m/s 


(d) 
s = r0 = (0.07 m)(1.05 rad) = 0.074 m 


Example 7.5 Two sprockets are attached to each other as in 
Fig. 7.8. There radii are r} = 2 cm and r2 = 5 cm. If the 
angular velocity of the smaller sprocket is 2 rad/s, find the 
angular velocity of the other. 


Solution 7.5 A point at the rim of one sprocket has the same 
linear speed as a point at the rim of the other sprocket since 
they are attached to each other, i.e., 


r{@| = NO? = V 


hence 


rı (2 cm) 


a San) (2 rad/s) = 0.8 rad/s 


Example 7.6 Find the angular speed of the moon in its orbit 
about the earth in rev/day. 


Solution 7.6 Assuming that the moon’s orbit is circular, the 
linear speed of the moon is given by v = 27r/T, where r 
is the mean distance from the earth to the moon and T is its 
period. Thus, the angular velocity of the moon is 


2m  2(3.14) 
T — (273 day) 


w=rv = 


= 0.23 rad/day 


or 
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rad 1 rev 
w = | 0.23 — }{ ——— ] = 0.037 rev/day 
day / \ 27 rad 
7.4 Vector Relationship Between Angular 


and Linear Variables 


Consider a rigid body in pure rotational motion about a fixed 
axis (for example the z-axis). For any particle in the object, 
its linear velocity is given by 


v = ræ = Rsinĝw 


where R is the position vector of the particle from the origin 
(see Fig. 7.9) and 0 is the angle between the position vector 
and the z-axis. As shown in Fig. 7.9, the direction of y is 
perpendicular to the plane formed by w and R where it can 
be verified using the right-hand rule. Therefore, by using the 
definition of vector product we may write 


v=oxR (7.7) 


The total linear acceleration is 


dv 
pa 


d 
= — = — R 
ae 
From Sect. 1.9.1 (d/dt(A x B) = A x dB/dt + dA/dt x B) 


we have 
d@ dR 
a= — xR+o0x — 
dt dt 


=axR+oxv 
la x R| =aRsind = ra = a 


Furthermore, the direction of æ x R is tangent to the circular 
path of the particle at any instant (see Fig. 7.9). Thus the 
quantity æ x R is just the tangential component of the total 
acceleration 

a=axR (7.8) 
In addition 


lø x v| = wvsin90° = wv = rw” = a, 


The direction of œ x v is along the direction of r (radial direc- 
tion). Hence, the quantity œ x v is the radial component of 
the total acceleration 

a =0XV (7.9) 
Equations 7.7—7.9 are the vector relationship between angular 
and linear quantities. 
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Q(increasing œ) Q(decreasing œ) 


—— g 


r = RsinO 


X 


Fig.7.9 A rigid body in pure rotational motion about a fixed axis (here 
the z-axis) 


7.5 Rotational Energy 


In Chap. 6 we have seen that the kinetic energy of a discrete 


1 
system of particles is K = 5 >. miv? where m; and v; are the 


i 
mass and linear velocity of the ith particle respectively (see 
Fig. 7.10). From Eq. 7.5, we have 


vi = rjw 


where r; is the perpendicular distance from the particle to 
the axis of rotation. Therefore the total kinetic energy of the 


system is i 
Kr=5 X (mir? )o* 


l 


The quantity between brackets is known as the moment of 
inertia of the system 


I= Yomi? 
i 


This quantity shows how the mass of the system is distributed 
about the axis of rotation. Thus, to find the rotational inertia, 
the axis of rotation must be specified. If the rotational axis 
changes its position or direction, J changes as well. The SI 
unit of the moment of inertia is kg m~. The rotational kinetic 
energy can thus be written as 


renee T 
R= zlo 

2 
This quantity is the rotational analogue of the kinetic energy 
in translational motion. Note that this energy is not a new kind 
of energy; it is just the sum of the translational kinetic energies 


7.5 Rotational Energy 
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Fig.7.10 A system of particles rotating about the z-axis 


of the particles. For a rigid body which is a continuous system 
of particles, the sum is replaced by an integral 

> mi r? = f r°dm 
Amo 


I= lim 
i 


In solving problems p, o, and à (see Sect. 6.3.4) are often 
used to express dm in terms of its position coordinates. 


7.6 The Parallel-Axis Theorem 


The parallel-axis theorem states that the moment of inertia 7 
of a system about any axis that is parallel to an axis passing 
through the center of mass is 


I = Icom + MD? 


where J, is the moment of inertia about an axis passing 
through the center of mass, M is the total mass of the sys- 
tem, and D is the perpendicular distance between the two 
parallel axes. 


Proof Consider an axis that is perpendicular to the page and 
passing through the center of mass of the object. Figure 7.11 
shows a thin slice of the object that lies in the x-y plane. 
Because the origin is taken at the center of mass we have 


Zem = Xem = Yom = 0 


The moment of inertia of the object about the center of mass 


axis is 
La = [Pan = fe + y7)dm 
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Fig.7.11 The Parallel-axis Theorem 


where x and y are the coordinates of the mass element dm 
from the center of mass (the origin). Now consider another 
axis that is parallel to the first axis and that passes through 
a point P as shown in Fig. 7.11. Suppose that the x and y 
coordinates of P from the center of mass are xp and yp. The 
moment of inertia about an axis passing through P is 


p / [Œ — xp)? + O — yp)2]dn 


where (x — xp) and (y — yp) are coordinates of dm from point 
P Expanding this equation gives 


Ip = [ety dm —2xp f xam- 2ye f yam fog + yz am 


Since Xem = Yem = O and since 


1 

Nan uw J xdm 
1 

Yom = M ydm 


it follows that the second and third terms are zero. Thus 


and 


Ip = Ion + D? | dm 


D = y xp + yp) 


is the perpendicular distance between the two parallel axes. 
Hence 


where 
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Tom = MR? 2, 22 
on Tem = pM(a*+b?) 


Rectangular Plate 


Cylindrical Shell 
or Hoop 


a ee 1 


Solid Cylinder 
or Disk 


Tom = HME A 


Thin rod about 
center of man 
axis 


Thin rod about 
an axis through 
one end 


Thin Spherical 


Solid Sphere 
Shell 


Fig.7.12 The rotational inertia of various rigid bodies of uniform den- 
sity 


Ip = lem + MD? (Parallel-Axis Theorem) 


Special Moment of Inertia Fig. 7.12 gives the rotational 
inertia of various rigid bodies of uniform density. 


7.7 Angular Momentum of a Rigid Body 


Rotating about a Fixed Axis 


Consider a rigid body rotating about a fixed axis (the z-axis) 
with an angular speed w as shown in Fig. 7.13. The angular 
momentum of the ith particle with respect to the origin is 
given by 

L; = R; x p; 


Since the angle between R; and p; is 90, then L; = Ripi. As 
seen from Fig. 7.13, L; is not parallel to œ. L; can be analyzed 
to two components, a component parallel to œ written (L;z) 
and a component perpendicular to œ, (L;1). The magnitude 
of Lj, is given by 
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Fig. 7.13 A rigid body rotating about a fixed axis (the z-axis) with an 
angular speed w 


Liz = Li sin ĝ = Ripi sin@ = Rj (mvj) sin @ 
= Rim; (r;@) sin 0 = miro 


where r; is the radius of the circle in which the particle is 
moving along and R; = r; sin 0. Therefore, the total angular 
momentum of the rigid body along the z-direction is 


L,= X miro = (x mr?) 
i i 


L; = lw 


where J is the moment of inertia of the rigid body about the 
rotational axis (z-axis). This equation can also be written in 
component form since L; is parallel to æ, that is, 

L: = lw (7.10) 
Therefore, if a rigid body is rotating about a fixed axis (say 
the z-axis), the component of the angular momentum along 
that axis is given by Eq. 7.10. Now suppose that the rigid body 
is symmetric and homogeneous and that it is rotating about 
its symmetrical axis (see Fig. 7.14). For any two particles (1 
and 2) opposing each other with an equal angular momenta 
L; and Lo, the perpendicular components, Lı, and L21, of 
the angular momenta cancel each other out since they are in 
opposite directions. That leaves the parallel components L1z 
and L2; which add up since they have the same direction. 
For all particles in the object the total angular momentum is, 
therefore, given by 


L= L; =L, =o 


t 
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X 


Fig.7.14 A homogenous symmetrical rigid body rotating about its sym- 
metrical axis 


Hence, the total angular momentum of a symmetrical homo- 
geneous body in pure rotation about its symmetrical axis is 
given by 

L =w (7.11) 
Note that Eq. 7.10 is valid for any rigid object in pure rotation 
where it only gives the component of the angular momen- 
tum that is parallel to the rotational axis. On the other hand, 
Eq. 7.11 is valid only for a symmetrical homogeneous rigid 
object rotating about its symmetrical axis, where the angular 
momentum in the equation is the total angular momentum 
and it is directed along the axis of rotation. The net external 
torque acing on the rigid object is equal to the rate of change 
of the total angular momentum of the object, i.e., 


5 dL 
Text = Ge 
In the case of any rigid object symmetrical or not, the net 
external torque acting on the object about the axis of rotation 
(say the z-axis) is equal to the rate of change of the component 
of angular momentum that is along that axis 


dL, do) 
= = Ia 


DTe = — 
out dt dt 


However, if the object is symmetric and homogeneous in pure 
rotation about its symmetrical axis we may write 

dL dl) 

—_—= = Ia 

dt dt 


Text = 


Example 7.7 A 5 kg wheel of radius of 0.1 m decelerates 
from an angular speed of 5 rad/s to rest after going through 
an angular displacement of 10 rev If a frictional force causes 
the wheel to decelerate, find the torque due to this force. 
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Solution 7.7 The angular displacement is 


27 rad 
A90 = (10 rev( 
1 rev 


) = 62.8 rad 


The angular acceleration of the wheel is 


2 2 
Ww — Wo 


2A0 


_ 0-—(5 rad/s)? B 
~ (62.8 rad) 


az 


0.2 rad/s 


The external torque is 


t = Ia = MRa = (5 kg)(0.1 m)*(—0.2 rad/s?) = —0.01 Nm 


Example 7.8 Three masses are connected by massless rods 
as in Fig. 7.15. If m = 0.1 kg, find the moment of inertia of 
the system and the corresponding kinetic energy if it rotates 
with an angular speed of 5 rad/s about: (a) the z-axis; (b) the 
y-axis and; (c) the x-axis (a = 0.2 m). 


Solution 7.8 (a) 


m 7 
I, = So mir? = 2ma* + xo +ma* = zma 
i 


7 2 2 
= 70.1 kg)(0.2 m)~ = 0.014 kgm 


Kpg = 5 oO = son kgm*)(5 rad/s)“ = 0.175 J 
(b) 


5 5 
l= sf +2ma* = zma? = 5 (0.1 kg)(0.2 m)? = 0.01 kg m? 


a a 2m 


Fig.7.15 Three masses connected by massless rods 
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ry" F 
Pi dm 
— E ~~~ 
L O —| hk— 
Ta dx 
= L - 


Fig.7.16 A uniform thin rod of mass M and length L 


1 
Kr = -lœ = + (0.01 kgm?) (5 rad/s)? = 0.125 J 


E 


L; = ma” = (0.1 kg) (0.2 m)? = 4 x 107°? kgm? 
1 2 l —3 2 2 
Kr= qi = 54 x 107” kgm*)(5 rad/s)“ = 0.05 J 


Example 7.9 Fig. 7.16 shows a uniform thin rod of mass M 
and length L. Find the moment of inertia of the rod about an 
axis that is perpendicular to it and passing through: (a) the 
center of mass; (b) at one end; (c) at a distance of L/6 from 
one end. 


Solution 7.9 (a) The mass dm of an element in the rod is 


= E (ie 2(M M (8) 1 2 
In=5= f an= f! e(Te A Tig 
(b) 
2 1 
ly = MD? = —ML? u(5) = ML’ 
y = lem + + 3 
(c) 
piglet. ey |e = l mr 
y! = Lem ~ 72 J 6 ~~ 36 


Example 7.10 Fig. 7.17 shows a uniform thin plate of mass 
M and surface density o. Find the moment of inertia of the 
plate about an axis passing through its center of mass if its 
length is b and its width is a (the z-axis). 
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—dA = dxdy 


Fig.7.17 A uniform thin plate of mass M and surface density o 


Solution 7.10 A mass element dm has an area dxdy and is at 


a distance r = yx? + y? from the axis of rotation. Therefore, 
we have 


a/2 b/2 M 
Tem = 1 rdm= f rodA = f l (x? H(i) 
y=—a/2 Jy=—b/2 ab 


M a/2 x M a/2 b? 
= (5 +1?) KE ppd = (2 + by?) a 


ab Jy=-a/2 \ 3 ab Jy=—aj \ 12 
M (By  y>b\|*? Mfab> ab] 1 

| gS a |S 42 |e wea 
ab\ 12 ° 3 Jẹ an abl 12" 12] 12 


Example 7.1] Find the moment of inertia of a uniform solid 
cylinder of radius R, length L and mass M about its axis of 
symmetry. 


Solution 7.11 Method 1: Using a single integration by divid- 
ing the cylinder into thin cylindrical shells each of radius r, 
length L and thickness dr as in Fig. 7.18, then each volume 
element is given by 


dV = 2xrdrL 


and 
dm = pdV = p(2mrdrL) 


R R 
L 
I= f r°dm s r?(p2xrLdr) = azo | rdr = ze R* 
0 0 


Since 
= M 
P = TRL 
then 
l gat 
I = -MR 
2 


Method 2: Using double integration: dividing the cylinder into 
thin rods each of mass 
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dV = 2ardrL 


dV = rLdrdé 


dV = rdrd@dz 


Fig.7.18 Calculating the moment of inertia of a uniform solid cylinder 
with the volume element defined in different ways 


dm = pdV = pLrdrdé 


Qn R L 20 mpLR* 
[= / r-dm =f f r° pLdrd8 = Pzr f d0 = 
o Jr=0 4 Jo=0 2 


Since 
M 
P = IRL 
We have 
Lt 
I= -MR 
2 


Method 3: Using triple integration Dividing the cylinder into 
small cubes each of mass given by 


dm = prdrd@dz 


Qn R L 4 2m 4 

R LR 
I = f Pam = f f predrdédz = pL f do = ZP 
6=0 Jr=0 Jz=0 4 Jo=0 2 
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3 


Fig.7.19 Three rods of length L and mass M are connected together 


Since 
_ M 
P = TRL 
Therefore, 
l p2 
I = -MR 
2 


Example 7.12 Three rods of length L and mass M are con- 
nected together as in Fig. 7.19. Determine the moment of 
inertia of the system about an axis passing through O and 
perpendicular to the page (the rods lie in the same plane). 


Solution 7.12 The moment of inertia of a thin rod about an 
axis that is perpendicular to it and passing through one end is 
1/3MLĽ?. The total moment of inertia at O is the sum of the 
moment of inertias of the rods, i.e., 


1 
I=h+h+hb= (zme) = ML? 


Example 7.13 Find the moment of inertia of a spherical shell 
of radius R and mass M about an axis passing through its 
center of mass. 


Solution 7.13 Let us divide the spherical shell into thin rings 
each of area (see Fig. 7.20) given by 


dA = 2r Rsin 0Rd0 = 2x R° sin 0d0 
I= / r°dm = / R? sin? 0027 R? sin 0d0 
since ø = M /47x R?, we have 


M x M x 
I= —R / sin? 6d@ = —R? (1 — cos? 0) sin 0d0 
2 6=0 2 6=0 
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Fig.7.20 A spherical shell divided into thin rings 


7.8 Conservation of Angular Momentum of 


a Rigid Body Rotating About a Fixed Axis 


In Chap. 5 we have seen that if the net external torque acting 
on a system of particles relative to an origin is zero then the 
total angular momentum of the system about that origin is 
conserved 


L; = Ly = constant (isolated system) 


In the case of a rigid object in pure rotational motion, if 
the component of the net external torque about the rotational 
axis (say the z-axis) is zero then the component of angular 
momentum along that axis is conserved, i.e., if 


then 
liwi = ljo 


That is, the angular momentum is not necessarily conserved 
in all directions. It is conserved in the direction where the net 
external torque is equal to zero. 


7.9 Work and Rotational Energy 

Consider a rigid body rotating about a fixed axis as in 
Fig. 7.21. If a force that lies in the x-y plane is applied to 
the body at P, then the work done on the body if it rotates 
through an angle dé is 
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Fig.7.21 A rigid body rotating about a fixed axis 


d 
dW =F-ds =F. Cdr =F- vdt =F (@ x r)di 
= (r x F)- ædt = t - wdt 


Since t and @ are parallel, (the force lies in the x-y plane 
therefore the total torque is parallel to the z-axis) we have 


dé 
dW = twdt = t—dt = td0 
dt 
Therefore, the total work done in displacing the body from 6; 
to 02 is 
02 


W = tdé 
01 


(7.12) 


Tf this torque is constant we have 
W =T(@. — 8) = TAO 


The Work-Energy Theorem The work—energy theorem 
states that the work done by an external force while a rigid 
object rotate from 4; to @2 is equal to the change in the rota- 
tional energy of the object. This follows from Eq. 7.12 and 
by using the fact that along the axis of rotation the torque is 
given by t; = Ja (see Sect. 7.7), thus 


oa 62 %2 do o 1 1 
W= td0 = f Iad = f Iov—dt = / lodw = -1o — <1; 
O on dt 2o 2 


w wI 


1 2 1 2 
W=AK= gs — zo 


7.10 Power 


Table 7.2 Analogous Equations in linear Motion and Rotational Motion 
about a Fixed Axis 


Rotational motion Linear motion 
t=la F = ma 

W = fy cdo W = x Fax 
Kr = 310? K = įm? 
P=tw P = Fv 
7.10 Power 


The instantaneous power delivered to rotate an object about 
a fixed axis is found from 


dW qd 
~ dt dt 


= üz 


Table. 7.2 shows analogous equations in linear motion and 
rotational motion about a fixed axis 


Example 7.14 A disc of radius R = 0.08 m and mass of 5 kg 
is rotating about its central axis with an angular speed of 170 
rev/min. Find: (a) the rotational kinetic energy of the disc; (b) 
Suppose that the same disc rotate using a motor that delivers 
an instantaneous of power 0. 2hp, find in that case the torque 
applied to the disc. 


Solution 7.14 (a) Since the rotational axis is the axis of sym- 
metry of the disc, then the moment of inertia is 


1 2, 1 2 2 
I = 5MR? = 5 (5 kg) (0.08 m)? = 0.016 kgm 


The angular velocity of the disc is 
170 2x rad\ (1 mi 
Te eaa i mM ) = 17.8 rad/s 
min 1 rev 60 s 


1 2 1 2 2 
K = Slo” = 5 (0.016 kg m°)(17.8 rad/s)? = 2.5 J 


2 746 W 
P= (0.2 hp (a) = 149.2 W 
lhp 
and 
P (149.2 W) 


T= —- = =84Nm 


o (17.8 rad/s) 


Example 7.15 Consider a light rope wrapped around a uni- 
form cylindrical shell of mass 30 kg and radius of 0.2 m as 
in Fig. 7.22. Suppose that the cylinder is free to rotate about 
its central axis and that the rope is pulled from rest with a 
constant force of magnitude of 35 N. Assuming that the rope 
does not slip, find: (a) the torque applied to the cylinder about 
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Fig.7.22 A light rope wrapped around a uniform cylindrical shell 


its central axis; (b) the angular acceleration of the cylinder; 
(c) the acceleration of a point in the unwinding rope; (d) the 
number of revolutions made by the cylinder when it reaches 
an angular velocity of 12 rad/s, (e) the work done by the 
applied force when the rope is pulled a distance of 1m, (f) 
the work done using the work—energy theorem. 


Solution 7.15 (a) Because the line of action of both the 
weight and the normal forces passes through the central axis 
of the cylinder, they produce no torque. Hence, the total torque 
acting on the cylinder is 


t = FR = (35 N)(0.2 m) = 7 N/m 
(b) The moment of inertia of the cylinder is 
I = MR? = (30 kg)(0.2 m)? = 1.2 kg m? 


and 
T (7 Nm) 
a=- = 


=-~ = 5.8 rad/s” 
I (1.2kgm?) 


(c) The acceleration of a point in the unwinding rope is the 
same as the acceleration of a point at the rim of the cylinder, 
i.e., 

a = Ra = (0.2 m) (5.8 rad/s”) = 1.2 m/s? 


(d) 


wo = ws + 2a0 
Since wo = 0, 


12 rad/s)? 
pa ete) io Arad 
2(5.8 rad/s?) 


or 
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1 rev 
6 = (12.4 rad) | ———\ | = 2 rev 
2x rad 


(e) If the rope has moved a distance of Im, the angular 
displacement of the cylinder is 
sS (m) 
R 02m) 


the work done is 


0 
W = td = t(0 — 0o) = (7 Nm) ((5 rad) — 0) = 35 J 
Oo 


(f) The final angular speed when 0 = 5 rad is 
W = w + 200 = 0 + 2(5.8 rad/s?) (5 rad) 


That gives w = 7.6 rad/s. From the work—energy theorem 
we have 


W=AK= slo slo} = saa kg m?)(7.6 rad/s)” — 0 = 35 J 

Example 7.16 A uniform rod of mass M = 0.75kg and 
length L = 1m is hinged at one end and is free to rotate 
in a vertical plane as in Fig. 7.23. If the rod is released from 
rest at an angle 0 = 30° to the horizontal, find; (a) the initial 
angular acceleration of the rod when it is released; (b) the 
initial acceleration of a point at the end of the rod; (c) from 
conservation of energy find the angular speed of the rod at its 


lowest position (Neglect friction at the pivot). 


Solution 7.16 (a) Since the normal force exerted by the pin on 
the rod passes through O, then the only force that contributes 
to the torque is the force of gravity This force acts at the 
center of gravity which is at the center of mass (see Sect. 8.4). 
Therefore the net external torque is 


Fig.7.23 A uniform rod free to rotate at one end 
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MgL 
T= z cos 


(0.75 kg)(9.8 m/s2)(1 m) 
= 2 


cos 30° = 3.2Nm 


The moment of inertia about the rotational axis is 


1 0.75 kg)(1 m)? 
i eS OU, anes teat 
3 3 
and hence 
3.2N 
po ba Je Speen 


I (0.25 kgm?) 
(b) The acceleration of a point at the end of the rod is 
a, = ra = La = (1 m)(12.8 rad/s”) = 12.8 m/s” 
(c) When the rod reaches its lowest position, the potential 
energy of its center of mass is transformed into rotational 
kinetic energy of the rod. From conservation of energy we 


have K; + Ui = Ky + Uf. Taking the potential energy to be 
zero at the lowest position, gives 


Le 1, 
0+Mg meade +0 


That gives 


2 
v= Mg” sino + p= | OP OEE Gye) 
I (0.25 kgm?) 


1) = 6.64 rad/s 


Example 7.17 Find the net torque on the system shown in 
Fig. 7.24 where rı = 5 cm, m = 15 cm, F; = 10 N, Fp = 


F; 


F; 


Fig.7.24 A cylinder with a core section is free to rotate about its center. 
Ropes wrapped around the inner and outer sections exert different forces 
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Fig.7.25 A block of mass m is 
attached to a light string that is 
wrapped around the rim of a 
uniform solid disk of radius R and 
mass M 


20 N and F3 = 15 N. Neglect the mass and friction of the 
ropes and pulleys. 


Solution 7.17 Since all forces lie in the same plane the net 
torque is 


Tnet = T1 + T2 + T3 = (10 N)(0.05 m) + (20 N)(0.05 m) 
— (15 N)(0.15 m) = —0.75 Nm 


Example 7.18 A block of mass m is attached to a light string 
that is wrapped around the rim of a uniform solid disc of 
radius R and mass M as in Fig. 7.25. Assuming that the string 
does not slip and that the disc rotates without friction, find: 
(a) the acceleration of the block; (b) the angular acceleration 
of the disc, and; (c) the tension in the string when the system 
is released from rest. 


Solution 7.18 The free-body diagrams of the disc and the 
block are shown in Fig. 7.25. Applying Newton’s second law 
to the block gives 

T — mg = —ma 


or 


(7.13) 


where positive y is chosen to be directed upwards. Applying 
Newton’s second law in angular form to the disc gives 


t = RT = lg 


or 


Since the acceleration of the block is equal to the (tangential) 
acceleration of a point at the rim of the disc we have 


(7.14) 


Equating Eqs. 7.13 and 7.14 gives 
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Y 

n 

d i 

block 
X 
T 

mg 

Mg 
TR? mg-T 
I m 


T = => 
1/m+ R?/I  1/m + 2R?/MR? 
that gives 
mg 


T = — 
1 +2m/M 


Substituting this into Eq. 7.14 


TR? 2TR? 
ü = — = 
I MR? 
gives 
E 
a= ———_ 
1 +M /2m 
Finally 
a E 


oR RO +M/2m) 


Example 7.19 A homogeneous solid sphere of mass 4.7 kg 
and radius of 0.05 m rotate from rest about its central axis 
with a constant angular acceleration of 3 rad/s?. Find: (a) the 
torque that produces this angular acceleration; (b) the work 
done on the sphere after 7 revolutions; (c) the work done after 
7 revolutions using the work—energy theorem. 


Solution 7.19 (a) 


t =la = eee 24 7 kg)(0.05 m)? (3 rad/s”) = 0.014 N 
(b) 
2mrad 
0 = (7 rev) = 44 rad 
1 rev 
and 


W = TAO = (0.014 N/m)(44 rad) = 0.6 J 
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m2 


Fig.7.26 AtwoodOs machine 


assuming 69 = 0. 
(c) After seven revolutions the angular velocity is 


w? = w + 2a (0 — 00) 
Since wo = 0, we have 
W? = 2a = 2(3 rad/s?) (44 rad) 


that gives w = 16.24 rad/s. Hence 


1 1 1 
W= se = 510 = 347 x 107° kg m)(16.24 rad/s”)? — 0 = 0.6 J 


Example 7.20 Fig. 7.26 shows Atwood’s machine when the 
mass of the pulley is considered. If the system is released 
from rest (and assuming that the string does not stretch or 
slip) and that the friction of the pulley is negligible, find linear 
acceleration of the blocks and the angular acceleration of the 
pulley. 


Solution 7.20 Fig. 7.26 shows the free-body diagram for each 
block and for the pulley Applying Newton’s second law gives 


Tı —mg=mya 
Tə — mg = -ma 
t = (Ti — T)R = —I«& 


and 
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n—T, —T2 -Mg=0 


The torque is negative because the pulley rotates in the clock- 
wise direction. Therefore we have 


Ti — Ta + g(mz — mı) = a(m + m) 


and 
b-T = Ia la 
That gives 
mE g(m — mı) 


(my +m +1/R® 


If the pulley is a uniform solid disc then 


l sp2 
I = -MR 
2 
and 
g(m — mı) 


az 
(my +m + M /2) 


a2 g(m — mı) 
R(mı + m + M /2) 


Example 7.21 A uniform solid cylinder of radius of 0.2 m and 
mass of 10 kg is rotating about its central axis. If the angu- 
lar speed of the cylinder is 5 rad/s:(a) calculate the angular 
momentum of the cylinder about its central axis; (b) Suppose 
the cylinder accelerates at a constant rate of 0.5 rad/ s?, find 
the angular momentum of the cylinder at t = 3s(c) find the 
applied torque; (d) find the work done after 3s. 


Solution 7.21 (a) The moment of inertia of the cylinder is 


1 2. 1 2 2 
I = ZMR? = 5 (10 kg)(0.2 m)? = 0.2 kgm 


for homogeneous symmetrical objects the total angular 
momentum is 


L = Iw = (0.2 kgm?) (5 rad/s) = 1 kgm?/s 
b)Att=3s 
w = w + at = (5 rad/s) + (0.5 rad/s) (3 s) = 6.5 rad/s 
at that instant 
L = Iw = (0.2 kgm?) (6.5 rad/s) = 1.3 kg m?/s 


(c) 
t = Ia = (0.2 kg m°) (0.5 rad/s”) = 0.1 Nm 
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Fig.7.27 A uniform solid sphere 
rotating about an axis tangent to 
the sphere 


(d) 


1 1 1 
W= z1% = 5100 = 502 kg m2)((6.5 rad/s)? — (5 rad/s)) = 1.72 J 


Example 7.22 A uniform solid sphere of radius of 5 cm and 
mass of 4.7 kg is rotating about an axis that is tangent to the 
sphere (see Fig. 7.27). If its angular acceleration is given by 
a = (4t) rad/s? and if at t = 0, wọ = O, find the angular 
momentum of the sphere and the applied torque as a function 
of time. 


Solution 7.22 


o= fad= f andr =2P +c 


since at t = 0, wo = 0 then c = 0 and 
æ = (2f) rad/s 
The moment of inertia of the sphere is 


7 


2 7 
I= MR + MR? = MR = 5 (4.7 kg) (0.05 m)? = 0.016 kg m? 


and 


L = Iw = (0.016 kg m”)((2t7) rad/s) = (0.0317) kg m?/s 


= (0.06t)N 
TtT = — = 5 m 
dt 


Example 7.23 In Example 7.8 find the angular momentum in 
each case. 


119 
Solution 7.23 (a) 
L = Lw = (0.014 kgm?) (5 rad/s) = 0.07 kgm? /s 
(b) 
L = lyo = (0.01 kgm?) (5 rad/s) = 0.05 kg m? /s 
(c) 
L = Lœ = (4 x 107°? kgm?) (5 rad/s) = 0.02 kg m?/s 


Example 7.24 A uniform solid sphere of radius of 0.2 m is 
rotating about its central axis with an angular speed of 5 rad/s. 
If an impulsive force that has an average value of 100 N acts 
at the rim of the sphere at the center level for a short time of 
2 ms:(a) find the angular impulse of the force; (b) the final 
angular speed of the sphere. 


Solution 7.24 (a) 
t2 
AL = J tdt = TayeAt = FRt = (100 N) (0.2 m)(2 x 
ti 


107° s) = 0.04 kg m? /s 
(b) 
AL = I (of — oi) 


(0.04 kg m?/s) = (0.2 kg m*) (œr — (5 rad/s)) 


That gives wp = 5.2 rad/s. 


Example 7.25 Aman stands ona platform that is free to rotate 
without friction about a vertical axis as in Fig. 7.28. If the sys- 
tem is initially rotating with an angular speed of 0.3 rev/s: (a) 
find the final angular speed of the system if the man draws the 
weights in; (b) find the increase in the kinetic energy of the 
system and its source. (I; = 15 kgm? And If =3 kg m?). 


Solution 7.25 Because the resultant external torque on the 
system is zero, it follows that the total angular momentum of 
the system is conserved. That is 


Ly = Lp 
liwi = Ip og 
hence 
Ii (15 kg m?/s) 


wf = i? wi = GRG (0.3 rev/s) = 1.5 rev/s 


rev 27 rad 
Oi = (03 =\( ) = 1.9 rad/s 
S 1 rev 


(b) 


120 


Fig. 7.28 A man stands on a 
platform that is free to rotate 
without friction about a vertical 
axis 


2x rad 
of = (13 =\( = ) = 9.4 rad/s 
s ] rev 


dng d 2 2 
Ki = zii = z5 kgm*)(1.9 rad/s)“ = 27 J 


lra l ai 2) (9.4 rad/s)? = 132.5 J 
fo — 56 gm*)(9.4 rad/s)* = ; 


This increase in the kinetic energy is because the man does 
work when he moves the dumbbells inwards. 


Example 7.26 A uniform disc of moment of inertia of 0.1 
kg m? is rotating without friction with an angular speed of 3 
rad/s about an axle passing through its center of mass as in 
Fig. 7.29. When another disc of moment of inertia of 0.05 kg 
m°? that is initially at rest is dropped on the first, the two will 
eventually rotate with the same angular speed due to friction 
between them. Determine (a) the final angular speed; (b) the 
change in the kinetic energy of the system. 


Solution 7.26 (a) Since the net external torque acting on the 
system is zero, it follows that the total angular momentum of 
the system is conserved, i.e., 


Li = Lf 


or 
hoi = (h + h) 


hence 
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Fig.7.29 A uniform disc rotating without friction. Another disc that is 
initially at rest is dropped on the first, the two will eventually rotate with 
the same angular speed due to friction between them 


_ (0.1 kgm°)(3 rad/s) 
(0.15 kgm?) 


ha, 
oz = 
(i + 1) 


(b) 
l 2_ 1 2 2 
Ki = z701 = 701 kgm*)@G rad/s)“ = 0.45 J 


= 2 rad/s 


1 1 
Kp = 5h +h)o* = 50.15 kg m7)(2 rad/s)? = 0.3 J 


This decrease in kinetic energy is due to the internal noncon- 
servative (frictional) force that acts within the system. 


Problems 


1. A wheel is initially rotating at 60 rad/s in the clockwise 
direction. If a counterclockwise torque acts on the wheel 
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producing a counterclockwise angular acceleration a = 
2t rad/s”, find the time required for the wheel to reverse 
its direction of motion. 

2. If the angular position of a point on a rotating wheel is 
given by 0 = 2t + 5t* rad, find the angular speed and 
angular acceleration of the point at t = 2 s. 

3. A wheel of radius of 0.5 m rotates from rest at a constant 
angular acceleration of 2.5 rad/s*. At t = 2 s Find (a) 


the angular speed of the wheel (b) the angle in radians j 
through which the wheel rotates (c) the tangential and 
radial acceleration of a point at the rim of the wheel. Fig.7.32 An elliptical quadrant 
4. Find the angular speed in radians per second of the earth 
about (a) its axis (b) the sun. Fig.7.33 A uniform rod of O 
5. An L-shaped bar rotates counterclockwise with an angu- length L and mass M is pivoted at 
lar acceleration of œw (see Fig. 7.30). Find (in vector form) ack Proj eae ol eS moving 
5 . : . at velocity v collides with the rod 
the linear velocity and acceleration of the point P on the and sticks to it 
bar. 
6. Four masses are connected by light rigid rods as in 
Fig. 7.31. Calculate the moment of inertia of the system 
about (a) the x-axis (b) the y-axis (c) the z-axis. m 
7. Find the moment of inertia of a uniform solid sphere of Q 
radius R and mass M about an axis passing through its i 
center of mass. 
Y 8. Find the moment of inertia of an elliptical quadrant about 


the y-axis (see Fig. 7.32). 

9. A 5 kg uniform solid cylinder of radius 0.2 m rotate 
about its center of mass axis with an angular speed of 
10 rev/min. Find (a) its rotational kinetic energy (b) its 


\e angular momentum. 
0.5m 10. A wheel of mass of 20 kg and radius of 0.75 m is initially 
E rotating at 120 rev/min. If its angular speed is increased to 

300 rev/min in 20 s, find (a) the work done on the wheel 

(b) the average power delivered to the wheel. 

i 11. A wheel of mass 10 kg and radius 0.4 m accelerates uni- 

formly from rest to an angular speed of 800 rev/min in 20 

s. Find (a) the torque applied to the wheel (b) the work 

Y done on the wheel (c) the work done using the work— 
energy theorem. 

12. A uniform rod of length L and mass M is pivoted at O 
(see Fig. 7.33). If a projectile of mass m moving at veloc- 
ity v collide with the rod and stick to it, find the angular 
momentum of the system immediately before and imme- 
diately after the collision. 

4m X 13. A disc of radius 2.2 m and mass of 120 kg rotate about 

a frictionless vertical axle that passes through its center. 

A man of mass 65 kg walks slowly from the rim of the 

3kg | 2m |4kg disc towards the center. Find the angular speed of the disc 
when the man is at a distance of 0.7 m from the center 

if its angular speed when the man starts walking is 1.6 


Fig.7.30 An L-shaped bar rotating counterclockwise 


2kg 3kg 


Fig.7.31 Four masses connected by light rigid rods rad/s. 
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Rolling and Static Equilibrium 


8.1 Rolling Motion 

Rolling motion represents the general plane motion of a rigid 
body It can be considered as a combination of pure transla- 
tional motion parallel to a fixed plane plus a pure rotational 
motion about an axis that is perpendicular to that plane. The 
axis of rotation usually passes through the center of mass. In 
Sect. 6.4, we’ve seen that the motion of an object (or a sys- 
tem of particles) can always be considered as a combination 
of the motion of the object relative to its center of mass plus 
the motion of its center of mass relative to some origin O. 
From Sect. 6.4.3, the kinetic energy of an object relative to 
the origin is 


1 1 
K=5 do miu + 5M vm (8.1) 
l 


where vem is the velocity of the center of mass of the object 
relative to the origin O, m; is the mass of the ith particle and 
v; is the linear velocity of the ith particle relative to the center 
of mass. In the case of the general plane motion of a rigid 
body, the motion can be considered as a combination of pure 
translational motion of the center of mass plus pure rotational 
motion about an axis passing through the center of mass and 
perpendicular to the plane of motion. Therefore, the first term 
in Eq. 8.1 can be written as 


— 1 
U; = Or; 


where r; is the perpendicular distance from the ith particle to 
the center of mass axis. Hence 


1 3i za Lyna 
K = 5 (Ems Je + zM Yem 
l 


ly zily 
= -Mv 
J MED 


K = 


2 
cm 
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Thus, the total kinetic energy of a rolling object is the sum of 
the translational kinetic energy of its center of mass and the 
rotational kinetic energy about its center of mass. 


8.2 Rolling Without Slipping 

An important special case of the general plane motion is 
rolling without slipping. Such motion occurs if a perfectly 
rigid body rolls on a perfectly rigid surface. As the object rolls 
without slipping, the instantaneous s’ point of contact between 
the object and the surface is at rest relative to the surface since 
there is no slipping. Now, consider a wheel of radius R rolling 
without slipping along the straight track shown in Fig. 8.1. 
The center of mass of the wheel moves along a straight line, 
while a point on the rim such as P moves in a cycloid path. As 
the wheel rotates through an angle 0, its center of mass moves 
through a distance equal to the arc length s (see Fig. 8.2) given 
by 


Fig.8.1 A wheel of radius R rolling without slipping along the straight 
track 


Fig. 8.2 As the wheel rotates through an angle 0, its center of mass 
moves through a distance equal to the arc length s 
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Fig.8.3 The combination of 


pure rotational and translational 
motions 


Vem 


s = RO 
Hence, the speed of the center of mass is 


ds dð | 


— = R— = Rw 
dt dt 


Vem = 


The acceleration of the center of mass is given by 


dvem R dw 


= R— = R 
dt dt ~ 


acm = 
The combination of pure rotational and translational motions 
is viewed in Fig. 8.3. In the pure translational motion (see 
Fig. 8.3 part a) every particle in the wheel moves with the 
velocity Vem. In pure rotational motion (see Fig. 8.3 part b), 
each particle moves with an angular speed w about the center 
of mass axis and the linear speed of any particle at the rim is 
Vem = Ra (8.2) 
The resulting motion of these two combined motions is shown 
in Fig. 8.3 part c, where the linear velocity of each particle 
is the vector sum of its linear velocity in pure translational 
motion and its linear velocity in pure rotational motion. There- 
fore, the instantaneous velocity of the point of contact is equal 
to zero (vı = 0) and of a point at the top of the wheel is equal 
to twice the velocity of the center of mass (v2 = 2Vem). Note 
that Eq. 8.2 is valid only in the special case of rolling without 
slipping; in the general rolling motion this equation does not 
hold. The total kinetic energy of a rigid object rolling without 
slipping is therefore given by 


1 2 1 2 
K = 5 lem + 7 vm 


1 1 
= -Imo + -MR o? 
a 2 
Another way to view rolling without slipping is to consider the 
wheel to be in pure rotational motion about an instantaneous 
axis that passes through the point of contact P (see Fig. 8.4). 
In that case, the velocity of the point of contact P is zero and 
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VVC 


a 


Fig.8.4 Another way to view rolling without slipping is to consider the 
wheel to be in pure rotational motion about an instantaneous axis that 
passes through the point of contact P 


fs 


Fig.8.5 A statistical frictional force acts on it at the instantaneous point 
of contact producing a torque about the center 


the velocity of the center of mass is Vem = Re (since it is at 
a distance R from the axis of rotation) and the velocity of a 
point at the top is v, = 2Rw = 2vem. Note that the angular 
velocity w of the wheel is the same as its angular velocity if 
the axis of rotation is at the center of mass. 

For simplicity, only homogeneous symmetrical objects 
will be considered here such as hoops, cylinders, and spheres. 
When a rigid body rolls without slipping with a constant 
speed, there will be no frictional force acting on the body 
at the instantaneous point of contact. However, if the object 
is accelerating, then a statistical frictional force acts on it at 
the instantaneous point of contact producing a torque about 
the center (see Fig. 8.5). This will cause the object to rotate 
about its center of mass. The direction of the statistical force 
opposes the tendency of the object to slide. For example, if a 
wheel is rolling down an incline, the direction of the frictional 
force will be opposing the downward motion. 

In most situations, the body and the surface are not per- 
fectly rigid. As a result, the normal force would not be a single 
force; rather it would be a number of forces that are distributed 
over the area of contact (see Fig. 8.6). Therefore, each normal 
force will exert an opposing torque since its line of action will 
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Fig. 8.6 If the body and the surface are not perfectly, the normal force 
would not be a single force; rather it would be a number of forces that 
are distributed over the area of contact 


not pass through the center of mass. Furthermore, as the object 
rolls over the surface, both the object and the surface undergo 
deformation resulting in a loss in the mechanical energy. 


Example 8.1 A uniform solid hoop of mass of 32 kg and 
radius of 1.2 m rolls without slipping on a horizontal track 
where the center of mass speed is 2 m/s. Find: (a) the total 
energy of the hoop and compare it with its total energy if it 
would slide without rolling; (b) the speed of the hoop at its 
top and bottom. 


Solution 8.1 (a) the total energy is given by 


1 2 1 2 
K = 3 lem + zM vm 


1 SN 
= ard ( =) + —~Mv2,, = Mv2, = (82 kg)(2 m/s)? = 128 J 


If the hoop slides without rolling its total kinetic energy is 


1 
a ae that is, its value is half of that if the hoop were to 
roll without slipping. 

(b) 


Vtop = 2Vem = 2(2 m/s) = 4 m/s 
Ubottom = 0 
Example 8.2 A uniform solid cylinder, sphere, and hoop roll 


without slipping from rest at the top of an incline (see Fig. 8.7). 
Find out which object would reach the bottom first. 


Solution 8.2 For each object, we have 


Ki +U; = Kf + Uy 


1 1 Vem \? 
0+ Mgh = aen + ston (2) 


Fig.8.7 A uniform solid cylinder, sphere and hoop roll without slipping 
from rest at the top of an incline 
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Fig. 8.8 A marble ball of radius R and mass M rolls without slipping 
down the incline 


2gh 
Vem =V TF Tg MERE 
Hence, the speed of the center of mass of any object at the 
bottom of the incline does not depend on its mass or size; it 
depends only on its shape. Therefore, all objects of the same 
shape such as spheres (of any mass or size) have the same 
speed at the bottom. That is, the smaller the ratio Zem /M R? 
the faster the object moves since less of its energy goes to 
rotational kinetic energy and more goes to translational kinetic 
energy The ratio Tem /M R? is equal to 0.4, 0.5, and 1 for 
a sphere, cylinder, and hoop, respectively Therefore, these 
objects will finish in the order of any sphere, any cylinder, 
and any hoop. 


Example 8.3 A marble ball of radius R and mass M rolls 
without slipping down the incline shown in Fig. 8.8. Find: (a) 
its acceleration; (b) the minimum coefficient of static friction 
that is required to prevent slipping. 


Solution 8.3 (a) Applying Newton’s second law in both linear 
and angular form (see Fig. 8.7) we have 


XC Fy = Mg sind — fs = Maem (8.3) 
DR =n — Mg cos = 0 
and ies fies — (24, 92\ [dem 
-tam taa- (Gue) 
that gives 
f= Z Maon (8.4) 


Substituting Eq. 8.4 into Eq. 8.3 gives 
: 2 
Mg sind — 5 Maem = Maem 


hence 
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Fig.8.9 A string wrapped 
around a uniform solid cylinder 
of radius of R and mass of M 


ae 
lim = 78 sing 


and 3 
fs == 7M8 sin 0 


(b) At the verge of slipping, the statistical frictional force is a 
maximum given by 


2 . 
Ss max = Hsn = 7M8 sin 6 


Hence, the coefficient of static friction must be at least as great 


2 
as Us = 7 tan @ in order for the ball not to slip. 


Example 8.4 A string is wrapped around a uniform solid 
cylinder of radius of R and mass of M as in Fig. 8.9. If the 
cylinder is released from rest while the string is fixed in place 
and assuming that the string does not slip at the cylinder’s 
surface, find: (a) the acceleration of the center of mass using 
Newton’s laws (b) the acceleration of the center of mass using 
energy methods if the cylinder descends a distance h(c) the 
tension in the string. 


Solution 8.4 (a) Applying Newton’s second law in both the 
linear and angular form gives 


XOF, =T — Mg = -Mam (8.5) 
Yt =TR= lma = 1 Raheny 
eee TEN R 
hence I 
T = 5 Maem (8.6) 


Substituting Eq. 8.6 into Eq. 8.5 gives 


1 
—Mo + 3 Maem = —Macn 


8 Rolling and Static Equilibrium 


that gives 


2 
acm = 38 
(b) Energy Method 


Ki +U; = Ky +Uy 


1 2 1 2 
0+ Mgh = zM Yem + 5 fem 


1 1/1 Vem \? 
0+ Mgh = -Mv?, + -| -MR? || -= 
Mee 5 vin + 3(5 \( 


4 
Vem = 38h 


= v + 2demh, and since vg = 0 we 


that gives 


From the expression v? 
have j 
Van 4gh 2. 


2h 32h) 3 


acm = 
(b) From Eq. 8.6, 


1 1 2 1 
T= 3 Maem = =m (30) = 38 

Example 8.5 A uniform solid sphere of radius R and mass 

M is released from rest at the top of an incline at a distance h 

above the ground. If it rolls without slipping, find the speed 

of the center of mass at the bottom of the incline. 


Solution 8.5 
Ki + Ui = Kf + Ur 


1 2 1 2 
0+ Mgh = zm + =Ien@ 


2 
0+ Mgh = 1m2, +14(2 ur) (2m f 
= v = oS 
82 = g Yem TONS R 
That gives 
10 
Ucm = 78h 


Example 8.6 A block of mass m is attached to a light string 
that passes over a light pulley and is connected to a uniform 
solid sphere of radius R and mass M as in Fig. 8.10. Show that 


the acceleration of the system is a = hen 


— w 
1+ 7/5(M ym) 
the block is released from rest. 


8.2 Rolling Without Slipping 


M,R 


m 


0 


Fig. 8.10 A block of mass m is attached to a light string that passes 
over a light pulley connected to a uniform solid sphere of radius R and 
mass M 


Solution 8.6 From conservation of energy, we have 


1 2 1 2,1 2 
mgh = zM Yem + 5 feme + Fils 


Since the block and the sphere are connected, they have the 
same speed, therefore 


1 1/2 vV\? 1 
h = -Mv + -| =MR* |{ — -mv? 
ES a HE \(@) les 


Therefore, the speed of the system when the block is at the 
bottom of the incline is 


2gh 
1+7M/5m 


The acceleration of the system is 


ve v = 2ah 


or 


o 2gh 
= n 2h(1 +7/5(M/m)) 
that gives 
i = ee 
(+ 7/5(M/m)) 
8.3 Static Equilibrium 


An extended object is said to be in equilibrium if two condi- 
tions are satisfied. First, the net external force acting on the 
object must be equal to zero. Second, the net external torque 
on the object about any origin must also be equal to zero. 
In other words, an object is in equilibrium if its total linear 
momentum and its total angular momentum (about any ori- 
gin) are constants. Only the first condition is necessary if the 
object can be treated as a particle. Thus, the conditions of 
equilibrium may be written as 
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XOF = 0 (Translational Equilibrium) (8.7) 
5 t = 0 (Rotational Equilibrium) (8.8) 

In terms of components, we may write 
X R=0, X 50> Fo (8.9) 
ee eA (8.10) 


An object is said to be in static equilibrium if it is at rest (there 
isn’t any kind of motion with respect to our inertial frame of 
reference). Now consider the case in which all external forces 
acting on the object lie in the same plane (for example the 
x-y plane). Such forces are called coplanar forces. The net 
external torque due to these forces is then perpendicular to the 
x-y plane and parallel to the z-axis. Equations 8.9 and 8.10 
are, therefore, reduced to 


X R0, S080 


Next, we will prove that if the object is in translational equi- 
librium where (XF = 0) and the net external torque on the 
object is equal to zero about some origin, it is also equal to 
zero about any other origin. Note that the origin may be chosen 
anywhere inside or outside the object. Suppose that a num- 
ber of forces F1, F2, F3, .. . E, are acting on a rigid object at 
different points (see Fig. 8.11) and that the object is in trans- 
lational equilibrium. The point of application of F; relative 
to O is rı and of F? is rz and so on. The net external torque 
about O is given by 


Soro = tp +t2+ 6 +Tn =r] xX Fi +r x F+ +- rn x Fn 
The net external torque about O’ (see Fig. 8.12) is 


Xto =r ttt teeth, = ri x Fi try x F+ +r x Fy 


= (rı — ryg) x Fı + (r2 — rø) x F2 +-+- (tn — ro) x F, 


=r, x Fi + r2 x Fo+.4+---r, x Fn — (ry x Fi + ry x 
F2 + +: ro x Fn) 


= $to- (ro x (Fi +F2+ +F,)) = ) to- (ro x XF) 


Since XF = 0 we have 


Lu-Zr 


128 


X 


Fig. 8.11 A number of forces F1, Fo, F3, ..F, act on a rigid object at 
different points 


ry) =r/-To' 


Fig.8.12 The net external torque on the object about Oð 


8.4 The Center of Gravity 

The resultant gravitational force acting on an object is the 
resultant of the individual gravitational forces acting on dif- 
ferent mass elements of the object (see Fig. 8.13), i.e., 


X F=f mig 


This force can be replaced by a single force that is equal to the 
weight of the object (Mg) and that acts at a single point called 
the center of gravity Now consider an object that is near the 
earth’s surface where the force of gravity is assumed to be 
constant over that range. Equation 8.11 becomes 


X F=) mg=g) mi = Mg=w 


To locate the center of gravity, let us calculate the net torque 
acting on an object about an origin due to gravity This torque 
is the vector sum of the individual torques acting on different 
mass elements. That is, 


(8.11) 
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X 


Fig. 8.13 The resultant gravitational force acting on an object is the 
resultant of the individual gravitational forces acting on different mass 
elements of the object 


ia ye =) r x mig) = (Som) xg 


(ems) 


M 


T= x Mg =fon XW 


T=Fon XW 


Therefore, we conclude that if the gravitational field (g) is 
constant over the body, the center of gravity of the object 
coincides with its center of mass. 


Example 8.7 Two blocks of masses m2 = 20 kg and mı = 
10 kg are supported by a uniform horizontal beam of length 
L = 1.5m and mass M = 6 kg (see Fig. 8.14). Find: (a) the 
normal force exerted by the fulcrum (supporting point) on the 
beam if it is placed under the center of gravity of the beam; 
(b) the distance x in which m2 must be placed in order for the 
system to be balanced. 


mı m2 


cm 


98N 


58.8N 


196N 


Fig.8.14 Two blocks supported by a uniform horizontal beam 
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Fig.8.15 The free-body diagram 
of a ladder of length L and mass 
M = 20 kg resting against a 
smooth vertical wall 


Solution 8.7 (a) The free-body diagram of the system in 
shown in Fig. 8.14 where wy; = 196 N, w2 = 98 N, and 
w = 58.8 N. Applying Newton’s second law to the beam 
gives 


XL Fy =n — (59 N) — (98 N) — (196 N) = 0 


and 
n = 353 N 


(b) The net external torque about an axis passing through the 
center of the beam and perpendicular to the page is 


SE Tz = (98 N)(0.75 m) — (196 N)x = 0 
x = 0.37 m 


Example 8.8 A ladder of length L and mass M = 20 kg 
rests against a smooth vertical wall as shown in Fig. 8.15. 
If the center of gravity of the ladder is at a distance of L/3 
from the base, determine: (a) the minimum coefficient of static 
friction such that the ladder does not slip; (b) the magnitude 
and direction of the resultant of the contact forces acting on 
the ladder at the base; (c) if a man of mass of 70 kg climbs up 
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the ladder, what is the maximum distance the man can climb 
before the ladder slips if us = 0.4. 


Solution 8.8 (a) Figure 8.15 shows the free-body diagram of 
the ladder. Applying Newton’s second law to the ladder gives 


> Fy = fs —n2 = 0 
fs =n2 
and 
XF =n- Mg =0 
nı = Mg 
Applying Newton’s second law in angular form about O 


(the point must be chosen to give minimum unknowns) we 
have 
. 1 
5 t; = mL sind — Mal cos = 0 (8.12) 


If the ladder is at the verge of slipping the statistical frictional 
force is maximum f; = usn. From Eq. 8.12, we have 
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Mg (196 N) 
= — = N= 
72 = 36nd 3tanGl) NS 
hence 53.N 
— Fs _ ©3N) _ 997 
ni (196 N) 


(b) The resultant of the contact forces on the ladder at the base 
is 


Fr = y f2 +n} = V(53 N} + (196)? N = 203 N 


the direction of Fp is 


196 N 
$ = tan! M an CAN = 
F (52.9 N) 


o 


(c) The free-body diagram is shown in Fig. 8.15. From the 
equilibrium condition, we have 


YF = fs —n2 =0 


and 
XCF, =n — mg — Mg =0 
or 
fs =n2 
and 
nı = (m + M)g 


Furthermore, the resultant external torque about O is 


1 
Dr = mL sind — gates —mgxcoséd =0 


_ 8 Mo x 
"2 = tan 3 "IL 


at the verge of slipping 


thus 


fs = usnı = Usg(M + m) = (0.4)(9.8 m/s?) (90 kg) = 353 N = np 


Hence 
x= 0.54 L 


Example 8.9 A uniform beam of weight w and length L is 
held by two supports as in Fig. 8.16. A block of weight w 
is resting on the beam at a distance of L/6 from the center of 
gravity of the beam. Find the magnitude of the forces exerted 
by the supports on the beam. 


Solution 8.9 The free-body diagram of the system is shown 
in Fig. 8.16. Because the beam has a uniform density its cen- 
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ter of mass and gravity are located at its geometrical center. 
Applying Newton’s second law gives 


Ly =0 


F+ Fi, -—w-—w,;=0 (8.13) 


Taking the torque about an axis passing through one end (at 


F|) gives 
a =0 


2 L 
PL-3Lw->w=0 (8.14) 


From Eqs. 8.13 and 8.14 we have 


2 w 
h = zw! + 7 
and 
w1 W 
=> + 
3 2 


Example 8.10 A man of mass of 80 kg is standing at the 
end of a uniform beam of mass of 30 kg and length of 12 m 
as shown in Fig. 8.17. Find the tension in the rope and the 
reaction force exerted by the hinge on the beam. 

Solution 8.10 (a) The free-body diagram is shown in Fig. 8.17. 
Applying Newton’s second law to the beam 
gives 


>. Fy = T sin 50° + Fr sin@ — (294 N) — (784 N) =0 
DR = Fp cos0 — T cos 50° = 0 
The resultant torque about an axis passing through O is 
. L 
5 t, = T sin 50° L — L(784N) — 3 24N) =0 
That gives T = 1215.3 N. Hence 
Fg cos 8 = T cos 50° = (1215.3 N) (0.64) = 781.2 N 


(8.15) 
and 


Fp sin = —T sin 50° + (294 N) + (784 N) 


= —(1215.3 N) (0.76) + (294 N) + (784 N) = 147 N 
(8.16) 


Dividing Eq. 8.16 by Eq. 8.15 gives 
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Fig.8.16 A uniform beam of weight w and length L balanced by two supports 


Fig.8.17 A man standing at the 
end of a uniform beam 


moa M g 
ano = — — = U. 
(781.2 N) 


0 = 10.6° 


and 


Fr = y (147)2 + (7812)2 = 795 N 


Example 8.1] A uniform beam of weight of 120 N and length 
of L is in horizontal static equilibrium as in Fig. 8.18. Neglect- 
ing the masses of the ropes, find the tension in each string. 
(The center of mass is at L/3 from one end). 


Solution 8.11 The free-body diagram is shown in Fig. 8.18. 
Applying Newton’s second law to the beam gives 


XL Fy = Ti cos 6 + Tz cos 30° — (120 N) = 0 


or 
Tı cos @ + T2(0.87) = (120 N) (8.17) 
Also 
DR = Tı sin — T sin 30° = 0 
or 
Tı sin 6 = T sin 30° (8.18) 


Fr 


294N 784N 


Taking the resultant torque on the beam about one end (at T1) 
gives 


X` r= (120 Ns — LT) cos 30° = 0 
or 
To = 46.2 N 
Substituting Tz into Eqs. 8.18 and 8.17 gives 


Tı sin@ = (46.2 N) sin 30° = 23.1 N 


and 
Tı cos @ + (46.2 N)(0.87) = (120 N) 
Tı cos = 80 N 
OS ao BIN oa 
(80 N) f 


That gives 0 = 16.7° and 7; = (23.1 N)/sin16.7° = 
80.3 N. 


Example 8.12 A solid sphere of mass of 12 kg is in static 
equilibrium inside the wedge shown in Fig. 8.19. If the surface 
of the wedge is frictionless, find the forces that the wedge 
exerts on the sphere. 
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Fig.8.18 A uniform beam held 
by ropes in static equilibrium 


Fig.8.19 A solid sphere in static equilibrium inside a wedge 


Solution 8.12 Applying Newton’s second law gives 


5 F, = F; sin 50° — F; sin 30° = 0 


or 
Fı = 0.65 F2 


Also we have 


or 


R = F, cos 50° + F> cos 30° — Mg = 0 


0.65 F2 cos 50° + Fz cos 30° — Mg = 0 


That gives F2 = 91.6 N. Therefore 


F, = 0.65 Fy = 0.65(91.6 N) = 59.5 N 


Problems 


. Auniform cylinder of mass 3 kg and radius of 0.05 m rolls 


without slipping along a horizontal surface. Find the total 
energy of the cylinder at the instant its speed is 2 m/s. 


. A uniform solid cylinder of mass 10 kg and radius of 0.2 


m rolls up the incline of angle 45° with an initial veloc- 
ity of 15 m/s. Find the height in which the cylinder will 
stop. 


Fig.8.21 A uniform sphere 
suspended by a light string and 
leaning on a frictionless wall 
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Fig.8.20 A block suspended by 
a cable attached to a uniform rod 


. A wheel of mass 2 kg and radius of 0.05 m rolls without 


slipping with an angular speed of 3 rad/s on a horizontal 
surface. How much work is required to accelerate the wheel 
to an angular speed of 15 rad/s. 


. A block weighing 1000 N is held by a cable that is attached 


to a uniform rod of weight 500 N (see Fig. 8.20). Find (a) 
the tension in the cable, (b) the horizontal and vertical 
components of the force exerted on the base of the rod. 


. Auniform sphere of radius r and mass m is held by a light 


string and leans on a frictionless wall as in Fig. 8.21. If 
the string is attached a distance d above the center of the 
sphere, find (a) the tension in the string, (b) the reaction 
force exerted by the wall on the sphere. 


. Find the minimum force applied at the top of a wheel of 


mass M and radius R to raise it over a step of height h as 
in Fig. 8.22. Assume that the wheel does not slip on the 
step. 
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7. Three identical uniform blocks each of length L are on top 
of each other as in Fig. 8.23. Find the maximum value of 
h in order for the stack to be in equilibrium. 


Fig.8.22 A wheel raised over a step 


Fig.8.23 Three identical uniform blocks on top of each other 
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Central Force Motion 


9.1 Motion in a Central Force Field 
A force is said to be central under two conditions. First, the 
direction of the force must always be toward or away from a 
fixed point (see Fig. 9.1). This point is known as the center 
of the force. Second, the magnitude of the force should only 
be proportional to the distance r between the particle and the 
center of the force. The central force may be written as 
F=f()r (9.1) 
where r4 is a unit vector in the direction of r. Therefore, if 
f(r) < 0, then the central force is an attractive force since 
it is directed toward the center of the force O (as shown in 
Fig. 9.1) and if f(r) > 0, the force is repulsively directed 
away from O. 


Example 9.1 Which of the following forces are repulsive and 
-3 
which are attractive? (a)F = R i (b)F = 4r’°r] (c)F = 
r 
r(r — 2)rq. 
Solution 9.1 (a) Attractive, (b) repulsive, and (c) attractive if 


0 <r < 2 and repulsive if r > 2. 


9.1.1 Properties of a Central Force 


1. The resulting motion of the particle takes place in a plane. 
To show that we have from Eq. 9.1 


F =f (r)r} = ma 
thus, a is parallel to r(r = rr) and we may write 
rxa=0 


Hence, 


© The Author(s) 2019 
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dv 
—=0 
rx P7 
or 
—(rxv)= 
Thus, 


r x v = h = constant (9.2) 
where h is a constant vector. Therefore, r and v always lie 
in the same plane where h is perpendicular to that plane 
for every value of t. As a result, the path of the particle 
takes place in a plane. 


. The angular momentum of the particle is conserved. From 


Eq. 9.2, we have 
m(r x v) = mh 


or 
L = mh = constant 


Thus, the angular momentum is equal to a constant at all 
times (conserved). 


. The position vector r of the particle with respect to the 


center of force sweeps out equal areas in equal times or in 
other words, the areal velocity is constant. To show that, 
consider the plane of motion to be the x-y plane. During 
an infinitesimally small time interval dt, the radius vector 
r sweeps out an area equal to dA. From Fig. 9.2, this area 
is equal to half of the area of a parallelogram with sides r 
and dr. That is, 


1 
dA= zl x dr| 


or i 
dA = zl x vdt| 
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F (attractive) 


ff F (repulsive) 


m 


X 


Fig.9.1 The central force 


Z 


X 


Fig. 9.2 During an infinitesimally small time interval dt, the radius 
vector r sweeps out an area equal to dA 


or 


Thus, 


dA 


h 
— = — = Constant 
dt 2 
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9.1.2 Equations of Motion in a Central Force 
Field 


The most convenient coordinate system to describe the motion 
of a particle, under the influence of a central force, is the polar 
coordinate system. This convenience lies in the fact that the 
central force is in the r-direction. In Sect. 2.6, it has been 
shown that the acceleration of a particle in a plane, in terms 
of its polar coordinates, is given by 
a = (F — r67)r, + (rÖ + 276)0, 
Applying Newton’s second law to the particle gives 
F= ma 


fri =m (Ë — rri + (rË + 276)01] 


That gives 


f(r) = mË — rô’) (9.3) 


m(rö + 276) = 0 (9.4) 


In Sect. 2.6, we’ve also seen that the velocity of a particle in 
polar coordinates is given by 


v =r; +760) 
Therefore, we have 
rx v= rr] x (iri +7001) = ri (rı x r1) + O11 x 01) 
=0+r r x 61) =h 


Taking the plane of motion to be the x-y plane, then rı x 01 
is parallel to the z-direction and we have 


h = r°6k = hk 


Hence, 


ré=h (9.5) 


and Eq. 9.2 can be written as 
d TA 
— (r0) = 0 
ge” 


or 
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ro = constant 


Substituting Eq. 9.5 into Eq. 9.3 gives 


h2 
fo = (y = =) (9.6) 
r 
Let u = 1/r, then + = —ix(1/u). Since r?° = h, we have 
u? = 6/h. Thus 
N ù du/dt du 
0 dé /dt dg 
And 
s d , at _ d , at dé 
dt dé dé d0 j dt 
x d*u\ . 22 d*u 
r= n( Gr) 6 = —h*u (=) (9.8) 
Substituting Eq. 9.8 into Eq. 9.6 gives 
a )= E — hu?) 
fd/u) =m u J02 u 
or 
d?u -1 


This is the equation of path in a central force field. 


9.1.3 Potential Energy of a Central Force 


Consider a particle moving from point P to P2 (see Fig. 9.3) 
while a central force that has its center at the origin acts on it. 
The path of the particle may be considered as a combination of 
radial and curved segments. The central force is always acting 
in the direction of the radial segments and is perpendicular to 
the displacement along any of the curved segments. Thus, the 
work done by the central force along any curved segment is 
zero and the total work done in moving the particle along any 
path is equal to the work done along a radial line from r; to 
rf (see Fig. 9.4). That is, the work done by a central force is 
independent of path. It depends only on the initial and final 
positions of the particle. 

From this, we conclude that the central force is a conserva- 
tive force. You may also prove that V x F = 0. Hence, there 
exists a potential energy and the work done by the gravita- 
tional force may be written as 


W = -AU 
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Fig. 9.3 A particle moving from point P; to P2, while a central force 
that has its center at the origin acts on it 


Fig.9.4 The central force is always acting in the direction of the radial 
segments and is perpendicular to the displacement along any of the 
curved segments. Therefore, the total work done in moving the parti- 
cle along any path is equal to the work done along a radial line from 
r; to rf 


The work done in moving the particle from P4 to P2 is 


Po rf rf r 
W = F-ar= f fom :dr= | fr)--dr 
Ti Fi r 


Pi 


Since r - dr = rdr, we have 


Tf 
w= f()dr 


or 


AU = Us — Ui = - f foar (9.10) 


9.1.4 The Total Energy 


Since F is a conservative force, it follows that the total energy 
is conserved (constant), that is, 


l 4 
E= gy +U(r) 


138 


Since 
Va=vever4+re 
we have 
le ee 
BS + 7r°0°) + U(r) (9.11) 
Substituting Eqs. 9.5 and 9.7 into Eq. 9.11 gives 
1 du)? /1 
E= h2 hu2)2 
sm(( SE) + (i)e) + 0 
or 7 
du 2 2(E-U) 
— =e 9.12 
() = mh? (3.12) 
9.2 The Law of Gravity 


In 1687, Isaac Newton made a remarkable discovery. Newton 
stated that the force that holds planets in their orbit is the 
same force that makes an apple fall from a tree. Newton’s law 
of gravity states that every particle in the universe attracts 
every other particle with a force that is directly proportional 
to the product of the masses of the particles and inversely 
proportional to the square of the distance between them. The 
magnitude of this gravitational force is given by 


f= 

r 
where mı and m are the masses of the particles, r is the 
distance between them, and G is the universal gravitational 
constant. G has the same value if the particles (or objects) are 
located anywhere in the universe and it is given by 


G = 6.672 x 1071! N. m? /kg? 


The gravitational force is effective when one or both the 
masses are very large. This is because G is a very small num- 
ber. Note that, the gravitational force is not a contact force; it 
is a field force that can act through any medium. The direc- 
tion of the gravitational force is along the line joining the two 
particles. 

Therefore, the gravitational force is a central force since 
its magnitude is proportional only to the distance between the 
two particles (where one of the particles can be considered as 
the center of force), and its direction is along the line joining 
them (toward the center of force). 

Figure 9.5 shows two particles of masses m; and mz. Each 
particle exerts a gravitational force on the other. Let the grav- 
itational force exerted on m by mı to be F21, and that exerted 
on mı by m to be F12. From Newton’s third law of action 
and reaction, we have 
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Fig.9.5 Two particles of masses F>; 
m and m2. Each particle exerts a p 
gravitational force on the other 
Fp m2 
r27 
OF 


my] 


Fiz = —F) 


That is, the two forces form an action and reaction pair. In 
terms of unit vectors, we may write 


Fy) = -—; Tn 


and 


F2 = =—, hi 


where rj2 is a unit vector that is directed along the line joining 
the two particles (directed from mı to m2) and rz, is a unit 
vector directed from m2 to mı. The negative sign indicates 
that the force is attractive. That is, the force exerted on mı 
by m will move m; in the direction opposite of r21, i.e., 
toward m2. Where the force exerted on m by mı will move 
m opposite to rj2 (toward mı). If particle P of mass of mp 
interacts with a system of particles, the resultant gravitational 
force Fp exerted on particle P due to all particles in the system 
is the vector sum of the individual forces that each particle in 
the system exerts on particle P: 


n 


4 Gmpm 
— PMi 
i=l 


i=1 rip 


where r;p is a unit vector directed from the ith particle in the 
system toward the particle P and Fp; is the force exerted on 
particle P by the ith particle. If particle P of mass m interacts 
with an extended body of mass M , the resultant gravitational 
force Fp exerted on particle P is the vector sum of the individ- 
ual forces dF exerted on particle P due to each mass element 
dM in the object, but in this case, the sum is replaced by an 


integral 


dM 
— tr 
r2 : 


Fp = | dF = -Gm 
where r4 is a unit vector directed from the mass element dM 
to the particle as shown in Fig. 9.6. The force of gravity gives 
planets and other heavy celestial bodies their spherical shape. 
That is because as the mass of the body becomes larger the 
force of gravity becomes stronger and all particles from all 
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Fig.9.6 A particle P of mass m 
interacting with an extended body 
of mass M 


sides are attracted evenly toward the center. As a result, the 
body tends to have a spherical shape. 


Example 9.2 Two particles of masses mı = 0.2 kg and m2 = 
0.3 kg are separated by a distance of 0.05 m. Find (a) the 
gravitational force that each particle exerts on the other; (b) 
at what distance a third particle m3 = 0.5 kg must be placed 
at the other side of mı such that the net gravitational force on 
my is zero. (All particles lie on a straight line). 


Solution 9.2 (a) 


Gmım) (6.67 x 107!! N m?/kg?)(0.2 kg)(0.3 kg) 


hy (0.05 m)2 


Fi) = Fz 1.6 x 107°N 


(b) 


Gmm3 


2 
r31 
Gmm 


2 
YO 


If the net force on mı is zero, we have 


oF = Fi3 — Fin =0 


or 
Fi3 = Fi2 
Gmm3 Gmm 
r31 g r3 
that gives 
2 m3. _ (0.5kg) 


= = 0.05 m)? 
r31 ma (0.3 kg) ` m) 


r31 = 0.064 m 
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The Gravitational Force Between a Particle 
and a Uniform Spherical Shell 


9.2.1 


Case I: A Particle outside the Shell Consider a particle of 
mass m located outside a uniform spherical shell at point P as 
in Fig. 9.7. Imagine this shell to be made of a large number 
of thin rings each of outer thickness Rd@ and inner thickness 
L. The ring is so thin (since d0 is used) that every particle in 
the ring is at a distance s from P Furthermore, each particle 
in the ring exerts a gravitational force on the particle at P. 

From the symmetry of the ring, if a particle (1) on the 
upper side exerts a gravitational force F4 on m, there is always 
another particle (2) at the opposite side of the ring exerting 
another force (F2) on the particle. Because F, and Fz are 
equal in magnitude, then their y components cancel each other 
out and their x components add up (see Fig. 9.7). Thus, the 
resultant force exerted on m due to all particles of the sphere 
is the sum of the x components of their forces. Therefore the 
resultant force on m is along the x direction (toward the center 
of the shell). The gravitational force exerted on m by a thin 
ring of mass dM is 


GmdM 
dF, = z 


cos ġo 


To express dM in terms of the density of the ring, we find the 
volume of the thin ring 


dV = (27 Rsin0)(Rd0)l = 2x IR? sin 0d 
Since the shell has a uniform volume density p, dM is given 


by 
dM = pdV = p2x IR? sinddé 


Thus, 
27 plmGR? in 0d 
dF, = polm si sin (9.13) 
s 
From Fig. 9.7, 
r — Rcos0 
cos ¢ = —————_ (9.14) 
sS 
From the cosines law, we have 
s? = R? + r° — 2Rr cos 0 (9.15) 
Substituting Eqs. 9.14 and 9.15 into Eq. 9.13 gives 
dF, = 27 plmGR? (r — R cos 0) sin 0d8 0.16) 


(r? + R? — 2rR cos 0)3/2 


From Eq. 9.15, we have 
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Fig.9.7 Because F; and F3 are 
equal in magnitude, then their y 
components cancel each other out 
and their x components add up 


Rd@ 


2sds = 2rR sin 6d0 


To integrate over all rings, 6 will change from 0 = 0 to x. 
From Eq. 9.15, we have at 0 = 0, s = r — R since (r > R), 
and at 0 = x, s = r + R. Also, we have from Eq. 9.15 


R4+r—s2 
cos 9 = ——____ 
2rR 
Thus ; j j 
—R 
r—Rcosé@ = — a 
2r 


Substituting this into Eq. 9.16 gives 


GolR r+R 
E ai ‘| (1 4 
r r—R 


aR 47r GolR?m 
2 ds = 2 


r 
(9.17) 
Since 47 R? ol = M, it follows that 
GMm 
F; = z 


That is, the spherical shell behaves as a particle of mass M 
located at its center. 

Case II: A Particle inside the Shell If a particle is inside 
a uniform spherical shell, the derivation of the gravitational 
force exerted on the particle by the spherical shell is the same 
as if the particle were outside the shell, except that the lower 
integration limit is different. At 0 = 0, s = R—r sincer < R. 
Thus, we have 


GolR r+R 2 _ R2 
i= "j (i+! 5 as =0 
r R-r S 


where r < R. That is, if the particle is inside the shell, the 
gravitational force exerted on it by the shell is zero. However, 
objects outside the shell may still exerts forces on the particle. 
In summary, we have 


R S 
dO 
zi Fi F sing 
4 _ P 2F cos 
o \_---7 z P 
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p. F, Fosi 


Fig.9.8 The force exerted on a particle as a function of its r 


F =0 (r < R) 


Figure 9.8 shows the force exerted on a particle as a function 
of its location. 


9.2.2 The Gravitational Force between a Particle 
and a Uniform Solid Sphere 


Case I: A Particle outside the Sphere Consider a particle 
of mass m located outside a uniform solid sphere. The sphere 
may be considered to be made of a series of concentric spher- 
ical shells. The force exerted on the particle by each shell is 
given by 


GdM. 
dF, = —— 


r 


The mass of each shell is dM = pd V = p4ma?da. Where p 
is the volume density of the sphere and a is the distance from 
the shell to the center of the sphere and da is the thickness of 
the shell, Hence, 


_ Gmp4ma*da 


9.2 The Law of Gravity 


Fig.9.9 If a particle of mass m is located inside a uniform solid sphere 
of mass M, then the gravitational force exerted on the particle is due 
only to the part of the sphere of radius r < R and of mass of M 


The total force exerted on m by the sphere is 


Gmp4r f? 
F = em f ada 
r 0 


G(p*/32R>)m 
p= 72 


GMm 
Fg = 5 


(9.18) 
7 
Thus, the solid sphere behaves as a particle of mass M located 
at the center of the sphere. 

Case II: A Particle inside the Sphere If a particle of mass 
m is located inside a uniform solid sphere of mass M, then 
the gravitational force exerted on the particle is due only to 
the part of the sphere of radius r < R and of mass of M 
(see Fig. 9.9). The remaining part of the sphere is a spherical 
shell which exerts no force on the particle since the particle 
is located inside it. From Eq. 9.18, the gravitational force 
exerted on the particle due to a sphere of radius r and mass 
M; is given by 


GM\m 
F, = 9.19 
& r2 ( ) 
Since the sphere has a uniform density, we have 
= Mı M 
v yV 
or 
M VM 43nr r 
M V  4B3rR RÈ 
or 
r? 
M; =M z (9.20) 
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Fig.9.10 The force exerted on a particle as a function of its r 


dm = hdx 


Fig.9.11 The force exerted on a particle of mass m that is at a distance 
of a from a thin rod of mass M and length L 


Substituting Eq. 9.20 into Eq. 9.19 gives 


GmMr 
s= R 


where r < R. Therefore at the center of the sphere, 
F,=0 


Figure 9.10 shows the force exerted on a particle as a function 
of its location. 


Example 9.3 (a) Find the gravitational force exerted on a par- 
ticle of mass m that is at a distance of a from a thin rod of 
mass M and length L as in Fig. 9.11; (b) find the force in (a) 
ifa > L. 


Solution 9.3 (a) 


JF = GmdM 
2 


since the rod is uniform we have 
M 
dM = idx = — 


Thus 
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Fig.9.12 The gravitational force exerted on a particle of mass m that 
is at a distance a from the center of a uniform solid disk of radius R and 


9 Central Force Motion 


a 

F = 27 Gon] aad 

Example 9.5 A uniform solid sphere has a mass of 4.7 kg and 
a radius of 0.05 m. Find the magnitude of the gravitational 
force that the sphere exerts on a 0.02 kg particle located at 
(a) 0.5 m from the center of the sphere; (b) 0.03 m from the 
center of the sphere; (c) at the surface of the sphere; (d) at the 
center of the sphere. 


Solution 9.5 (a) 


—l11 2 2 
mass M Fi, GmM (6.67 x 107!! Nm% /kg^) (0.02 kg)(4.7 kg) JILIN 
r2 (0.5 m)? 
Integrating from a to a + L gives (b) 
GmM th dx GmM[-1]°™} GmMf1 1 GmM GmMr (6.67 x 107!! Nm? /kg?) (0.02 kg) (4.7 kg)(0.03 m) = 
F = Fis 1.5 x 107° N 
L [ x2 L [ x i: L È =i | a(a +L) R? (0.05 m)’ 
(c) 
In vector form, 
GmM , -11 Nm? /ke2)(0. ; 
_ Fy = mM = (6.67 x 1071! Nm? /kg eo 02 kg)(4.7 kg) sib de GN 
a(a + L) R (0.05 m4) 
(b) if a > L, then (d) 
Gi , Fis =0 
F= a! 
a 


That is, the rod can be considered as a particle of mass M that 
is at a distance a from m. 


Example 9.4 Find the gravitational force exerted on a particle 
of mass m that is at a distance a from the center of a uniform 
solid disk of radius R and mass M as shown in Fig. 9.12. 


Solution 9.4 Let us divide the disk into thin concentric rings 
of radius r and thickness dr. By symmetry, the resultant force 
on the particle is directed along the axis of the ring, since the 
y-components of the forces exerted by all particles of the ring 
will cancel out, where their x-components will add up. That is, 


GdMm cos 0 
dE = ————————— 
r? +a? 


Since the mass element dM is given by dM = o (27x rdr), we 


have 
7 Go (27 rdr)m cos 0 


dF = 
r? +a? 


or 
_ Go (21 rdr)ma 


(r2 + a?)32 


The total force is 


R rdr 
F= 2x Gama | 


= Gamal Ges ome 
r=0 (r2 + a2)3/2 —1/2 0 


Example 9.6 Three concentric spherical shells have masses 
of Mı, Mo, and M3 and radius of R;, R2, and R3, respectively, 
as in Fig. 9.13. Find the gravitational force exerted on a parti- 
cle of mass m located at (a) r = a(b)r = b(c)r = c(d)r = d. 


Solution 9.6 (a) 


(b) 


Fig.9.13 Three concentric spherical shells 


9.2 The Law of Gravity 


GM\m 
F = —— 
b2 
(c) 
GMım GMom Gm 
F= 2 a= (Mı + M2) 
(d) 


Gm 
F= yg M + M2 + M3) 


Example 9.7 A spaceship of mass mı is moving along a 
straight line path between the earth and the sun. At what dis- 
tance from the center of the earth will the gravitational force 
of the sun balances that of the earth? 


Solution 9.7 At that point, we have 


Fig = Fis 
Gmi Mg E GmıMs 
r? è — (d-r? 
or 
(d = r}? _ Ms 
r2 ~ ME 


d(Mr — (MgMs)!2] 
Meg — Ms 


Example 9.8 An artificial satellite is moving in a circular 
orbit about the earth at a distance of 1500 km above the earth’s 
surface. Find its speed and period. 


Solution 9.8 
GmsMg mv? 
r2 — r 
GME 


< 
ll 


r 


where r is the distance between the center of the earth and the 
satellite. That is, 


r = (6.37 x 10°m) + (1500 x 10°m) = 7.9 x 10°m 


Hence, 


[GMp (6.67 x 10-1! Nm2/kg2)(5.98 x 10?4kg) 
v 
r (7.9 x 106m) 


2nr  2(3.1.4)(7.9 x 10°m) 
v —— (71x 103m/s) 


7.1 x 10°m/s 


T= = 6968.8s = 116.15 min 
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9.2.3 Weight and Gravitational Force 


In Chap. 4, we’ve seen that the weight of an object is defined 
as the gravitational force exerted on the object by the earth 
(or any other astronomical object) and it is directed toward 
the center of the earth. The weight of an object is given by 
w = mg, where g is the free-falling acceleration and its value 
near the earth’s surface is 9.8 m/s*. The exact form of the 
gravitational force between any two objects was given earlier 
in this chapter by Newton’s law of gravity In the case of an 
earth—particle system, the gravitational force that each one 
exerts on the other is 


_ GMgm 


& r2 


where Mg is the mass of the earth and m is the mass of the 
particle that is at a distance r from the center of the earth. Note 
that, it is assumed that the earth is a perfect sphere of uniform 
mass distribution, and therefore behaves as a particle. In real- 
ity, the earth is not a perfect sphere but rather an ellipsoid. 
Furthermore, the earth’s density is not uniform since it varies 
with the radius of earth. 

The earth’s density also varies at the earth’s surface from 
one region to another. In addition, if the earth’s rotation is 
included, then the resultant force on an object will be its 
weight plus the centripetal force exerted on the object due 
to the rotation. However, these variations are often neglected. 
From the definition of weight, we have 


GMgm 
w = mg = F; = 5 


r 


therefore 
_ GME 


2 


g (9.21) 


F 
As you can see the free-falling acceleration does not depend 
on the mass of the object as was predicted before. If the object 
is falling near the earth’s surface, then distance r in Eq. 9.21 
can be replaced by Rg which is the radius of the earth and we 


have 
= GME 


& = 2 
Re 


If the object is at a distance h from the earth’s surface, we 
may write 
GME 


E = Re + hy? 


Thus, the weight of an object decreases with increasing alti- 
tude. Table 9.1 shows the variation of g with altitude. 
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Table 9.1 Variation of g with altitude 


Altitude h (km) g (m/s*) 
1000 7.34 
6000 2.6 
10000 1.49 
30000 0.3 
60000 0.09 


Example 9.9 A man can jump vertically upward from the 
earth’s surface and reach an altitude of 0.2 m. Find the altitude 
the man can reach if he jumps with the same initial velocity 
on the surface of the moon. 
. v2—y2 . 

Solution 9.9 Using the formula y — yo = g and by taking 
yo = Oat the earth’s surface and y = hat the maximum height 
and that v = 0 there, we have 


2 
ha 
2g 
Since the initial velocity of the man is the same on earth and 
on moon, we have 
hege = hn&m 


At the surface of the moon 


GMm (6.67 x 107!! N m?/kg?)(7.36 x 1022 kg) 


2 
a K T (1.74 x 10° m)? SAGs 
9.8 m/s? 
E E E cece E D 


8m (1.6 m/s?) 


That is, the maximum height reached by the man on the moon 
is six times the height reached on earth. 


Example 9.10 A neutron star of radius of 12 km has a gravi- 
tational acceleration of 1 x 10!* m/s? at its surface. Calculate 
its average density. 


Solution 9.10 The gravitational acceleration of a particle 
near the surface of the star is 


_ GM, 
2, 12 2 3 2 
M, = gR; _ (1 x 10°* m/s*)(12 x 10° m) —2x 1030 ike 
G (6.67 x 10—!! N m2/kg?) 
3M, 3(2 x 10° k 
pa ha J og x 10!7 kem 
Ar R3—-4(3.14)(12 x 103 m)? 
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Example 9.1] Find the free-fall acceleration of a body that 
is at a distance of 0.05Rg above the surface of the earth. 


Solution 9.11 


~ (Re +h)? (Re +0.05Re)2  (1.05Rg)? 


E 


_ (6.67 x 107!! Nm?/kg*)(5.98 x 10*4 kg) 
= (6.7 x 10° m)? 


= 8.9 m/s? 


9.2.4 The Gravitational Field 


As mentioned previously, the gravitational force is a field 
force that can act through empty space, i.e., physical contact 
between objects is not necessary for such a force to act. An 
alternative way in describing the gravitational attraction is 
by introducing the concept of the gravitational field. Suppose 
a test particle of mass mp is placed at different points from 
another mass M (which represents the center of the gravita- 
tional force). At each point, the test particle will experience 
a gravitational force that depends on its distance from M and 
is given by 

—GMmo 


F, = 7 ri 


F 
where rj is a unit vector that points radially outwards. There- 
fore, M may be considered as producing a gravitational field 
in the space around it. This field can be sensed by the force 
that the test particle experience when placed in the vicinity 
of M . The gravitational field produced by M at any point in 
space is thus given by 


F, -GM 
g — nd 7 rı 
mo r 


That is, the gravitational field at a point is defined as the 
gravitational force per unit mass at that point. A map of the 
field can be drawn showing the gravitational field at any point 
in space. Figure 9.14 shows the gravitational field vectors near 
the earth’s surface and at large distances from the earth. Note 
that, the gravitational field is an example of a static field since 
the field at any point is constant with time. 


Example 9.12 Find the magnitude and direction of the grav- 
itational field at the point P in the arrangement shown in 
Fig. 9.15, where all particles have equal masses. 


Solution 9.12 Since all masses are equal, the net gravitational 
force at P is due to the sum of the x-components of F3 and 
F2. That is, 


9.2 The Law of Gravity 


Fig.9.14 The gravitational field vectors near the earth’s surface and at 
large distances from the earth 


X 


Fig.9.15 Finding the magnitude and direction of the gravitational field 
at P 


F = 2F3 cos ĝi = en os ĝi = Gmmo i= 8Gmmo , 
5a? 5a? 5 5/502 
a 8Gm , 
ees ae | 
5./5a2 
9.3 Conic Sections 


Conic sections are produced if a double right circular cone 
intersects with a plane. It may be a circle, a parabola, an 
ellipse, or a hyperbola. 
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Fig. 9.16 A conic section has the property that the ratio e (called the 
eccentricity) of the distance between any point on the curve (for example 
point P) and another point called the focus (F) to the distance between 
P and a line called the directrix is equal to a constant 


9.3.1 The Polar Equation of a Conic Section 


A conic section has the property that the ratio e (called the 
eccentricity) of the distance between any point on the curve 
(for example point P) and another point called the focus (F) to 
the distance between P and a line called the directrix is equal 
to a constant (see Fig. 9.16). This constant differs from one 
conic section to another. Consider Fig. 9.16 where the focus 
F is at the origin O of the x and y coordinate system and the 
directrix is at x = d. Since the distance between P and F is 


PF=r 
then, the nearest distance between P and the directrix is 
PD = d — FE = d — r cos 0 


The eccentricity is therefore given by 


_ PF r 
— PD d-—rcosé 


e 


Hence, 
ed 


= — 9.22 
1+ecosé ( ) 


This equation is the polar equation of a conic section. 

1. Ellipse: e < 1 From Fig. 9.17, you can see that at 
0 =0,r = OV andat 6 = z, r = OV’. Substituting this into 
Eq. 9.22 gives 


ed 
OV= 
l+e 
and 
OV'= ed 
l-e 


Since VV’ is the length of the major axis which is equal to 
2a, (a is the length of the semimajor axis) we have 
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Po 'D 
X 
\ V d 
a 
Fig.9.17 In an ellipse, at 6 = 0, r = OV and at 0 = x, r = OV’ 
OV + OV’ =2a (9.23) 
ii d d 
e e — 2a 
l+e l-e 
Hence, 
ed 
=e 
Or 
ed = a(l — e°) 


Substituting into Eq. 9.22, the polar equation of an ellipse is 


a(l — e°) 
f = ——_™  ——_ 
1 +ecos0 
That gives 
I= 2 
OV = ac = uaia (9.24) 
and 3 
_ 
OV’ = ac e) 2 a(l +e) (9.25) 


The distance C between the center of the ellipse and the focus 
is 
C= CV — OV =a-a(1—e) =ae 


Since from Fig. 9.17, we have c < a, i.e., the distance between 
the foci is less than that between the vertices, then e < 1. Fur- 


thermore, you can prove that c = va? — b? or b = av 1 — e? 
where b is the length of the semiminor axis of the ellipse. 


2. Parabola: e = 1 Since e = 1, Eq. 9.22 becomes 


d 
F = aa 
1 + cos 
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D 


~ 
D 


>< 


Fig.9.18 Ina parabola, as 8 approaches 7x, r becomes infinite and hence 
a —> œ 


(Polar Equation of a Parabola) As 6 approaches zr, r becomes 
infinite and hence a > o (see Fig. 9.18). 

3. Hyperbola: e > 1 The hyperbola has two branches as 
shown in Fig. 9.19. For the gravitational force, only the first 
branch (I) represents a possible motion of the particle since 
GM /h? must be positive. The polar equation of a hyperbola 
is given by 

ale? — 1) 
E 


9.3.2 Motion in a Gravitational Force Field 


The path of a particle in any central force field can be 
found by solving the equation of motion (d?u/d0? + u = 
—1/(mh? u’)f (1/u) (Eq. 9.9) if the form of the force is known. 
In the case of a gravitational force, we have 


—GMm 
n= 


where M is assumed to be fixed and that it is attracting a 
particle of mass m and r is the distance between them. In 
terms of u, we have 


f/u) = —GMmu? 


Substituting this into the equation of motion gives 


du —1 2 
402 + hu? (—GMmu ) 
or 
E (9.26) 
— +u= — f 
do? m 


This equation is a nonhomogeneous linear differential equa- 
tion. Its solution may be given by 


9.3 Conic Sections 


Fig.9.19 The hyperbola 
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1 Ceti GM 
u = — = C cos(0 — —= 
r h2 
where C and ¢ are integration constants. ġ is known as the 
phase angle and it can be chosen to be ¢ = 0 if the x-axis is 
chosen such that at 0 = 0, r is a minimum. That gives 


1 GM 
= = Ceos? + -7 (9.27) 


r 


or 
h? /GM ed 


r= = 
1+ S% coso 1+ ecosé 


Thus, the path of the particle under the influence of the gravita- 
tional force field is a conic with ed = h?/GM and d = 1/C 
and e = h’?C/GM. If a planet is moving in elliptical orbit 
about the sun, then the maximum and minimum distances of 
the planet from the sun (OV and OV’) are called the aphe- 
lion and perihelion respectively If a satellite is moving about 
a planet in an elliptical orbit, the maximum and minimum 
distances of the satellite from the planet are called the apogee 
and perigee respectively. 


9.3.3 The Gravitational Potential Energy 


Consider a particle of mass m moving under the influence 
of a larger particle of mass M(M > m). By using Eq. 9.10 


Tf 
(AU = Uş — Ui = -f f(r)dr) and noting that f(r) = 


—GMm/r’, the change in the gravitational potential energy 
of the system as m moves from r; to rp in the field of M is 


f GMm 
2 


dr = Gmm f = 


Fi r 


AU, = Uy -Ugi = f 


Fi r 


-1)7 1 1 
= GMm| — | = GMm| — — — 
r Ja ri rf 


That is, as the particle of mass m moves toward or away 
from M, the potential energy of the system decreases and 
increases respectively Note that, the lighter particle (m) gains 
most of the kinetic energy as the potential energy changes. By 
choosing the reference point at infinity (r; = oo) then U; = 0 
and taking rf = r gives 


—GMm 


U,(r) = 


For more than two-particle systems, there is more than one 
gravitational force (one for each pair of particles). Hence, 
there is more than one potential energy The total potential 
energy is the sum of the potential energies of each pair. For 
example if there are three particles, the total potential energy is 


Gmm Gmm Gmm 
Utot = U12 + U13 + U23 = ( $ 3 + 3 


r12 r13 r23 


Force from Potential Energy The gravitational force may 
be obtained from its corresponding potential energy. That is, 


d (==) —GMm 
F, = rı = rı 


dr r r? 


Example 9.13 Find the potential energy of the system as 
shown in Fig. 9.20. 


Solution 9.13 


U =Unņn + Ung + Un 


mpm mm, mm 
= c( + + 
r12 F13 123 
4 4 4 
= —(6.67x107 |! Nm? ( É X10 ke) U2 10 Ke) Ex w) -—5.4x1075 J 
(03m) (0.32 m) (0.36 m) 


Example 9.14 Two particles of equal masses (3kg) are sep- 
arated by a distance of 0.3 m : (a) Find the potential energy 
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0.3m 


300kg 


400kg 


0.1m 0.2m 


Fig.9.20 The gravitational potential energy of a system of three parti- 
cles 


of the system; (b) how much work is required to reduce their 
separation to 0.1 m, (c) to increase their separation to 0.5 m. 


Solution 9.14 (a) 


y —Gm —(6.67 x 107!! N m? /kg?)(3 kg)? 


2x10°J 
r (0.3 m) 


(b) The work done by the gravitational force is 


i 1 
W = —AU = U; - U; = Gn?( ) 


Fi rf 


a =i 2 iea? 2 ! : 
= —(6.67 x 10 Nm*/kg")(3 kg) (asm cin) 


that gives W = 4 x 107° J. The work done by an external 
agent is W = —4 x 107° J. 
(c) The work done by the gravitational force is 


1 1 
—(6.67x 107!! N m?/kg”)(3 k (a - ) 
=) (6:613 m'/k8 3 k8)"| Gam 05m) 


W=-8x 107! J 


The work done by an external agent is +8 x 107103. 


9.3.4 Energy in a Gravitational Force Field 


The equation of motion in terms of energy is given by Eq. 9.12: 


da\” , WE=V) 
(=) tuS- aE 
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The gravitational potential energy of a two-particle system of 
masses M and m is given by 


—GMm 


Ug (r) = 
In terms of u we may write 
U¿(1/u) = —GMmu (9.28) 


Furthermore, the solution of the equation (Eq. 9.26) of 
motion in the gravitational force field is 


1 


GM 
u = — = Ccosé + —— (9.29) 
r h2 


Substituting Eqs. 9.28 and 9.29 into Eq. 9.12 gives 


2 2E 2 GM 
= Te mie GMm| C cos + F 


M 
(Csin0) + (ccosa | a ) 


That gives 
C= Æ GM? 
mh? ht 


Oe a. ae 
= — assumin > 
mh M ace 


Substituting this value of C into Eq. 9.29 gives 


or 


or 


GM 2Eh? 

u = ——|1+,/1+ -= cos (9.30) 
h? m 

Comparing this equation with the polar equation of a conic 

section (Eq. 9.22), we have 


i 2Eh? 
= į G?M?m 
Thus the trajectory of the particle is an ellipse ife < 1, that is 
if E < 0. Therefore, if the potential energy of the particle is 
greater than its kinetic energy the particle’s path is an ellipse 
since it does not have enough energy to reach infinity. The 
trajectory of the particle is a parabola if e = 1 and hence 


9.3 Conic Sections 


Fig.9.21 Different paths 


Hyperbola e>l ~, 


Parabola e=] ~. 


e<l 


- ine 


Ellipse 


r 
¢ 
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if E = 0. In that case, the kinetic energy of the particle is 
equal to its potential energy and thus it can reach infinity 
with zero kinetic energy. Finally, the trajectory of the particle 
is a hyperbola if e > 1 and therefore if E > 0. That is, if 
the kinetic energy of the particle is greater than its potential 
energy, then it will reach infinity with positive kinetic energy 


Elliptical Orbit E < 0 
Parabolic Orbit EF = 0 
Hyperbolic Orbit E > 0 


Different paths are shown in Fig. 9.21. 


9.4 Kepler’s Laws 


After analyzing the astronomical data of the Danish astronomer 
Tycho Brahe, the German astronomer Johannes Kepler for- 
mulated his three laws of planetary motion. 


9.4.1 Kepler’s First Law 


Every planet moves in an elliptical orbit with the sun at one 
focus as shown in Fig. 9.21. 


Proof The gravitational force between the sun and a planet is 
—GMsM. 
7 
where Ms and Mp are the masses of the sun and the planet, 
respectively The acceleration of the planet is 


Pea 
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Fig. 9.22 From the first property of a central force we have r x v = 
h =constant, where h is a constant vector perpendicular to the x-y plane 


—GMs 
a= — 
x 


rı 


From the first property of a central force, we have r x v = 
h =constant, where h is a constant vector perpendicular to 
the x-y plane (see Fig. 9.22). Since r = rr; and v = dr/dt = 
drrı/dt = rdr; /dt + (dr/dt)r, we have 


a.o? 


~~ 


Pa, [pee ORE oe eS 


Ax (Bx ©) = (A -OB — (A - B)C 
Since rı - drı/dt = 0 and rı - rı = r? = 1, we have 


ashadi © = euri 
x = — = — 
SH o ee 


Also we have 


d 
a x h = — 


v wati h) 
d * Sgn 


since h is a constant vector. That gives 


a h) d (GMsr1) 
dt oo 


or 
vxh=GMsr,+C 


where C is a constant vector. Since 


k =h-h=(rxv)-h=r-(vxh) 


= (rr): (GMsr, + ©) = rGMs (rı -r1) +r- ©) 


and since 
rı -C=Ccosd 


we have 
r= rGMs + rC cos@ 


or 
B h? B h?/GMs 
= GMs +Ccosð 1+C/GMscos6 


This equation is of a conic section and since the only closed 
conic section is an ellipse the law is proved. 


9.4.2 Kepler’s Second Law 


The radius vector drawn from the sun to the planet sweeps 
out equal areas in equal periods of time. 


Proof This was proved in Sect. 9.1 as a property of a central 
force, where we’ ve seen that for any central force, the position 
vector r of the particle from the center of force O sweeps out 
equal areas in equal times. That is, 
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dA h 
— = ~ = constant 
dt 2 
or 
dA L 
— = — = constant 
dt 2m 


Here, the center of force is the sun and the particle is the 
planet, hence we have 


dA L 
dt  2Mp 


9.4.3 Kepler's Third Law 


The square of the period of revolution of any planet about the 
sun is proportional to the cube of the semimajor axis of its 
orbit. 


Proof The area of an ellipse is given by A = xab, where a 
and b are the semimajor and semiminor axis of the ellipse, 
respectively. From Kepler’s second law, the areal velocity is 
a constant given by 


dA h 
— = =~ = Constant 
dt 2 


Therefore, the period of revolution may be considered as 
the time it takes the radius vector to sweep an area of rab 


mab 


= HA 
From Sect. 9.3, we have b = avy 1 — e*. That gives 


ma[v/1 — e? 
h/2 


T= 


Also, we’ve seen that the eccentricity for the gravitational 
force is given by e = h?C/GM ore = h’C/GMs inthe case 
of the planet—sun system. Since ed = a(1 — e”), we have 


h2 
= a(l — e°) 
GMs 
or i 
vli- = 
GMsa 
Thus, 
2ra? h 2T 3/0 


T= = a 
h/GMsa /GMs 


or 


9.4 Kepler's Laws 


where Ks is a constant that has a value given by 


_ 4r? 
7 GMs 


Ks = 2.97 x 107)? s?/m? 

This proves Kepler’s third law. Note that, Kepler’s laws apply 
also for satellites. In such cases, the mass of the sun in the 
previous equations is replaced by the earth or any other planet 
about which the satellite revolves. 


9.5 Circular Orbits 

The orbits of most planets in our solar system are almost 
circular. Next, we will find the total energy of a body of mass 
m moving in a circular orbit about a massive body of mass 
M that is assumed to be fixed (at rest) in an inertial frame of 
reference. From that energy, we will find the eccentricity and 
prove that the orbit is circular. The potential energy of such 
system is 

—GMm 


r 


U 


where r is the radius of the circular orbit. Applying Newton’s 
second law to m gives 


GM 2 
=m (9.31) 


r 


Therefore, the kinetic energy of the particle is 


The total energy of m is therefore given by 


GMm GMm 
E = K + U = ——— 
2r r 
i GM. 
poer (9.32) 
2r 


In Sect. 9.4, the eccentricity of orbit in terms of energy was 
given by 
2Eh? 


jag oe 
y G?M?m 


(9.33) 


e= 


Substituting Eq. 9.32 into Eq. 9.33 gives 


aoli —GMm 2k 
=- 2r G?M?m 
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Fig.9.23 The potential, kinetic 


and total energy as functions of r S 
of an object in a circular orbit rea] 
K(r) 
o ’ 
E(r) 
U(r) 


Since h = rv for a circular orbit and since GMm/r? = mv? /r 
and thus v = ~y GM /r, we have 


h=Ẹs4rGM 


E a —GMm 2rGM _ 
S 2r G2M2m) — 


Hence the orbit is circular. The potential, kinetic, and total 
energy as functions of r of an object in circular orbit are 
shown in Fig. 9.23. 


Example 9.15 A satellite of mass of 1000 kg is in circular 
orbit about the earth at an altitude of Rg /2. What is the amount 
of work required to move the satellite to an altitude of 2Rg. 


Solution 9.15 


—1 —1 —1 1 
W = AE = Ep — Ej = GM GM, + 
posi em = & )) ems( Fee in) 


3GMgms 3(6.67 x 1071! Nm2/kg2)(5.98 x 1024 kg)(1000 kg) 447x1010] 
4RE 4(6.37 x 106 m) ee 
9.6 Elliptical Orbits 
For an elliptical orbit, we have 
: 2 
ed = a(l — e“) = — 9.34 
( ) GM (9.34) 


Substituting Eq. 9.33 into Eq. 9.34 gives 


i im 2Eh? o k 
. G2M2m)) GM 
That gives 
—GMm 
E = 
2a 


The speed of an object in an elliptical orbit can be found from 


K=E-—U 
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1 > —GmM  GmM 
my = 
2a r 
2 1 
P= om (= 7 =) 
r a 
2 1 
v= om (= — z) 
r a 
9.7 The Escape Speed 


The escape speed vesc is the speed required for an object to 
escape from the influence of the gravitational field of an astro- 
nomical object or system. Suppose an object of mass m is pro- 
jected from the surface of a planet of mass M . The minimum 
speed for the object to escape the gravitational field of the 
planet is that in which the object has zero total mechanical 
energy at infinity. From conservation of energy, we have 


Hence 


where R is the radius of the planet. If the object’s initial speed 
is greater than the escape speed from that planet, then the 
object will still have some kinetic energy at infinity. Table.9.2 
shows planetary data escape speeds 


Example 9.16 What is the escape speed from the surface of: 
(a) Earth; (b) Mars; (c) Pluto. 


Solution 9.16 (a) 


2GME 2(6.67 x 1071! Nm?/kg?)(5.98 x 1024 kg) 4 
Vesc 1.12 x 10° m/s 
Rg (6.37 x 106 m) 
(b) 
i 2GMy 2(6.67 x 10-!! Nm? /kg?)(6.42 x 1023 kg) 3 
Vesc 5 x 10° m/s 
Ru (3.37 x 106 m) 
(c) 
2GMp 2(6.67 x 1071! Nm?/kg?)(1.4 x 1022 kg) 3 
Vesc 1.1 x 10° m/s 
Rp (1.5 x 106 m) 
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Example 9.17 What must be the minimum speed of a space- 
craft that is at a distance of 3Rg from the center of the earth 


in order for it to escape the gravitational field of the earth? 


Solution 9.17 The minimum speed is that in which the space- 
craft has zero total mechanical energy at infinity, 


Ki + Ui = Kf + Uf 


6.46 x 10° m/s 


2GMẸ 2(6.67 x 10711 Nm? /kg2)(5.98 x 1024 kg) 
v, 
oe 3RE 3(6.37 x 10° m) 


Example 9.18 Given that the period of Mars in its orbit about 
the sun is 1.88 years and its semimajor axis of the orbit is 
22.8 x 10!° m, find the mass of the sun. 


Solution 9.18 The period in seconds is 
T = 5.94 x 10s 


From Kepler’s second law, we have 


4(3.14)2 (22.8 x 10!9 m)’ 
(6.67 x 1071! Nm2/kg?)(5.94 x 107 s)? 


4n2a3 
GT2 


1.99 x 1030 kg 


Ms 
Example 9.19 Halley’s Comet moves in an elliptical orbit 
about the sun. Its semimajor axis of orbit is 2.7 x 10!* m and 
its farthest distance (OV’ = R4) from the sun (the aphelion) 
is 5.3 x 10!* m. Find its period and its closest approach to 
the sun (the perihelion OV = Rp). 

Solution 9.19 From Kepler’s third law, 
T? = Ksa? = (2.97 x 107! s? /m?)(2.7 x 10!” m)? 
T=24x 10’?s=76 years 
From Eq. 9.23, we have 
OV + OV’ =2a 


or 
Rp + Ra = 2a 


Rp = 2a — Ra = 2(2.7 x 10? m) — (5.3 x 10! m) = 1 x 10!! m 


Example 9.20 If Pluto’s distance from the sun at perihelion 
is 4.43 x 10!*m, find (a) the ratio of its speed at perihelion to 
its speed at aphelion; (b) the eccentricity of orbit; (c) the total 
energy. 
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Table 9.2 Planetary data escape speeds 
Body Mass (kg) Radius (m) Semimajor axis a (m) Escape speed (km/s) 
Mercury 3.18 x 1073 2.43 x 10° 5.79 x 1010 4.3 
Venus 4.88 x 1024 6.06 x 10° 1.08 x 10!! 10.3 
Earth 5.98 x 1074 6.37 x 10° 1.496 x 10!! 11.2 
Mars 6.42 x 1073 3.37 x 10° 2.28 x 10!! 5 
Jupiter 1.90 x 107 6.99 x 107 7.78 x 10!! 60 
Saturn 5.68 x 1076 5.85 x 107 1.43 x 10! 36 
Uranus 8.68 x 1075 2.33 x 107 2.87 x 10! 22 
Neptune 1.03 x 1076 2.21 x 107 4.5 x 101? 24 
Pluto 1.4 x 10? 1.5 x 10° 5.91 x 10!? 1.1 
Moon 7.36 x 1022 1.74 x 10° 2.3 
Sun 1.99 x 10° 6.96 x 108 618 
Solution 9.20 From Table. 9.2, we have a = 5.9 x 10!2 m, Fig: 9.24 Two stars of equal No 
therefore mass M revolve about their ne aaa’. \ 
center of mass with a speed v an 
Ra = 2a — R, = 2(5.9 x 10"? m) — (4.43 x 10’? m) = 7.37 x 10° m yf 7 
/ \ 
From the conservation of angular momentum, ecm 
i i 
MpvaRa = MpvpRp \ f 
\ 


hence, 
vp Ra — 7.37 x 10"m) | 


= = mn = 1.7 
Va Rp (4.43 x 10'*m) 


(b) From Eq. 9.24 (OV = Rp = a(1 — e)), we have 


Rp _ a (4.43 x 10! m) 


e = 1 = = T2 = 0.25 
a (5.9 x 10'* m) 
(c) 
=11 Nm? /ko2 30 22 
g GM _ (6.67 x 107"! Nm? /kg? (1.99 x 1090 kg)(1.4 x 107? kg) 929 
2a 2(5.9 x 1012 m) 


Example 9.21 Two stars of equal mass M revolve about their 
center of mass with a speed v as shown in Fig. 9.24. Find the 
period of motion of each star. 


Solution 9.21 The gravitational force that one star exerts on 
the other is 
GM? My? 
Ap? r 


where r is the radius of orbit. Therefore, 


and 


“ener ™ 


2nr 4r r? 
T = — 2n] —— = 4z,/ — 
v GM GM 


Example 9.22 A spaceship is fired from the surface of Mars 
with a speed of 12 x 10°m/s, find its speed at a very far 
distance from Mars. 


Solution 9.22 
Ki + Ui = Kf + Uf 


2(6.67 x 10-!! N m?/kg?) (6.42 x 1023 kg) 


= (12 x 10° 2 
ea) 6.37 x 10° m) 


That gives vf = 1.1 x 10* m/s. 
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Problems 


. Calculate the gravitational force between the earth and 


(a) the sun, (b) the moon. 


. Calculate the gravitational acceleration at the surface of 


Mars. 


. Three particles of masses mı = 2 kg, m = 6 kg, and 


m3 = 3 kg are located at the points (0,0), (0,5), and 
(5, 0), respectively. Find magnitude and direction of the 
resultant gravitational force exerted on m3. 


. The Geosynchronous satellites move in a circular orbit 


in the equatorial plane of the earth. They move in such a 
way that they always remain over the same point on the 
earth. Find the height and velocity of this satellite. 


. If the eccentricity of the orbit of Mercury about the sun 


is e = 0.206 and its semimajor axis is a = 0.387 AU, 
find (a) the distance of its farthest and closest approach 
to the sun (the aphelion and perihelion), (b) its period, 
(c) its total energy, (d) its angular momentum. (1 AU = 
1.495 x 10!!m). 


. A body is released at a distance r from the center of the 


earth. Find its velocity just as it hits the surface of the 
earth. 


7. 


9. 


10. 


9 Central Force Motion 


Show that the speed of a satellite in an elliptical orbit 
about the earth at apogee and perigee are given by 


= (oe [tte Ra 
a a — a Rp 

= (oH fee. | Rp 
K a lte a Ra 


and 


. An artificial satellite moves in an elliptical orbit about 


the earth. Its perigee and apogee altitudes are 1100 km 
and 4100 km respectively Find (a) the velocity of the 
satellite at perigee and apogee, (b) its semimajor axis, (c) 
its eccentricity, (d) the equation of its orbit, (e) its period, 
(f) its speed when it is at a distance of 3000 km above the 
earth’s surface. 

A Satellite is at a distance of 1.2Rg from the center of 
the earth. Find the speed required for the satellite at this 
altitude (where it represents the orbit perigee) to be in 
(a) circular orbit, (b) parabolic orbit, (c) elliptical orbit of 
eccentricity of e = 0.7. 

Suppose the earth suddenly stops moving about the sun, 
find the time it would take the earth to fall to the sun. 
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Oscillatory Motion 


10.1 Oscillatory Motion 

A motion repeating itself is referred to as periodic or oscil- 
latory motion. An object in such motion oscillates about an 
equilibrium position due to a restoring force or torque. Such 
force or torque tends to restore (return) the system toward its 
equilibrium position no matter in which direction the system 
is displaced. This motion is important to study many phe- 
nomena including electromagnetic waves, alternating current 
circuits, and molecules. For a vibration to occur, two quanti- 
ties are necessary to be present—stiffness and inertia. 


10.2 Free Vibrations 

When a system vibrates, a restoring force must be present. 
In addition to that force, there is always a retarding or damp- 
ing force such as friction. If the effect of the damping force 
is small and can be neglected, then the motion is classified 
as free and undamped motion. Otherwise, the motion is clas- 
sified as free damped motion. In both cases, the motion is 
known as free vibration since no forces other than the restor- 
ing and damping forces exist during vibration. If a driving 
force that does positive work on the system exists, the motion 
is classified as forced vibration. 

This force may be applied externally to the system or some- 
times is produced within the system. In this chapter, the case 
in which a restoring force is directly proportional to the dis- 
placement is considered. The resulting motion is then known 
as a harmonic vibration and the system is said to be linear. If 
the restoring force depends on the displacement in some other 
way, the resulting motion is known as anharmonic vibration 
and the system is said to be nonlinear. 


10.3 Free Undamped Vibrations 


This kind of motion is known as the simple harmonic motion. 
Next, we will examine examples of such motion in physics. 
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10.3.1 Mass Attached to a Spring 

Consider a block of mass m attached to a light spring of spring 
constant k that is fixed at the other end (see Fig. 10.1). Suppose 
that the system lies on a frictionless horizontal surface. For 
small displacements, the restoring force acting on the block 
by the spring is given by Hook’s law 


F; = —kx 


As we’ve mentioned in Sect. 4.1, if the block is displaced 
slightly to the right (for example to x = A), the restoring 
spring force will accelerate the block to the left transferring 
its potential energy into kinetic energy As the block reaches 
its equilibrium position x = 0, all of its potential energy will 
be transformed into kinetic energy and it will overshoot to the 
other side. Again, as it moves left, the spring force deceler- 
ates the block to the right, transferring its kinetic energy into 
potential energy until all of its energy is potential at x = —A 
where it comes to rest. At that point, it accelerates back to 
x = 0 and regains all of its kinetic energy where it over- 
shoots again to x = A. Therefore, stiffness restores the mass 
where inertia is responsible for the mass to overshoot. From 
Newton’s second law we, have 


ma = —kx 
or 
ax 
or 
d*x 2 
me + wx =0 (10.1) 
where w, = /k/m is called the natural angular frequency 


of the system. The general solution of this equation is of the 
form 
x(t) = A1 COS @nt + A2 SiN @nt (10.2) 
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Fig.10.1 A block of mass m attached to a light spring of spring constant 
k that is fixed at the other end 


Fig.10.2 Plot of x versus ¢ for a simple harmonic oscillator 


where A, and A% are arbitrary constants that can be found 
from the initial conditions. Therefore, there are many possible 
motions with the same angular frequency wn. By multiplying 


and dividing Eq. 10.2 by ,/ At + A3, you can show that the 
solution may be written as 


x(t) = A cos(@nt — ) (10.3) 


where A = J4? + AS is called the amplitude of motion and 


¢ = tan~! A/A, is called the phase constant. In general, is 
chosen such that 0 < @ < 2.A and ¢ can be determined from 
the initial conditions, i.e., from the values of the displace- 
ment and velocity when the motion starts. The mass therefore 
oscillates between A and —A. The quantity (wnt — @) is called 
the phase angle. If this angle is increased by 27, all physical 
quantities such as the displacement, velocity, and accelera- 
tion repeat themselves. The plot of x versus f is shown in 
Fig. 10.2. If A is fixed and @ is changed the motion will be 
the same except that the same physical quantities will appear 
either earlier or later than the preceding motion. 


10.3.1.1 The Period and Frequency of Motion 

The period of motion is the time required for one complete 
cycle or oscillation. Since the phase angle is changed by 27r 
after one complete cycle, we have for the mass—spring system, 


@nt +20 = nlt +T) 


2. 
T= m] 
Wn k 


The frequency is defined as the number of complete cycles 
per unit time 


or 


10 Oscillatory Motion 


1 Wn 


auger: 
This frequency is called the natural frequency of the motion. 
The unit of the frequency is cycles/s or hertz (Hz). 


10.3.1.2 The Phase Difference 

The phase constant @ is important when comparing two or 
more oscillations of the same frequency Suppose a certain 
vibration has @ = 0, this means that at t = 0 the displacement 
is maximum x = A. If a second vibration has also @ = 0, then 
the two vibrations are said to be in phase (see Fig. 10.3 part a). 
Otherwise, the two vibrations are out of phase. If the phase 
constant of the second vibration is œ > 0, then the second 
vibration is leading the first vibration in phase by @. If @ < 0, 
then the second vibration is lagging the first by ¢. If @ = +r, 
the two vibrations are said to be in antiphase with each other 
(see Fig. 10.3 part b). 


10.3.1.3 The Velocity and Acceleration 
The velocity of the mass is 


d. 
v(t) = — = —o,A sin(Wat — $) (10.4) 
This can also be written as 
T 
v(t) = w,Acos (nt —gt+ z) (10.5) 
The acceleration of the mass is 
dv 2 
a(t) = T = —w A cos(@nt — p) (10.6) 


(a) + 


g=ta2a 


Fig. 10.3 a Two simple harmonic motions of the same frequency and 
same phase constant m = 0 but differing in amplitude. b Two simple 
harmonic motions of the same frequency and amplitude but differing in 
phase by ¢ = +z 


10.3. Free Undamped Vibrations 


= 


Vmax 
4 


Amax 


Fig.10.4 The displacement, velocity and acceleration versus time 


or 
dv 2 
a(t) = — =a, Acos(@nt —¢+ 7) 


a (10.7) 


Hence, the velocity and acceleration also vary harmonically 
with time with amplitudes w,A and WZA, respectively, but they 
all have the same angular frequency From Eqs. 10.5 and 10.7 
you can see that the velocity leads the displacement by x /2 or 
90. The acceleration on the other hand leads the velocity by 2/2 
and the displacement by z or 180. Figure 10.4 shows the dis- 
placement, velocity, and acceleration versus time. 


10.3.1.4 Boundary Conditions 

Boundary conditions are used to find A and ¢ for a specific 
vibration. Suppose that the vibration is measured when the 
stopwatch is set to zero, i.e., att = 0 and that at that instant the 
mass is released from rest at a distance of x = A, from its equi- 
librium position. Substituting these conditions into Eqs. 10.3 
and 10.4, we have 


x=Acosd= A, (10.8) 


v = vo = —@,A sing (10.9) 


Dividing Eq. 10.9 by Eq. 10.8 gives 


—vo 


tan = 
? Q@nA| 
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Squaring and adding Eqs. 10.9 and 10.8 gives 


2 
At + (2) = A? cos? o + A? sin? p 


n 


or 


Example 10.1 Anobject oscillates in simple harmonic motion 
according to the expression x = (3m) cos(zt + 2/3). Find 
(a) the amplitude, phase constant, period, and frequency of 
motion; (b) the displacement, velocity, and acceleration of 
the object at t = 0.5s(c) the time when the object first reach 
x=-1.5m. 


Solution 10.1 (a) 


A=3m 
pes 
3 
2 2 
ra a l o 
On T 
and 
I i : 0.5 H 
=> a => —— YU: Z 
” T (2s) 
(b) Att = 0.5s 
T 
x = (3 m) cos (x05 s) + z) = —2.6m 
T 
v = — (3m m/s) sin (z+ 5) 
Att = 0.5s 


v = (—37 m/s) sin (0s s) + 5) = —4.7 m/s 
a = (—3x° m/s”) cos (= + 5) 


att=0.5s 


a = (37° m/s?) cos (x05 s) + 5) = 25.6 m/s” 
(c) atx = —1.5 m 


(—1.5 m) = (3 m) cos (= + 5) 
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or 


that gives tf = 0.3 s. 


Example 10.2 A9kg object is moving along the x-axis under 
the influence of a force given by F = (—3x) N. Find (a) the 
equation of motion; (b) the displacement of the mass at any 
time if att = 0, x = 5 m and v = Q. 


Solution 10.2 (a) 


F 3 d?x 
= —3x = ma = m— 
a dt? 
hence, ; 
dx 
de +3x=0 


(b) The general solution of this equation is 
x = A cos V3t + B sin V3t 
Since at t = 0, x = 5 m, then A = 5 m and 
x = (5m) cos J3t + Bsin vV3t 


also we have at t = 0, dx/dt = 0, or 


—5/3 sin V3t + V3B cos V3t = 0 


and therefore B = 0. Thus, 


x = (5m) cos V3t 


Example 10.3 A 0.3 kg block is attached to a spring of force 
constant 20 N/m on a frictionless horizontal surface. If the 
initial displacement and velocity of the system is 0.02 m and 
0.2 m/s, respectively, find the period, amplitude, and phase 
constant of motion. 


Solution 10.3 


_ k | (20 N/m) _ 
ae E “03 key ka = 8.2 rad/s 


2 2 
adesa- 2, (2m)? _ 
a= fa (2) - foom (L229 = 0.03 m 


o vo — (0.2 m/.s) _ 
ne =A, Reid Ou 


$ = —38.7° 
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Fig. 10.5 A particle of mass m is dropped in a straight tunnel that is 
drilled through the earth and which passes through the center of earth 


Example 10.4 A particle of mass m is dropped in a straight 
tunnel that is drilled through the earth and which passes 
through the center of earth as shown in Fig. 10.5. Show that 
the motion of the particle is simple harmonic motion and find 
its period. 


Solution 10.4 Assuming that the earth is a perfect sphere of 
uniform density and since the particle is inside the earth, then 
from Sect. 9.2, the gravitational force exerted on the particle 


by the earth is 
GmM. 
r=-( ae E)r= -w 
Rg 


Because this force is directly proportional to the displacement 
and is opposite to it, then the particle will move in simple 
harmonic motion about the center of the earth. The equation 


of motion is j 
dr ( GME ) 
— + r=0 
3 
dt? Rý 


hence, 


= 1.24 x 1073 rad/s 


R3 (6.37 x 10° m)’ 


GME _ {= x 10711 Nm?/kg?)(5.98 x 1024 kg) 
E 


Qn 2(3.14) 


T= = 
@n (1.24 x 1073 rad/s) 


= 5055.4 s = 84.25 min 


Example 10.5 A 0.4 kg block is connected to two springs 
of force constants kı = 20 N/m and k2 = 50 N/m as in 


10.3 Free Undamped Vibrations 


Fig.10.7 A second block on top of a block connected to a spring 


Fig. 10.6. Find (a) the total force acting on the block; (b) the 
period of motion. 


Solution 10.5 The force that each spring exerts on the block 
acts in the opposite direction of the displacement, therefore 
we have 


XCF = —kix — kox = —(kı + k2)x = —(70 N/m)x 


Thus the two springs can be considered as one spring of a 
force constant of (kı + k2). The period of motion is therefore 


E | 04ko _ 


Example 10.6 A 6 kg block is connected to a light spring of 
force constant of 300 N/m ona frictionless horizontal surface. 
On top of it a second block of mass of 2 kg is placed. If the 
coefficient of static friction between the two blocks is 0.4 (see 
Fig. 10.7), find the maximum amplitude the system can have 
when it is in simple harmonic motion such that there is no 
slipping between the blocks. 


T =2n 


ki + k2 


Solution 10.6 The maximum acceleration of the lower block 
iS dmax = oA. In order for the upper block not to slip, 
the force of static friction between the two blocks must pro- 
duce the same acceleration as the lower block. The maxi- 
mum statistical frictional force that can be exerted on the 
upper block is usmg and hence, the maximum acceleration 
that the force of static friction can produce is usg. Therefore, 
Usg = max = WZA. Since 


_ k 
on (m+M) 


_ msg _ Msg(m+M) _ (0.4)9.8 m/s?) (8 kg) _ 
o k ~ (300 N/m) ~ 


we have 


A 0.1 m 
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P 


Fig. 10.8 A particle in uniform circular motion 


10.3.2 Simple Harmonic Motion and Uniform 
Circular Motion 


Consider a circle of radius A centered at the x and y axes as 
shown in Fig. 10.8. Let A be the position vector of a particle P 
rotating with a constant angular speed w, in the anticlockwise 
direction. The particle is thus in uniform circular motion. Sup- 
pose P starts the rotation at t = 0 at an angle of @ measured 
from the positive x-axis. At any time, the angular position of 
the particle is given by (wnt +¢), therefore the vector position 
of the particle at any time is 


A = xi + yj = A cos(wnt + p)i +A sin(wnt + dj 


Hence, 
x = ACOS(@pt + Q) 


and 
y = Asin(wnt + >) 


That is, as P moves in uniform circular motion, its projec- 
tion P’ on the x-axis moves in simple harmonic motion where 
the radius of the circle is equal to the amplitude of motion. 
The projection of P along the y-axis also undergoes simple 
harmonic motion. Thus, uniform circular motion may be con- 
sidered as a combination of the simple harmonic motions of 
the projections of P on each axis. These two simple harmonic 
motions have equal amplitudes and angular frequencies but 
are in quadrature with each other (they differ in phase by 7/2). 
The linear tangential velocity of the particle in this uniform 
circular motion is given by 


v = Awn 
The x component of the velocity is from Fig. 10.9 given by 


Vy = —@,A sin(@nt + Q) 
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Wnt +O 


Fig. 10.9 The velocity components of the particle 


Fig.10.10 The acceleration components of the particle 


The acceleration of the particle in uniform circular motion is 
just the radial (centripetal) acceleration that is given by 


The x components of the acceleration (see Fig. 10.10) is 
a, = —w7A cos(@pt + Q) 


Hence as you can see, the displacement, velocity, and acceler- 
ation of the projection of P onto the x (or y axis) are the same 
as that of a simple harmonic motion. From this, we conclude 
that the simple harmonic motion can be represented as the 
projection of uniform circular motion along a diameter of the 
circle. 


10.3.3 Energy of a Simple Harmonic Oscillator 
Since in a simple harmonic oscillator, there aren’t any dis- 
sipative forces, the total mechanical energy of the system is 
conserved and is equal to the sum of its kinetic and potential 
energies, that is 

E=K+U 


10 Oscillatory Motion 


1 1 
K = 5m = zmona? sin? (@nt +o) 
Wt be es 

U= = — = cos*(@,t + Q) 
Thus, 

ere 2 

E= z“ [sin (@nt + Q) + cos (@pt + )] 

or 
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E = ~kA* = constant 
The equation of motion of a simple harmonic oscillator can 
be obtained from the total mechanical energy of the system 
as follows: 


E= 


i ae oe 
k= -kA 10.10 
ge t3 2 (10,10) 


dE ac : 
— = mx + kxx = 0 
dt 


or 
mx + kx = 0 


Hence 
X*+ wrx =0 


where w, = ./k/m. As the mass moves, its kinetic energy is 
transformed into potential energy and vice versa. Figure 10.11 
shows the kinetic energy and potential energy of the system 
as a function of time and as a function of the displacement 
respectively Note that the variation of U and K with time is 
at twice the angular frequency of the variation of x, v, and a 
with time. This is because the potential energy is converted to 
kinetic energy twice in each cycle. The velocity of the simple 
harmonic oscillator can be obtained from the total energy of 
the system. From Eq. 10.10, we have 


v= ty — x?) 
m 


Hence, the maximum speed is at x = O and is zero at 
x = +A which are called the turning points as discussed 
in Chap. chap444. 


Example 10.7 A 0.3 kg mass is attached to a light spring. If 
the total energy of the system is 0.025 J and the amplitude of 
motion is 5 cm, find the period and frequency of motion. 


Solution 10.7 


1 2 1 2 
E = (0.025 J) = 5kA? = 5k(0.05 m) 
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Energy 


ee! i 


Odia 
~N 


Energy 


=A O A 


Fig. 10.11 As the mass moves, its kinetic energy is transformed into 
potential energy and vice versa 


hence 
k = 20 N/m 


The period of motion is therefore 


Sae a EE 
T= 2x j” =26-19 0NA 7" 


and the frequency is 


1 


` = —— = 1.25 Hz 
T (08s) 


tn = 


Example 10.8 A 0.2 kg block is attached to a light spring of 
force constant of 11 N/m ona horizontal frictionless surface. 
If the block is displaced a distance of 8 cm from its equilibrium 
position, find (a) the amplitude, the angular frequency, the 
period and the frequency of motion when the block is released; 
(b) the maximum force exerted on the block; (c) the total 
mechanical energy of the system; (d) the maximum speed 
and maximum acceleration of the block; (e) the velocity of 
the block when its displacement is 2 cm; (f) the acceleration 
of the block when its displacement is 3 cm. 


Solution 10.8 (a) 


A=8cm 
_ k 2 !(11 N/m) _ 
On = Z = O2 ko ke) = 7.4 rad/s 
27 2(3.14) 


T=^ = 


= 0.85 
an (1.4 rad/s) : 
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f : 1.2H 
= — => ————- = Í. T: 
” — T` (0.85s) 
(b) 
|F| = kA = (11 N/m) (0.08 m) = 0.9 N 

(c) i i 

E= sha = 5 (11 N/m)(0.08 m)* = 0.035 J 
(d) 

Vmax = @nA = (7.4 rad/s)(0.08 m) = 0.6 m/s 

Qmax = 027A = (7.4 rad/s)*(0.08 m) = 4.4 m/s? 

(e) 
D (11 N/m) 2 ie 
vet (44 =- x“) = (0.2 kg) ((0.08 m) (0.02 m)~) = 1.8 m/s 
(f) 


a = —w?x = —(7.4 rad/s)? (0.03 m) = —1.6 m/s” 


Example 10.9 An object connected to a spring is in simple 
harmonic motion on a frictionless surface. If the object’s dis- 
placement when (2Vmax/3) is 0.015 m, find the amplitude 
of motion. 


Solution 10.9 
1 1 1 4A? 1 
kA? = -m + k? = -m Pn kx? 
2 2 2 9 
therefore 


9 9 
A? = 4x? = 4 (0.015 m)? 
5 5 


A = 0.02 m 


Example 10.10 A solid cylinder is connected to a light spring 
as in Fig. 10.12. If the cylinder rolls without slipping along 
the surface, show that the motion of the cylinder is simple 
harmonic motion and find its frequency. 


Solution 10.10 At any instant the total mechanical energy is 


1 


A. EE PPIG) 1 
E= z” + gle + zM Yom = 


1 2 1 Vn 
2“ t a fem R12 
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Fig.10.12 A solid cylinder connected to a light spring 


1 1/1 v2 1 
= kx? MR? cm M 2 
ae G ) R2 t y's Vom 


Since the total mechanical energy is conserved 


dE 1 
— = kvemx + <M Vemacem + M Vemacm = 0 
dt 2 
—3 
kVemxX = ria Vemacm 
or 
—2k 
"a M 

dx 2k 

Se ye 

d? 3M 


this equation is of a simple harmonic motion with 


[2k 
On = =— 
á 3M 


10.3.4 The Simple Pendulum 


The simple pendulum is an example of an angular vibration in 
which the restoring effectis due to a restoring torque. A simple 
pendulum consists of a mass (called the bob) suspended by 
a light string of length L that is fixed at the other end (see 
Fig. 10.13). If the mass is pulled to the right or left from 
its equilibrium position and released, then the pendulum will 
swing in a vertical plane about an axis passing through O. The 
resulting motion is then a periodic or oscillatory motion. The 
restoring torque is due to gravity and is given by 


t = —(mg sin 0)L 
The minus sign indicates that the torque is a restoring torque, 
since it always tends to decrease 0. The moment of inertia of 


the bob about an axis passing through O is 


I = mL 
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Oo! 


v 


Lcosôð=Lj - 


NiS 


) 


LsinO=L@ T 
Y 


ee et oi a a 


Fig. 10.13 The simple pendulum 


From Newton’s second law in angular form, we have 
t=la=10 


Hence, 


—mg sin 0L = mL? Ö 


. g 7 
0 = 0=0 
+ (£) sin 


This equation does not represent a harmonic motion. That is 
because the torque is not directly proportional to the angu- 
lar displacement. Thus, the system is nonlinear. However 
for small angular displacements, we have sin ~ (since 
sind = 8 — 8?/3! + @°/5!...) and Eq. 10.11 becomes 


ws g 
0 -16=0 
+(%) 


6+020=0 


or 
(10.11) 


or 
(10.12) 


where w, = g/L. Hence for small angular displacements, 
the motion is a simple harmonic motion. The solution of 
Eq. 10.12 is of the form 


0 = On COS(@nt — $) 
where Om is the maximum angular displacement and ¢ is 


the phase constant. The plot of this equation is shown in 
Fig. 10.14. The period of the simple pendulum is therefore 


given by 
27 L 
T = — = 2m. — 
Wn & 
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0 
Ont 


Fig.10.14 The displacement versus time of a simple pendulum 


10.3.4.1 Energy 
The kinetic energy of the simple pendulum is 


1 


1 
K = m? = -m 
2 2 


1 . 
mL? 


2 
= 


Taking the reference point of potential energy of the system 
to be zero when the bob is at the bottom, we have 


U = M gL(1 —cosé@) 
The total energy is therefore given by 
E=K+U= TMP? + MgL(1 — cos 0) 
2 


0 
For small 6, we have cos 0 ~ l= ta = 1—0?/2!+ 


04/4! .. .) thus 


1 . 1 
E= ML 6? + 5M glo" 
Since 
0 = —Om@p Sin(@nt — $) 
we have 
Mpg gd 8 1 22 
E= gML Opo, sin (Wnt — $) + zM slo, cos“ (wnt — $) 
or 
1 2 
E= zM sl, 


Therefore, the total energy of the system is constant. Figure 10.15 


shows the variation of the kinetic and potential energies with 
the displacement. 

The equation of motion may also be obtained from energy 
as follows: 


dE — 
= ML’66 + Mglod = 0 


or 
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i) 
e 


Energy 


-0n Om 


Fig. 10.15 The total energy of a simple pendulum 


6+(-)o=0 
(i) 


Example 10.11 A simple pendulum is 0.5 m long. Find its 
period at the surface of Mars and compare it to its period at 
the earth’s surface. 


Solution 10.11 At Mars’s surface, the gravitational acceler- 
ation is 


GMy (6.67 x 107!! N mathrmm? /kg”) (6.42 x 1023 kg) seë 
M= R G37 x 106 m)2 SS 
The period at Mars is therefore 
mct | 226i J 8 aa 
=27r Å a = 24.58 
id gm (3.8 m/s?) 
At the earth’s surface, 
L 0.5 
fe oad ids 
gE (9.8 m/s?) 


Thus, Ty = 1.6TẸ. 


Example 10.12 A simple pendulum of length of 2 m is dis- 
placed through an angle of 12° and released. Find (a) the 
angular frequency of motion; (b) the maximum angular speed 
and maximum angular acceleration. 


Solution 10.12 (a) The amplitude of motion is 


27 rad 


max = (12°) | ———— 
max = ( (a de 


) = 0.21 rad 


The angular frequency is 


On = - = (9.8 m/s") = 2.2 rad/s 
L V (2 m) 


(b) The maximum angular speed is 
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Omax = WA = (2.2 rad/s)(0.21 rad) = 0.5 rad/s 
The maximum angular acceleration is 
Ömax = 7A = (2.2 rad/s)? (0.21 rad) = 1 rad/s” 


Example 10.13 A simple pendulum 1.4 m in length is dis- 
placed through an angle of 10° and released. Find the velocity 
of the bob when it reaches the bottom. 


Solution 10.13 


27x rad 


o = 10°)( <2 \ = 0.17 rad 
( e E) i 


Taking the potential energy to be zero at the bottom, we 
have 


1 
mgL(1 — cos 0) = zm? 
Since @ is small, cos@ ~ 1 — 67/2 and therefore 
mgl- = gm 


and 


v = gL = J 0.8 m/s?)(14 m) (0.17 rad) = 0.63m/s 


10.3.5 The Physical Pendulum 


The physical pendulum is a rigid body that oscillates about an 
axis passing through a point in the body other than its center 
of mass (the center of mass is assumed to be located at the 
center of gravity). Figure 10.16 shows a rigid body pivoted at 
point O that is at a distance d from the center of mass. The 
equilibrium position of the body is when its center of mass is 
directly below the pivot O. If the body is displaced either to the 
right or left from the equilibrium position, a restoring torque 


Equilibrium 
position 


Fig.10.16 The physical pendulum 


10 Oscillatory Motion 
due to gravity will act on it. As a result, the body will oscillate 
in a vertical plane where the axis of rotation is perpendicular 
to the page. The restoring torque is given by 

t =—Mgd sin 
where M is the mass of the body and d is the moment arm 
of the tangential component of the weight (M g sin 0). From 


Newton’s second law, we have 


t=la 


—M gd sind = 16 


For small angular displacements sin 0 ~ 6 and hence 


or 
6+076 =0 


This equation is of a simple harmonic motion with an angular 


frequency of 
|M gd 
On = 4/ — 
I 


and a period of motion of 


27 I 
T = — = 2r | — 
On Med 


_ T’Mgd 
~ 4n? 


Thus, 


Therefore, the moment of inertia of a body can be found by 
measuring its period when it is in simple harmonic motion 
as a physical pendulum. Note that, the simple pendulum is 
a special case of the physical pendulum since for a simple 
pendulum of mass m, the moment of inertia is 


I = md? 


and thus, the angular frequency is 


mgd g 
on Vind? Na 


This angular frequency is of a simple pendulum where d rep- 
resents the length of the string. 


10.3. Free Undamped Vibrations 


Fig.10.17 A uniform rod suspended at one end oscillated with a small 
amplitude 


Example 10.14 A uniform rod of length of 0.6 m that is sus- 
pended at one end oscillates with a small amplitude as in 
Fig. 10.17. Find the frequency of motion. 


Solution 10.14 


1 [Mgd 1 | Mg(L/2) 1 [3g 1 3(9.8m/s2) 
Ja 0.8 Hz 
2V I 2x (1/3)ML2_— 2x V 2L 23.14) \ 2(0.6m) 


Example 10.15 A uniform square plate of length a is pivoted 
at one of its corners and oscillates in a vertical plane as in 
Fig. 10.18. Find the period of motion if the amplitude is small. 


Solution 10.15 The moment of inertia of a uniform rectan- 
gular plate about its center of mass is 


1 
Tem = TAG F b’) 
Thus for a uniform square plate, we have 


1 2 
Lem = Fie 


From the parallel axis theorem, the moment of inertia of the 
plate about an axis that is parallel to the center of mass axis 


Mg 


Fig. 10.18 A uniform square plate pivoted at one of its corners and 
oscillates in a vertical plane 
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and passing through one corner (D = V2a) is 


1 13 
I = len + MD? = z Ma? + 2Ma? = ra 


and hence 
I 13/6)Ma2 
|e ee O ee a 
M gd MgV/2a g 


10.3.6 The Torsional Pendulum 


The torsional pendulum consists of a rigid body suspended by 
a wire from its center of mass where the other end of the wire 
is fixed as shown in Fig. 10.19. The body is in equilibrium if 
the wire is untwisted. If the body is rotated through an angle 
0 it will oscillate about its equilibrium position (the line OP) 
due to a restoring torque exerted by the twisted wire on the 
body. This torque is found to be directly proportional to the 
angular displacement of the body. That is 


t= —kd 


where k is called the torsional constant. Its value depends 
on the property of the wire. Note that this equation is the 
rotational analogue of Hook’s law in linear form (F = —kx). 
From Newton’s second law, we have 


t=la 
or 
—ké = 16 
That gives 
or 


Fig.10.19 The torsional 
pendulum 
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Fig.10.20 A uniform solid 
sphere suspended at its midpoint 
by a light string 


where wn = ./k/I and the period is T = 27/1/k. 


Example 10.16 A uniform solid sphere of mass of 4.7 kg and 
radius of 5 cm is suspended at its midpoint by a light string 
(see Fig. 10.20) where it oscillates as a torsional pendulum. 
If the period of motion is 3.5 s, find the torsion constant. 


T on,|t 
= Z70 => 
k 


for a uniform solid sphere 


Solution 10.16 


2.2 2 2 -3 2 
lan= gtk = 547 kg)(0.05 m)* = 4.7 x 10°~ kgm 


hence, 


_ 4m? Tem _ 4(3.14)7(4.7 x 1073 kgm?) 
D an (3.5 s) 


k = 0.05 kg m? /s? 


10.4 Damped Free Vibrations 

In this section, we will discuss the case in which the effect 
of damping that is due to a nonconservative force cannot be 
neglected. An example of such a force in mechanical systems 
is the force of friction. In this case, the mechanical energy of 
the system will be lost, the amplitude of motion will decrease 
to zero, and the oscillation dies out eventually. Here, we will 
discuss damping due to friction in the simplest case, where the 
frictional force is proportional to the first power of the velocity 
of the oscillating body. An example of such a frictional force 
is the force that an object experience when moving in a fluid 
with a low speed and is given by 


Fp = —by 
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k 


Fig. 10.21 A mass-spring system with damping 


where b is a positive constant called the damping coefficient. 
Its SI units is N(m s7!) = kgs~!. The negative sign shows 
that the direction of the force is always opposite to the velocity. 
Now consider the spring—mass system as shown in Fig. 10.21, 
the cylinder shown in the figure contains a viscous fluid and 
a piston moving in it. Such device is known as the viscous 
damper. The net force on the oscillating body is 


OF =F, + Fp = —kx — bv 


hence 


or 


¥+ yk +o%x =0 (10.13) 


where y = b/m and œn = /k/m. The units of y is s7!. 
This equation is a second order linear differential equation of 
constant coefficients. We may assume a solution of the form 


x= Ce 


Substituting this solution into Eq. 10.13 gives the character- 
istic (auxiliary) equation given by 


+ yA+o07 =0 


The roots of this equation are given by 


and 


From superposition, the general solution is given by 


x = Cye*" + Ce” (10.14) 
Three possible solutions arise depending on whether the sign 
of the bracket (y? /4 — w2) is positive, negative or zero, i.e., 
depending on the size of the damping force. The roots à; and 
Az are either distinct real roots, equal real roots or a conjugate 


10.4 Damped Free Vibrations 


complex roots. Therefore, there are three possible motions of 
the system. 


10.4.1 Light Damping (Under-Damped) 


(y < 2@n) 


Ify < 2m, the resulting roots are complex roots given by 
ae 
à = -> 
1 7 + lap 


and 


where 


Hence, Eq. 10.14 may be written as 


x= Ka + Ceto |e" 


Since e™™ = cos x + i sin x we have 


x = [C1 (cos wpt + i sin wpt) + C2 (cos wpt — i sin opt)]e 2! 
= [(C1 + C) cos wpt + i(C1 — Co) sinwptle 2! 


= [A cos wpt + A2 sin wptle ? (10.15) 
where Ay = Cı + Co and A2 = i(Cı — C2). As mentioned 
earlier Eq. 10.15 can be written as 


x =Acos(wpt — p)e 7! (10.16) 


where A is the initial amplitude of motion. Ae =t is called the 
amplitude of motion and ¢ is the phase constant and wp is the 
angular frequency of the damped motion. This equation shows 
that the system oscillates in a decreasing harmonic motion 
where the amplitude of motion decreases exponentially with 
time until eventually the oscillation dies out (see Fig. 10.22). 
The dashed lines in Fig. 10.22 are called the envelope of the 
oscillation curve. The period of motion in light damping is 
therefore given by 


20 20 
a ee 

D 2_ Y 
On 


4 


Ifb = O and thus y = 0 the period of motion is reduced to that 
of a simple harmonic oscillator. If y « wp, the situation is 
referred to as very light damping and wp ~ wn. Furthermore 
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Fig. 10.22 In A lightly damped oscillator, the system oscillates in a 
decreasing harmonic motion where the amplitude of motion decreases 
exponentially with time until eventually the oscillation dies out 


if there are two amplitudes A, and A» separated by the period 
of motion, then their ratio is given by 


an 
Aa Ae 241 Y 


Ap  Ae™5 +D) 


A quantity known as the logarithmic decrement is defined 
as P 
ô = ln (3) = La 
Ap 2 


Example 10.17 An 8 kg block is attached to a light spring 
and a light viscous damper. If at t = 0, x = 0.12 m and v = 
0, find (a) the displacement at any time; (b) the logarithmic 
decrement. (k = 30 N/m, b = 20 N s/m). 


Solution 10.17 (a) 


On = 2 = | SE 2 5 as 
m 


(8 kg) 
E a a 
m (8kg) 


and 


2\ 1/2 
op = (2-4) = ((1.9 rad/s)?—(2.5 Ns/mkg)24)!/2 = 1.43 rad/s 


since y < 2wn, the damping is light. The displacement as a 
function of time is given by 


x = Acos(wpt — bez! 


or 


168 
x = Acos(1.43t — d)e7!?" 
since at tf = 0, x = 0.12 m, then 
(0.12 m) = Acos@ (10.17) 
the velocity of the block at any time is 
& = —1.43A sin(1.431 — ġ)e 7|?" — 1.254 cos(1.43t — be 125" 
at t = 0, v = 0 and thus 
0 = —1.43A sing — 1.25A cos (10.18) 


Solving Eqs. 10.17 and 10.18 for A and @ gives ọ = —0.7 
rad and A = 0.17 m. Therefore, 


x = 0.17 cos(1.43t — 0.7)e7 125! 


(b) 
20 20 


= =445 
wD (1.43 rad/s) 


TD = 


j= Zip = (1.25 s7!) (4.4 s) = 5.5 


10.4.2 Critically Damped Motion (y = 2@n) 
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Fig. 10.23 In a critically damped motion, the motion decays without 
oscillation 


10.4.3 Over Damped Motion (Heavy Damping) 
(y > 2@n) 


If y > 2@p, the roots are distinct real roots given by 


and 


The general solution is given by 


x= Cie + Cre?! 


If y = 2@,, then the roots are equal real roots or 
” i x = (Cie + Coe" e77! 
ES i 
CERS 2 = where 
2 
In that case, the motion decays without oscillation (see Fig. 10.23) a= (> T o?) 


and the general solution of Eq. 10.13 is 
x= (Cı + Coa@ntye en" 


Cı and C2 are found from boundary conditions. If at t = 
0, x =A, and v = 0, then 


x(0) = C =A 
and 
v(0) = nC — nC) = 0 
or 
Ci= C =A 
That gives 


x =A(L+a,t)e oe" 


Cı and C; are found from boundary conditions. As critical 
damping, the resulting motion here is nonperiodic but the 
system returns to its equilibrium position at large values of t 
unlike critical damping (see Fig. 10.24). 


Y > 2wn 


Fig. 10.24 As critical damping, the resulting motion here is non- 
periodic but the system returns to its equilibrium position at large values 
of ¢ unlike critical damping 


10.4 Damped Free Vibrations 


Example 10.18 In Example 10.17, find the range of values of 
the damping coefficient for the system to be: (a) over damped; 
(b) critically damped. 


Solution 10.18 (a) over damped if y > 2æn, i.e., if y > 
3.8s7! (b) critically damped if y = 3.8s~!. 


10.4.4 Energy Decay 


In damped free vibrations, the total mechanical energy is not 
constant since the damping force opposes the motion and dis- 
sipates the energy of the system. Now, consider the mass— 
spring system, the total mechanical energy of the system is 


E=K4+U = m? +i 
= = -mx = 

2 2 
The rate of change of energy is 


dE (mt + koi 
— = (mł x 
dt 


For damped vibrations in which the damping force is directly 
proportional to the velocity, we have 


mx + kx = —bx 
Hence, 

dE 

— = —bi <0 

dt ae 


Thus, the energy decreases with time in any damped motion 
and the rate in which it decreases is not uniform. 


10.5 Forced Vibrations 
In the previous sections, only free vibrations have been con- 
sidered (i.e., vibrations in which only a restoring and damping 
force act within the system during motion). This section con- 
siders the case in which an external driving force is applied 
to the vibrator. This force is given as a function of time and 
we have 

mx + bx + kx = F(t) (10.19) 
Here, we will consider the case in which the force is a simple 
periodic force given by 

F(t) = Fo cos wt (10.20) 

where Fo is the amplitude and œw is the driving frequency. This 
force does positive work on the system to balance the energy 
loss due to damping. Substituting Eq. 10.20 into Eq. 10.19 
gives 
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mi + bi + kx = Fo cos wt (10.21) 


or 
if . 2 Fo cos wt 
X+ YX + OLX = —— 


Let us assume that the solution of Eq. 10.19 is given by 
x = Cı cos æt + C2 sin wt 
then, we have 
x = —@C| sin wt + wC2 cos wt 


and 
ž = —o Cı cos wt — wC sin œt 


Substituting into Eq. 10.19 gives 


(C1 cos wt — o Ca sin wt) + y (—wC] sin wt + wC) cos wt) 


2 : Fo cos wt 
+ œw (C1 cos wt + C2 sin wt) = ———— 


That gives 


F 
-oC + yoC, + oC) = ~ 


and 
-W C — ywC; + oC) = 0 


Solving for C4 and C? gives 


(Fo/m)(@;, — ©”) 


Ci = 
(= a3)? + ya? 
and 
(Fo/m)yo 
Q= 12 22 
(w — w) +y w 
Hence, 


M (Fo/m)[(@2 — œ?) cos wt + yosin œt] 
(W o) + 770? 


The term in brackets is of the form A; cos wt + A2 sin wt and 
thus it can be written as A’ cos(wt — @) where 


2 2 
A= J4? +A} 


Al = (wy — 0)? + yo’)? 


i.e., 


and 
yo 
1 (w? — w2) 
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where 0 < ¢ < x. Hence, 


= (F/m) 
Vor op +a 


cos(wt — $) (10.22) 


If the driving force is applied for a long time compared with 
the time that the damped vibration dies out, then the system 
will eventually vibrate at the same frequency of the deriving 
force. Therefore, the general solution of Eq. 10.13 is called 
the transient solution since it approaches zero in a relativity 
short time whereas Eq. 10.21 is called the steady-state solu- 
tion where the system oscillates with the same frequency as 
the deriving force. Therefore, the amplitude of a steady-state 
vibration is 
(F 0/ m) 


V- af + Ya? 


When the deriving frequency w approaches the natural fre- 
quency of the system wp, the amplitude of the resulting forced 
oscillation will increase. This is known as resonance. If the 
damping is very light, the amplitude reaches its peak when 
the deriving frequency is nearly equal to the natural frequency 
@n. As the damping becomes heavier, the maximum ampli- 
tude shifts to lower frequencies (see Fig. 10.25). In the case 
where there is no damping at all (b = 0), the amplitude of 
resonance is infinite at w = @y. 


Example 10.19 In Example 10.17, if a driving force of the 
form F (t) = 5 cos 4t is applied to the system, find the steady- 
state displacement as a function of time. 


Solution 10.19 


(Fo/m) 
JO- 0)? + yo? 


(5/8) 


A 
VA — (1.9)?)? + (2.5)2(4)2 


A w 
Wn 


Fig. 10.25 When the deriving frequency w approaches the natural fre- 
quency of the system wp, the amplitude of the resulting forced oscillation 
will increase. This is known as resonance. If the damping is very light 
the amplitude reaches its peak when the deriving frequency is nearly 
equal to the natural frequency wp. As the damping becomes heavier, the 
maximum amplitude shifts to lower frequencies 


10 Oscillatory Motion 


2.5)(4 
eg a ee 


(4)? — (1.9)?) 


x = 0.04 cos(4t — 0.8) 


Therefore, the forced vibration has the same frequency as the 
deriving force but lag in phase by 0.8° 


Example 10.20 In Example (10.17), find the steady-state dis- 
placement as a function of time if there is no damping. 


Solution 10.20 The amplitude of the forced oscillation when 
the angular frequency w of the deriving force is varied. 


_ (Fo/m) 69 
V- SA- 1.9)? 


x = 0.05 cos 4t, @ = 0. 
Problems 


1. A 2 kg block is fastened to a spring of force constant 
98 N/m on a horizontal frictionless surface. If the block 
is released a distance of 6 cm from its equilibrium posi- 
tion, find (a) the angular frequency, the frequency and the 
period of the resulting motion, (b) the time it takes the 
block to first reach x = —5 cm and its velocity at that 
time, (c) the maximum speed and maximum acceleration 
of the oscillating block, (d) the total mechanical energy 
of the oscillator. 


Fig. 10.26 A uniform solid 
cylinder of radius R and mass M 
rolls without slipping on a track 
of radius 4R 


Fig. 10.27 A damped oscillator 


10.5 Forced Vibrations 


2. A 10 kg block is attached to a light spring of force con- 


stant 200 N/m on a smooth horizontal surface. Find the 
amplitude of motion if at x = 0.06 m the velocity of the 
block is v = 0.5 m/s. 

. Aparticle rotate counterclockwise in a circle of radius 0.2 
m with a constant angular speed of 2 rad/s. If at t = 0 the 
x-coordinate of the particle is 0.14 m, find the displace- 
ment, velocity and acceleration of the particle at any time. 
. If a simple pendulum has a period of 2 s, find its period 
when its length is increased by 20%. 

. A simple pendulum of length Im and mass of 0.4 kg oscil- 
lates in a region where g = 9.8 m/s”. If the amplitude of 
oscillation is 10°, find (a) the angular displacement, angu- 
lar velocity and angular acceleration of the pendulum as 
a function of time. 

. A uniform solid cylinder of radius R and mass M rolls 
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F= 1Scos8t 
m = 5kg 
b = 40N.s/m 


Fig.10.28 A forced oscillator 


8. 


point is at 0.2 m from the center of mass, find the moment 
of inertia of the body. 

A uniform hollow cylinder of radius R and mass M is 
suspended at its midpoint from a wire and form a torsional 
pendulum. If the period of motion is T, find the torsion 
constant. 


. For the system shown in Fig. 10.27, determine the dis- 


without slipping on a track of radius 4R as shown in 

Fig. 10.26. Find the period of oscillation when the cylin- 

der is displaced slightly from its equilibrium position. 10 
7. A planer body of mass 3 kg oscillates as a physical pen- 

dulum. If the period of oscillation is 3 s and if the pivot 


placement of the block at any time if at t = 0, x = 0 and 
v = 0. (k = 200 N/m, b= 200 Ns/m). 

. For the system shown in Fig. 10.28, find the steady-state 
displacement as a function of time. 
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